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An approach to evaluate a geochemical model-simulated
results vs. results of chemical analyses

Hana Baarova - Jan Sembera

Abstract Understanding geochemical processes in groundwater aquifers contaminated
by in-situ leaching is a crucial point in choosing the best remediation strategy. Geo-
chemical models of such systems are often large-scale, both in space and time. Com-
puting a geochemical model of such a system in its whole natural complexity would
be very time-consuming. It is essential to reduce the number of chemical components
in the model, however, with a minimum loss of information. By an elimination of the
input data an optimal reduced basis is obtained. Thus, computing a large-scale model
takes markedly less time. To understand the geochemical system, we performed simple
neutralization batch experiments with NaOH. Using the GEOCHEMIST’S WORKBENCH
software a geochemical model describing the experiment was made. Differences between
the real and model results were explained. A basic sensitivity analysis of the model
was done and the components which the model is sensitive to were revealed.

1 Introduction—Uranium mining at Strdz pod Ralskem

In the area of the town Straz pod Ralskem uranium had been mined for about 30 years,
from 1966 to 1996; mostly by classical underground mining (e.g. at Mine Hamr I., Mine
Kiizany). At the Strdz pod Ralskem deposit, where the ore body was found at the base
of Cenomian sandstones, chemical extraction by in-situ leaching (ISL) using diluted
sulfuric acid was applied (see Fig. 1.1). The Cenomian aquifer had been enormously
contaminated. The groundwater is extremely acid (pH of about 2) and contains many
toxic substances in high contents (NHJ, SO3~, NO3, Al, Ni, As, Be, Cr, Cd, Pb, Cu).

This result was realized under the state subsidy of the Czech Republic within the re-
search and development project “Advanced Remediation Technologies and Processes Center”
1MO0554-Programme of Reserch Centers supported by Ministry of Education,
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Moreover, due to the injection of acid solutions the piezometric level of the Ceno-
mian aquifer increased of up to 100 m in the area and a hydraulic dipole origi-
nated. To prevent the acid toxic solutions from leaking out of the extraction area
and polluting surrounding groundwater two hydraulic barriers (see Fig. 1.1) were built
in 1977 (the Straz hydraulic barrier close to the chemical extraction area) and in 1987
(the Svébofice hydraulic barrier). However, it took eight years to optimize the first
one [2].

1.1 Remediation works

After 1996, the remediation works of the Cenomian aquifer started, conducted by
the state enterprise Diamo. The remediation sought two goals. Firstly, to set and
maintain a negative balance within the leaching sites of the aquifer and, thus, to elim-
inate the leaking of the acid solutions during the post-mining periods, after the hy-
draulic barriers are switched off. And secondly, to neutralize the contaminated Ceno-
mian groundwater and to immobilize toxic metals contained in the groundwater. By
the remediation, such chemical composition of the Cenomian aquifer should be reached
that the upper Turonian aquifer (supplying with drinking water) is not polluted. These
aquifers are connected by an interlaying Turonian aquitard and by injection wells.

Neutralization has been tested there, mainly by laboratory tests of neutralization
by various agents. Also several in-situ pilot tests were performed there. One of the pos-
sibilities is to re-use the contaminated Cenomian groundwater as a neutralization
agent: the groundwater would be pumped out, neutralized in a neutralization unit
(from pH about 2 neutralized to pH of about 11), decontaminated, evaporated, and
injected back. Thus, neutral pH of groundwater and negative balance of the Cenomian
aquifer would be set.
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Fig. 1.1 Sketch map of the area [2].
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2 Laboratory experiment

To understand neutralization processes of waters with such a complex chemical com-
position we simulated the neutralization by the geochemical software called THE GEO-
CHEMIST’S WORKBENCH (©) 6.0 (GWB), [1]. Samples of the Cenomian groundwater
were analyzed by the Aquatest Laboratories. For cations ICP-OES method (inductively
coupled plasma optical emission spectrometry) was applied. For anions IC (liquid ion
chromatography) was applied. Values of pH were measured by potentiometry. After-
wards, neutralization batch experiment with NaOH was performed. A one-liter-sample
of extremely acid (pH = 1.8) was neutralized by titration of 0.1 M NaOH to reach
pH equal to 3. During the tests, contact with the air was minimalized by covering the
samples with parafilm. Changes in the chemical composition due to the neutralization
are listed in Tab. 2.1.

Table 2.1 Significant changes in the chemical composition due to the neutralization from
pH = 1.8 to pH = 3; model components, their changes, and general trends.

Decrease Increase Emersion

NO, 100% K*+ 108% F~  4320%
Pb 100%  Ba 25%

A\ 98%
As 96%
Fe tot. 95%
Ba 89%
PO3™  88%
Cr 70%
Cl— 45%
Cu 18%

3 Geochemical model

An equilibrium model describing the neutralization of the acid Cenomian groundwater
by 0.1 M NaOH to reach pH equal to three was done. We considered a closed anoxic
system. The selection of an appropriate suite of reactive solid phases was crucial—
i.e. to decide which solid phases should we allow to precipitate, and which minerals
should be suppressed. In GWB, solid phases that are not likely to form under conditions
similar to that of the laboratory experiment and in the time period of a simulation
were suppressed. First, a model with no phases suppressed was done. Consequently
phases that developed, but are not expected to form were suppressed. Following solid
phases were suppressed:

a. Hematite and Goethite—these are solid phases of iron that form either under oxic
conditions or in much longer time than our experiment was;

b. Ferrite-Cu and Ferrite-Zn, CuFeOz—these are industrially produced materials;

c. Strengite—a secondary iron phosphate that occurs under high oxic conditions;

d. Plumbogummite—a rare secondary mineral found in the oxidized zone over lead-
bearing deposits;

e. ZnCrz0y4, CraOs—minerals that occur in metamorphic rocks;



12 H. Baarové, J. Sembera

f. Dawsonit—a rare secondary mineral found in COgz-rich environments that forms by
dissolution of Al-bearing minerals in Na-bearing brines;

g. Dolomite—a secondary organogenic mineral or evaporit;

h. Siderite and Rodochrozite-hydrothermal carbonate minerals—these minerals form
in hot solutions that circulate in rock fissures;

i. Nontronites and Kaolinite-secondary clay minerals that occur in soils that have
formed by the chemical weathering of rocks;

j- Chromite, Magnetite, NiFe2O4, and Cronstedt-7A—iron minerals that are found
in some intrusive or metamorphic rocks.

Solid phases that precipitated in the model at a total of 2.3194 g were Jarosite-Na,
Alunite, Quartz, and Barite (chemical formulas listed in Tab. 3.1).

Table 3.1 Chemical formulas and amounts of precipitated solid phases.

Chemical formula  Solid phase name  Amount [g]

NaFe3(SO4)2(OH)g Jarosite-Na 1.7270
KAI3(OH)(SO4)2 Alunite 0.5401
MnHPO4 —1 0.0134
BaSOg4 Barite 0.0001

SiO2 Quartz 2 0.0388

According to the precipitated minerals and to the equilibrium speciation, changes in
concentrations due to the neutralization by 0.1 M NaOH (Tab. 2.1) could be explained.
We presume that all nitrates reduced to ammonium. The high decrease in barium may
be due to the precipitation of Barite. The decrease in iron is likely due to the precipita-
tion of Jarosite-Na and Alunite. However, the precipitation of iron is underestimated.
In the model the Jarosite-Na contains 597 mg of iron. In the sample, however, the de-
tected decrease in iron was 923 mg. So, the amount of iron precipitated in model is
lower by 326 mg compared to the analysis. It can be assumed that the decrease in heavy
metals is probably due to the sorption onto iron and aluminium hydroxides comprised
in Jarosite-Na and Alunite. As to phosphates, the model precipitation of 0.0134 ¢
of MnHPOy4 does not fully explain the decrease of 232.9 mg (0.0134 g of MnHPOy4
represents 8.44 mg). A decrease in phosphates due to sorption is not likely regarding
the pH of the sample (ranging from 2 to 3) [5].

4 Evaluation of the geochemical model

The analyses performed before and after the neutralization were evaluated regarding
the relative accuracy of the analytical methods used in the laboratory. By adding and
subtracting this value from the measured value, the interval in which the real value
can be expected with a probability of 95% is obtained. The accuracy ranges from 7
to 20%, depending on the analytical method and the measured substance (Tab. 4.1).
Only components that showed a change in molality higher than the accuracy of the
appropriate method were investigated. In this way only compounds with a statistically

I MnHPO4-manganese hydrogenphosphate monohydrate-does not have any name.

2 The precipitation of quartz is not correct. It is caused by the very high content of dissolved
solids that the geochemical code can not treat in a more plausible way.
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significant change in molality were treated (i.e. changes due to chemical reactions, not
caused by the inaccuracy of analytical methods). These changes are listed in Tab. 2.1.

Table 4.1 Accuracy of analytical methods

Analytical method Accuracy Chemical substances
ICP-OES 10% Metals: Fe, Mn, Cu
15% Metals: Al, As, Ba, Be, Ca, Cd, Cr, K, Mg, ...
..., Ni, Pb, Na, Ca, Fe, Zn; and SiOg2
1C 7% Anions: NO;,P027
8% Anions: C1~,NO3~  F~,S03~
Spectrophotometry 3% Cation: NH4Jr
Potentiometry +2 pH

4.1 One-at-a-time sensitivity analysis

Model outputs were compared with chemical analyses. We were interested in what
components is the model sensitive to. We investigated the sensitivity regarding the fi-
nal value of pH after the neutralization. Since we lack replicable measurements we
made one-at-a-time sensitivity analysis by the sensitivity index, changing the values
by 50% [4]. The sensitivity index for each component was calculated as the original pH
value minus the pH value obtained with the changed molality of the component (de-
creased by 50%), all divided by the original pH value:

pH (100%) — pH (50%)
pH (100%)

The major components that the model is sensitive to are free carbon dioxide, sulphates,
nitrates, aluminium, and iron. The calculated sensitivity indices are in Tab. 4.2.

Table 4.2 Sensitivity indices of components.

Components  Sensitivity index

COs(aq) 0.5367
NOy 0.0603
S02~ 0.0307
PO3™ 0.0090

Al 0.0076
Fe tot —0.0571

3 Ammonium was analyzed using Spectroquant MERCK. The accuracy of this spectropho-
tometer is given by its wavelength accuracy which is £0.3 nm [7]. The accuracy of measuring
the concentration of ammonium was estimated to be 3% according to [3].
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5 Discussion

We assume, that the increases in fluorides (the content of fluorides was zero in the orig-
inal sample), potassium (an increase of of 100%) and silicic acid shall not be viewed
as a consequence of the neutralization process. Laboratory analytical methods that
are used for common waters are not suitable to analyze such extreme water sam-
ples. In the case of measuring the concentration of fluorides by liquid chromatography,
the extremely low pH of the sample coupled with and big differences in anions (F~,
Cl7, NO;, NOg, POif, SOif) might have caused an erroneous analytical determina-
tion [6]. Further, a contamination of the demineralized water used for the preparation
of 0.1 M NaOH might be the point as well.

The correctness of the model was affected by the very high ionic strength of the
groundwater. The thermodynamic database we used (called thermo.dat) [1] is suitable
for very dilute solutions (i.e. waters with ionic strength lower than 0.2). However,
the studied sample of Cenomian groundwater shows higher ionic strength (0.37).

As to the sensitivity analysis, we expected the sensitivity index towards SO~
to be higher. However, even though the input concentration of sulphates was reduced
by 50%, the reduced concentration is still high enough that the model response is
not more pronounced. Very important observation is the extremely high sensitivity
of pH to free CO2. It shows high importance of neutralization experiment prevention
of contact with air.

6 Conclusions

According to the model it can be assumed that:

all nitrates reduced to ammonium;

the decrease in iron is likely due to the precipitation of Jarosite-Na and Alunite;
the decrease in barium can be explained by the precipitation of Barite;

the decrease in phosphates is caused by the precipitation of MnHPOy(.);

the decrease in heavy metals is probably due to the sorption on to iron and alu-
minium hydroxides contained in Jarosite-Na and Alunite.

o o T

Regarding the very low pH of the samples (ranging from 2 to 3), the decrease in phos-
phates due to sorption is not likely.As to the abrupt emersion of fluoride and the in-
crease of almost 100% in potassium, these are probably not related to the neutralization
process. In case of fluorides an erroneous analytical measurement by liquid chromatog-
raphy caused by an extremely low pH and big differences in anions in the samples
might be the reason.

By the sensitivity analysis it was revealed that the model is mainly sensitive to free
carbon dioxide, sulphates, nitrates, aluminium, and iron. It is mainly by improving
measurements of these data that we will make the model better. Some other methods
of sensitivity evaluation of the model will be performed in future. We are planning
to evaluate sensitivity of other outputs (especially amount of precipitated minerals)
on single component molality. The relativity caused by differences in concentrations
of input components should be included, too.

Besides the chemical components, the model outputs essentially depend on the solid
phases we allowed to precipitate. Solid phases are often not stable and evolve in time,
so the choice of the minerals depends on the time of the simulation.
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Next step will be to set up a model of neutralization by nano-scale zero valent

iron. This is complicated by the fact that the chemical behavior of iron nano-particles
depends on its physical features, which is difficult to simulate.
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Parallel Schur complements for mixed-hybrid discretization
of fracture flow problem

Jan Brezina

Abstract We present an scalable parallel construction of Schur complements for the
saddle-point problem arising from mixed-hybrid discretization of a linear multidimen-
sional fracture flow problem in porous media. We show that explicit construction
of the Schur complements leads to significant improvements in total solution time.
The PETSc library is used for the construction of Schur complements as well as for
solution of resulting system via additive Schwartz domain decomposition.

1 Introduction

Common model of the underground water flow is the continuity equation and Darcy’s
law

dive = f, v=-KVp, (1.1)

where the velocity v and the pressure p are unknowns, while given data are the volume
density f of the water sources, and the hydraulic permeability tensor K. Although,
the velocity in (1.1) can be eliminated, a formulation where the velocity is an explicit
unknown is preferred because a precise velocity field is necessary to model transport
processes. In particular, we use widely used mixed-hybrid formulation (see [2, 1, 3]),
where unknowns are the velocity, the pressure, and the trace of the pressure on the in-
ternal edges of the mesh. This leads to linear system of a particular structure, which
allows performing several reductions of the system via Schur complement. The analsis
in [4] showed that this reduction does not increse the condition number of the problem.

This work is realized under the state subsidy of the Czech Republic within the research and de-
velopment project “Advanced Remediation Technologies and Processes Center” 1M0554—Pro-
gramme of Reserch Centers supported by Ministry of Education.
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In this work, we consider a porous media with fractures and their intersections-
channels. Flow in a fracture is assumed parallel to its surface and constant in the cross
direction. Consequently the equation (1.1) can be reduced from the 3D domain to the
2D surface of the fracture. Similarly the flow in channels can be modeled by equation
(1.1) on a 1D curve. Since an opening of the fracture is usually much greater then cross-
section of pores, the permeability of the fracture is substantially higher then the perme-
ability of the surrounding material, i.e., |K;| > |Kz| > |Ks|. We consider the case when
the fracture hydraulically separates the 3D medium, which mathematically means that
both the velocity and the pressure can be discontinuous across the fracture. The wa-
ter exchange between 3D domain and the 2D fracture is only through its walls and is
proportional to the pressure difference:

vs-nt =0 (pi —p2),  vs-nT =o5n(ps —p2), (1.2)

+/ /

where vs-n™"/ " is the outflow from the 3D domain, pg' "~ is a trace of the pressure in 3D
domain, and a;;/ ~ is the transition coefficient. Sign in superscript distinguish between
two walls of the fracture. The pressure in the fracture is denoted p2. The outflow from
3D domain forms an additional source on the fracture, thus the continuity equation
reads

divog = fo4+v3-nT +vz-n". (1.3)

The communication between 2D domain and 1D domain is similar, but one channel
can be connected with multiple fractures.

More precise description of the problem and its mixed-hybrid formulation is pre-
sented in Sect. 2. Similar setting have been studied by Vohralik in [5]. Rest of the paper
is devoted to the resulting linear system. In Sect. 3 we show some structural and nu-
merical properties of the system and its Schur complements. We make some implemen-
tation remarks about our parallel code for construction of Schur complements in Sect.
4. Finally, we present some preliminary speedup and scalability benchmarks in Sect. 5.

2 Problem formulation

Let 2 C R? be a domain divided into disjoint sub-domains 2%, i € I3 by a network
2-dimensional manifolds (fractures) 25, i € I2. These manifolds constitute an open set
£25. Their intersections are 1-dimensional manifolds (channels) Qf, i € I which con-
stitute an open set 2. Intersection of the channels are points 2§, i € Io. In particular,
we assume
.= 9, 024 disjoint for d=1,2,3

i€ly
and

Qdflzaﬂd\aﬂ, for d:1,2,3.

On every manifold 2}, we consider equation (1.1), where the velocity v and the per-
meability tensor K live on the tangent space of the manifold. Water exchange between
manifolds is given by pressure gradient. Whenever 24 is intersection of manifolds Qg 1
j € I;, we prescribe Newton-like condition

vj(x) -nj(z) = o;(z)(pj(z) — pi(z), Vi€, xe 0y,

where v;(x) and p;(x) are traces of the velocity and the pressure on the boundary
of manifold (25, ,, pi(x) is pressure on (23, and o;(x) is the water transfer coefficient
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of the manifold Qi+1. The additional source fd(w) on the manifold 2%, d = 1,2 has
a form
falw) = 3 vi(@) - ms(a).
J€l;
On the exterior boundary I'y = 92 N 024 of the domain 24, we prescribe general
Newton boundary condition

v(x) - n(z) = ai(z)(p(e) - Pa(z)),

where ag and P, are given data.

In order to obtain good approximation of the velocity field for the transport model,
we use discretization based on mixed-hybrid formulation. We denote £2, i € I, a further
decomposition of 25, i € I; and we denote

ri=m\ | a.
icly

the interior and boundary edges of the decomposed set £25. Then we introduce spaces

V=VixVaxVi= [[ [] Hiv, ), (2.1)
des,2,1 jej,
P:ngngPlxﬁgxﬁgxﬁl, (2.2)
Py=L1*), Pa=]]H").
iely

In following, we use notation vg for components of v € V and pg, p} for components
of p € P. Noting, that on £24, d € 1,2, we have one pressure pg on the fracture pg and
possibly several traces p, of the pressure on neighbouring subdomains.

For every j € I; we denote

i(j) € la : 25 c 2\

the index of “mother” domain of Qg. Now we define mixed-hybrid solution as follows.

Definition 2.1 We say that pair (v,p) € V x P is MH-solution of the problem if it
satisfy abstract saddle point problem

a(v,w)+b(w,p) =0, Yw eV, (2.3)
b(v,q) —c(p,q) = (F,q), Vge P, (2.4)
where

a(v,w) = Z Z/_viKglwg,
27

d=1’2’3j€fd d

o= 33 (/ ~divelaa+ Aﬁj(”i~n)é2(j>),
d

d:1,2,3jeid d

cpa)= >, Y, </97 (Pa—1 — B} (a1 —§§)+/Fd adﬁdéd) :

d=1,2,3 jef, ,

(F,q) = — Z ( . quaz-i-/F Oédequ)~

d=1,2,3
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To simplify formula for ¢(p, ¢), we have formally set Io = 0 since the first integral is
taken only over 1D and 2D communication interfaces, while the second term corre-
sponds to the Newton boundary condition for every dimension. In the term c¢(p, q),
the symbols p and § should be understood as elemnets of L? > H/2.

In the following we consider lowest order approximation of the MH-formulation.
Assume that {2, are polyhedrons triangulated by simplexes f)fl, J € I,. Then, we
approximate the space H(div, £27) by the Raviart-Thomas space RTp(£2%) (see [2]) and
the spaces L?(£24) and H/?(I'}) by piecewise constant functions on elements and their
edges respectively (for details see [3]).

3 Linear system and its Schur complements

The lowest order discretization leads to the linear system which follows a saddle-point
structure of the system (2.3), (2.4). The full matrix A has a form

A BB
A=|BTCC
BT ¢ C
where block A is discrete version of a(-, -) and consists of positive-definite blocks
(d+ 1) x (d+ 1) on the diagonal. Therefore, the inverse A™' is also positive-definite
and easy to compute. The rows and columns of A correspond to all sides of elements
of the mesh. The blocks B and B come from the first and the second term of the form
b( -, -) respectively. Columns of B correspond to elements, columns of B correspond
to the neighbourings of sides. The block B has (d + 1) non-zeroes in the column of d-
dimensional element at the rows of its sides. The block B has one nonzero element per
row (side) with value 1. The blocks C, C, C' are discretizations of the form —c(-, -),
thus whole C' block is negative-definite. In Fig. 3.1(a), you can see full matrix for
a 3D problem Test 1: A cube cut by two diagonal 2D planes (fractures) into four
prisms. Note, four semitriangular shapes in block Co', which are formed by internal
neighbourings of the four prisms. The diagonal line at the right of this block is formed
by boundary sides of the prisms.

2000 2000 200

6000 B000 8000

a0 ;
10000 b

nz- 1903

i

s000 000

S

Fig. 3.1 Sparsity pattern: (a) original matrix; (b) first Schur complement; (c) second Schur
complement.

Full analysis of the system matrix and its Schur complements for the 3D domain
and prismatic finite elements was done by Maryska, Rozloznik, and Tuma in [4], here



20 J. Bfezina

we only mention main properties. As A™! is positive-definite and C' is negative-definite,
the first Schur complement

A/JA=C—(BB)TA™Y(BB)

is also negative-definite. Moreover, A; = BT A~ B is diagonal. Hence we can perform
the second Schur complement Ay = (—A/A)/A;1 (see Figs. 3.1(b), 3.1(c)). Since our
setting can be viewed as a perturbation of the pure 3D case, one can use similar
arguments as in [4] to prove that A, is positive-definite.

Apart from being positive-definite the Schur complements offer substantial reduc-
tion of the problem size. In Tab. 3.1, we can compare matrices A, A1, Az for the problem
Test 1 discretized by 1444 elements. For the second Schur complement, we get reduc-
tion of the size by factor 3 and reduction of the fill by factor 2. At the same time, we get
also reduction of the condition number computed by MATLAB, which is in agreement
with spectral analysis in [4].

Table 3.1 Comparison of Schur complements.

Schur number of  condition
complement size nonzeros number
A 10258 45013 9.8 x 10°

Ay 4662 29166 1.0 x 108

Ao 3218 19036 1.1 x 10°

Table 3.2 reports results of numerical experiments for two discretizations of the
problem Test 1. We have used BiCGStab method preconditioned by ILU with variable
factor levels. For every linear system, we were looking for the factor level that gives
the optimal time of the whole solver. Notice that for higher factor levels we get better
preconditioning and thus less iteration number, but because of higher fill of the precon-
ditioner, the iterations are much slower. An important observation is that in contrast
to the full matrix, the optimal factor level for the Schur complements is independent
of the problem size.

Table 3.2 Convergence of BiCGStab with ILU and optimal factor level.

| 112755 elements | 290281 elements
Schur complement A Aq Ao A Aq Ao
ILU factor level 9 3 2 13 3 3
iterations 45 31 44 42 46 49
solver time 404s 186s 154s | 118 s 72s 63s

4 Implementation using PETSc library

In this section we want to make few remarks concerning our parallel construction
of the Schur complements using the PETSc library. The PETSc library have been
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chosen as it provides wide range of parallel operations with vectors and matrices,
parallel solvers and preconditioners, and interface to many other projects. It is a mature
piece of software and de facto standard in parallel computing. Very usefull feature is
the command-line interface which allows tuning of internal parameters as well as various
experiments with various solvers and preconditioners.

In the following we describe main part of a general function for composition of the
Schur complement system and data for the reconstruction of eliminated unknowns. We
use typewriter font style to set off computer structures against mathematical objects.
The function gets as parameters the full matrix M and the inverse IA of block A. Both
are sparse matrices with rows distributed among processors in compatible way, i.e.,
same distribution of IA and block A of M. The construction of the Schur complement
matrix

—-M/A=B"A"'B-C, for M= <gT g)
is performed as follows. First we use distribution of rows of M and IA to construct
distributed index sets IS_A and IS_B containing rows of block A and B respectively.
We create also full local versions full_IS_A and full_IS_B on every processor. Then
we use appropriate index sets to get block B and compute A™'B.

MatGetSubMatrix( M, IS_A, full_IS_B, loc_size_B, reuse, & B );
MatMatMult( IA, B, reuse, 1.0 ,& IAB ); // 6/7 £ill est.

Similarly, we get block BT and we compute BT A™! B. Note that matrix Bt can not be
computed as transpose of B because of different distribution of rows.

MatGetSubMatrix( M, IS_B, full_IS_A, loc_size_A, reuse, & Bt );
MatMatMult( Bt, IAB, reuse, 1.1 , & BIAB ); // 1.1 £fill est.

In both parallel matrix multiplications we had to specify a fill ratio estimate. In the first
multiplication the estimate is in fact less then one, but value at least 1 is requested
by PETSc. Finally we get block C scale it by —1 and add BTA™!B.

MatGetSubMatrix( M, IS_B, full_IS_B, loc_size_B, reuse, & C );
MatAYPX( C, -1.0, BIAB, SUBSET_NONZERO_PATTERN );

The addition of two sparse, parallel matrices is not trivial a trivial operation and
in PETSC it is efficient only if one matrix has a sparsity pattern which is subset of the
other. Therefore we have to insert zero entries into C' block of M to allocate the sparsity
pattern of the Schur complement. This is probably the most restricting assumption for
general use of our functions.

5 Benchmarks

We have tested the parallel solver on the problem Test 1 described in Sect. 3. Solving
procedure is as follows. The full linear system is reduced appling two Schur complements
computed in parallel. Then we employ conjugate gradients preconditioned by additive
Schwartz with overlap 4 to solve the reduced system. As a local preconditioner we use
ILU with factor level 3 (see optimal values in Tab. 3.2. ILU was used instead ICC as
it appeared to be faster, but one have to use option

-sub_pc_factor_shift_positive_definite
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to ensure a positive definite preconditioner. All benchmarks were run on SGI Altix
computer at CTU in Prague equipped by 32 processors Intel Ithanium 2.

In the first test we study the speedup when running the problem of the same size on
increasing number of processors. Beside the speedup we are interested also in efficiency
defined by fraction

run time on 1 processor
N x run time on N processors -

efficiency =

Although the absolute value of the efficiency is important, more significant is whether
it does not decrease to much with increasing number of processors. It means that
the overhead when running in parallel do not grow.

In our speedup test we have used a mesh with 72877 elements. At a graph in Fig. 5.1,
you can see timing of three parts of the whole program. The red part is time of the
second Schur complement construction. For more then two processors the efficiency is
nearly constant 0.2, but there is quite big initial parallel overhead. The green part is
the iterative solver. The efficiency is about 70% for two processors but drops to 30%
on 10 processors. The white part is timing of non-parallel part of the program: input,
mesh topology setup, and output. The table in Fig. 5.1(b) reports timing and efficiency
of the parallel part, i.e., the Schur complement construction and the solver.

proc. iter. time [s] efficiency
1 39 45.72 1.00
2 39 42.40 0.54
. 3 39 36.19 0.42
£ 4 39 26.31 0.43
6 39 19.84 0.38
8 58 18.28 0.31
10 41 14.01 0.33
num. of proc.
(a) (b)

Fig. 5.1 Speedup test results.

Much more important property of parallel numerical software is the test of the scal-
ability. We solve problem of size O(IN) on N processors, in ideal case we should obtain
constant timing. Because it is hard to construct an unstructured mesh of a prescribed
size, we introduce a normalized time

. . . N x problem size on 1 processor
normalized time = time X - .
problem size on N processors
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Timings for our program on 1 up to 8 processors are summarized in Fig. 5.2. The
graph in Fig. 5.2(a) shows normalized timings for the Schur complement composition,
the solver, and their sum. Remarkable is perfact scalability of the Schur complement
part which mainly proofs good scalability of the MatMatMult function from PETSc.
On the other hand the solver does not scale very well. In the table at the right we can
see correlation between time and number of iterations. So the that bad scalability is
caused by poor preconditioning for large number of processors. This could be improved
by using second level Schwartz decomposition, which is also the number one in our
future planes.

schur

solver
both

. proc. elements iter. time [s]

£ 20 1 18000 25 9.0

= 2 36000 31 18.3

£15 4 73000 38 24.8

- , 6 113000 46 31.4
8 141000 54 31.7

1 2 4 8
no. of processors

(a) (b)

Fig. 5.2 Scalability test results.
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Modified semismooth Newton method: Numerical example

Petr Byczanski - Stanislav Sysala

Abstract The modified semismooth Newton method is introduced in this contribu-
tion. The modification is based on a “damping” in each Newton iteration. The damp-
ing coefficient are computed by a minimisation problem. The method is described
on an abstract problem with the main convergence results. Then it is applied to solv-
ing an elasto-plastic problem with hardening and illustrated on a numerical example.

1 Introduction

Newton-like methods are often used to solving non-linear systems of equations. Con-
cretely, if the corresponding operators are semismooth (i.e. non-differentiable in gen-
eral), it is possible to use the semismooth Newton method introduced in [3]. To ensure
the global convergence of Newton-like methods, there were introduced many modifica-
tions. Some of them are based on damping or underrelaxation, see for example [4]. In
the presented modified semismooth Newton method (MSNM), the damping coefficient
is computed by a minimisation problem in a search line in each iteration. MSNM has
been for example applied to a problem of a beam on a non-linear subsoil [5] or to
elasto-plastic problems [6].

In Sect. 2, we formulate an abstract system of equation with specific properties, for
which MSNM is suitable. We summarise the main convergence results of the method
and mention inexact inner solvers. In Sect. 3, we briefly introduce an elasto-plastic
problem after time and space discretisation and apply MSNM to solving the problem.
In Sect. 4, the elasto-plastic problem is illustrated on a numerical example in 2D and
implemented in MATLAB.
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2 MSNM for abstract system of equations

Let us consider the following system of non-linear equations:
find u e R": F(u)=f, (2.1)

where u,f € R" and F': R"™ — R". We will assume that the function F' has the fol-
lowing properties:

(A1) F is semismooth, see [3]. It means that F' is Lipschitz continuous and

lim Viw'} = Fi(v;w Vv, w € R"
Vi, €OF (vHtw'), w/ —w, th{ oW +(viw), ’ ’

where OF(v) denotes the generalised Jacobian of F' at v and F|(v;w) denotes
the one-sided directional derivative of F' at v in the direction w.

(A2) The matrices V € OF(v) are symmetric at any v € R™.

(A3) There exist constants c1,c2 > 0 such that

c1||w|\2E < (Vw,w) §62||WH2E, Vv,w e R", YV € 0F (v),

where ||.||g is a suitable norm in R", for example an energy norm of some linearised
problem and (., .) is the Euclidean scalar product in R"™.
(A4)

1
F(v+w)—F(v):/ Vow df, Vv,w e R", VYV € OF (v + 0w),
0

where the integral of a vector is to be understood componentwise.
(A5) F has a potential, i.e. there exists a functional j : R™ — R such that

Vji(v) = F(v), Vv e R™.
From the above assumptions, we obtain the following estimates:
allv—wl} < (F(v) = F(w),v—w) < collv —wl},  vwweR", (22)

. _ 1 R
Jjv+w)—j(v)—(F(v),w) > 501Hw||2E, Vv,w e R". (2.3)

Hence, the functional
J(v)=j(v)—({f,v), veER", (24)

is differentiable, strictly convex and coercive. Thus the system (2.1) has a unique
solution and it is equivalent to the minimisation problem

find u e R" : J(u) < J(v), Vv eR™.

Let us consider a mapping A : R" — R™ "™ such that A(v) € 9F(v) for any
v € R". Then A fulfils the assumptions (A1l)—-(A4). Thus matrices A(v) are positive

1/2

definite and symmetric. The corresponding norms ||.|| a¢v) := (A(v).,.)"/# are uniformly

equivalent to the norm ||.||z. By (A2), (A3), the sets

(A : v eR™}, {I(AWV) [ :v €R"} are bounded. (2.5)
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By [3, Theorem 2.3], the assumption (A1) implies that

o IF( 4 w) = F(v) = A(v + w)w] 5

w—0 [wll&

=0, (2.6)

for any v € R" and sufficiently small w € R™ where ||.|| =g denotes the dual norm to
l.llz. The mapping A with properties (2.5) and (2.6) is also called a slanting function
to F, see [2].

The semismooth Newton iterates have the form

1 A, )
uwtt=ul +¢, i=0,1,...,

where the vector s’ solves the linear system of equations
A)s! =f — F(ud) = 1. (2.7)
By [3, Theorem 3.2], the properties (2.5) and (2.6) imply that
u—utt =o(u—u), (2.8)

(o]

if the initial approximation u" is sufficiently closed to u, i.e. the method is locally

superlinearly convergent.
The modified (damped, underrelaxed) semismooth Newton iterates have the form

u‘Hl:u‘i—i—ozjs‘i, 7=0,1,...,
where the vector s? solves the system (2.7) and

a; = arg min J(u' + as').
a€(0,1]

We can consequently derive the estimates

(VI(),s') < —eis'|%, (2.9)
a; > z—; ifsd £0, (2.10)
T ) < —Zerad$ (211)
+oo 2
i C
SISl < 2(0() - J(w) (212)
§=0 “
+oo . 4
>l —wlE < 2((u®) - T(w) % (2.13)
=0 !

Hence the modified semismooth Newton method converges globally by the estimate
(2.13). Since a;j — 1, the method also converges superlinearly by the estimate (2.8).
The estimates (2.9)—(2.13) are proved in [5, 6] and (2.14) in [6] for concrete problems.

We can also consider inexact inner solvers in MSNM. If we apply an iterative solver
for computing the directions s’ we can use the following stopping criteria:

[A(u))s — IJ|LA(uJ) < 77||er7A(u-j) ) (2.15)
AW - |- < nlF|-&, (2.16)
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where [|.||_ 4(ui) denotes the dual norm to |[.|| 4(ui), and § is an approximation of 3.
The inexact MSNM is convergent if, the approximations § fulfil the estimate

(VI('),§) < —¢F|z,  é>o0, (2.17)

which replaces (2.9). Concretely, the estimate (2.17) holds if we choose the tolerance
parameter 7 less than one in (2.15) and sufficiently small in dependence on parameters
c1,c2 in (2.16).
The damping coefficients a; < 1 can be approximated by &; < 1 which fulfills
i — s 1
—5(181p)erd; |81 < (VI (u +a,87),8) < §q01aj|\SJ||2E7 (2.18)
where ¢ € (0,1) and §(y) > 0 for y > 0, limy o 6(y) = 0. Notice that the first estimate
in (2.18) implies
1
T 1+ (8 e)
thus the damping is not too strong. The second estimate in (2.18) ensures the conver-
gence properties of the method, concretely it holds

Qg

o ; 1 212
T+ @;8) — J(w)) < —zer(1 - a3

instead of the estimate (2.11). For more details, see [6].
MSNM can be applied to some problems, for example beams or plates on non-linear
subsoils [5], elasto-plasticity [6], non-linear elasticity or quasilinear elliptic problems.

3 Application MSNM to elasto-plasticity

Elasto-plastic problems are the so-called quasi-static problem where the history of load-
ing is taken into account. We will consider the von Mises elasto-plasticity with the strain
isotropic hardening and the incremental finite element method with the return map-
ping concept. For more details see [1]. We can similarly work with other elasto-plastic
models and time discretisation schemes, see [6].

The elasto-plastic deformation of an investigated body (2 after loading is described
by the Cauchy stress tensor o, the small strain tensor ¢, the displacement « and the non-
negative hardening parameter x. Symmetric tensors of the second order will be repre-
sented by the vectors and their deviatoric part will be denoted by the symbol dev.

Let us denote the space of continuous and piecewise linear functions by V}, which
approximates the space of all admissible displacements. Let

O=to<thi <...<tlp <...<tn=T

be a partition of the time interval [0, 7]. Then the problem after time and space dis-
cretisation has the form for £k =0,1,.. .

Given of, k¥, uf compute Ao¥, Ak, Auf:

/ <D5(Auﬁ) - aﬁ(e(mﬁ)),e(vh)> do = Aff(v),  Yun€Vi,  (3.1)
(]

Aoy, = De(bup) — ap(e(Dur)),
Ary = (201/3/2) 7 [lan (e(Lup))|l-
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Put of ™ = of + Ao, kFTE = K+ ARl ul T = uf 4+ Auf.
Here, the matrix D denotes the Hook’s matrix, u, A are Lamé coefficients, A fF
represents the load increment. The function a} is given in the form

2 3 N
ah(€) = \|3 g P (00 + De.ri)ili (<)

3u+ Hp
where
k(o) = dev(a;ﬁ + De)
||dev of + De)||’
P(o,k) := 1/ ||dev )N = + Hnk), Y,H,, >0,

are the plastic flow direction and the yield function respectively. The sign plus means
the positive part of P which characterises the plastic behaviour. The function aﬁ is
semismooth and potential, see [6], concretely its generalised Jacobian aZ’k and potential
bk have the forms

ok _ [ Vai(e), P(o};, + De,j;) >0,

a;, (6) - { O7 P(O’}Ii—FDS,Hﬁ) SO7 (32)
2 k
3p \/;(Y_FHmHh) Lk \ak\T
VaP =9 I—- I—- d
ah(€)77 12 3,U +H,, ||d€’l}(0’;§ ¥ DE)H nh(s)nh(s) ) ev(n)7
1 2
bi(e) = 5 [P (o + De,h)| (3.3)

Notice that the main problem in each time step is to solve the non-linear equation
(3.1). If we represent a function vy € Vi, by the vector v € R™ and miss the index k
then (3.1) can be rewritten as the system of non-linear equations

F(Au) = Af, (3.4)
where
(F(v),w) = /Q (De(vn) — an(e(vn)),e(wn)) dz, Vv,w e R",
(Af7 W> = Afh(’l}h) s Yw e R".

The function F' fulfils the assumptions (A1)—(A5), see [6], and thus the system (3.4)
can be solved by MSNM. Concretely, the energy norm ||.|r = (A.., .)1/2 represents
elastic behaviour. The matrix A., the functional J and the mapping A have the forms

(A(u)v, w) = /Q(De(vh) — a®(e(un))e(on),c(wn)y dz,  Vu,v,w € R,
(Aev,w) := / (De(vp), e(wp)) dz, Vv,w e R",

J(v):

%HVHQE - /Q b(e(vn))dz — (Af,v), Vv ER",

by (3.2) and (3.3). The constants c1, c2 in the assumption (A3) are equal to H.,/(3u+
H,,) and 1 respectively. Notice that the estimates (2.6), (2.8) and consequently the su-
perlinear convergence of the method are dependent on the discretisation parameter h
in general. On the other hand, the estimates (2.9)—(2.13) are independent on h, thus
the global convergence in sense of the estimate (2.13) is independent on h.
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4 Numerical example in 2D

We will consider a plain strain problem with a thin plate which is represented by
the domain (2, see Fig. 4.1. Homogeneous Dirichlet boundary conditions in the nor-
mal direction are prescribed on two sides of {2. The surface load g(t) = 450 sin(27t),
t € 0,1/4], is applied to the upper side of 2. The material parameters are set to
E = 206900, v = 0.29, Y = 450, H,, = 100 and the time interval is divided into 50
equidistant steps. We will consider three different meshes with 2028, 7600 and 29400
elements. The worsest of them is depicted in Fig. 4.1.

9(t)
Pretertrrtest

2 10

000000000 O0O0OOOO000

O00000OOOOOOOOOO0O

R 9

Fig. 4.1 Geometry of the example (left), and the worsest applied mesh (right).

The initial approximation Au® is obtained by solving the linear elastic problem
A, Au® = Af. The vectors §? are found by a direct solver and the coefficients a; by
the regula-falsi method. We choose ¢ = 0.99 and §(||s*||g) = ||s* ||z /(|0 +5 || &+ ||| &)
in the stopping criterion (2.18). The MSNM algorithm is stopped if &(||s|| ) < 107°.

The calculation was performed using a MATLAB 7.0 code. The numbers of MSNM
and regula-falsi iterations and the damping coefficients at time steps are depicted in
Fig. 4.2 for the finest mesh. Notice that the maximal numbers of Newton iterations and
regula-falsi iterations are small, therefore the method is suitable for the problem and
computing of the damping coefficients is not too costly. The problem was also solved by
the standard semismooth Newton method and numbers of the Newton iteration were
practically the same here. The coefficients o are not computed, if 6(||s’||z) < 10717,
Concretely, s* = 0 in time steps 1,..., 11 since the plastic behaviour is not indicated.
Notice that the coefficients a; are increasing and tends to 1 in time steps 12, ..., 50.

The superlinear convergence of MSNM is demonstrated in Tab. 4.1 for chosen time
steps and for three different meshes. The values §(||s'||g) for iterations j = 0,1,...,7
are in the table. Notice that the converge slightly depends on the finite element dis-
cretisation parameter.

5 Conclusion

The modified semismooth Newton method has been used to solve the elasto-plastic
problem. The main advantage of MSNM is a global convergence which does not hold
for the Newton method. For example, the initial approximation Au® need not to be
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Fig. 4.2 Numbers of MSNM iterations (at the top), the damping coefficients (in the middle),
and maximal numbers of regula-falsi iteration (at the bottom) at time steps.

Table 4.1 Convergence of MSNM at chosen time steps (NoTS) for 3 meshes characterised
by different numbers of elements (NoFE).

NoTS 25 37 46

NoFE| 2028 7600 29400 2028 7600 29400 2028 7600 29400
J
0 1.0x10™1  1.1x107!  1.1x107! | 3.7x1071  4.1x107!  4.3x107! | 7.5x107F  7.9x10~!  8.0x107!
1 1.6x1072  2.7x1072 2.9x1072 | 2.7x1072 2.9x1072 4.0x1072 | 3.1x10~2 3.2x10~2 3.3x10~2
2 1.8x1073  4.3x107% 5.9x107% | 1.5x1073  2.1x1073  4.7x1073 | 1.0x10~* 4.4x1073 2.5x1073
3 | 4.0x1076 3.2x1077 4.0x1077 | 2.7x1077  4.0x10~% 8.7x10"% | 7.0x10710 3.2x10~* 5.2x10~*
4 [3.2x1071 7.3x10713 8.4x1079 |2.0x1071* 4.8x107% 1.4x10~% |3.8x107 15 1.1x107% 2.5x10~*
5 3.2x1015 5.7x10715  4.7x107° 4.0x1071%  1.5x10~7
6 7.0x1079 4.2x10714
7 6.1x10715

closed to Au for larger loads or H, — 0 (ideal plasticity). Then the convergence
of the Newton method can be problematic in general. On the other hand, computing
of the damping coefficients could not be very costly. The proposed stopping criterion
(2.18) ensures all the theoretical convergence results of MSNM and yields good numer-
ical results in combination with the regula-falsi method.
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Reusable classes in designing of mathematical models

Dalibor Frydrych - Igor Kopetschke

Abstrakt In this paper, the use of object approach [1] and design patterns [2] is
presented in mathematics model implementation. It focuses on the contribution of
interface based programming using polymorphisms and analysis of possibilities brou-
ght by design pattern use. Standard (two-step) implementation process is extended
by two further abstraction steps when implementing mathematical models. Standard
procedure transforms, in the first step, parts of reality into individual instances. Con-
sequently, in the second step, a general description—class is searched for. Implemen-
tation of mathematics models begins by the search for an applicable mathematical
definition (equations) of the process. The search for an suitable process in solving of
acquired equations is the second step. Both of these two steps are abstract and require
a very specific way of thinking, quite different from the programmer’s thinking. A pro-
cess, when the mathematical model is built up and the implementation for this model
is carried out, is common. Changes in the event description, eventually the use of dif-
ferent mathematical appliance, mean a brand new implementation. This process is not
very effective. This article presents Framework DF?EM. Framework DF?EM focuses
on numerical techniques implementation, which work with space discretization (finite
element, finite volume, etc). It brings complex approach to mathematical models. It
defines basic model parts on a clearly abstract level, describes their interface and allows
implementation of concrete classes.
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1 Uvod

Slozitéjsi matematicko-fyzikalni tlohy sebou nutné pfindseji potfebu vyvoje stale kom-
plexnéjsiho specializovaného software. Rozlozime-li cely proces na jednotlivé fize dle
casové osy, ziskame nasledujici zakladni kroky:

a. definice a zadani ulohy,
b. analyza problematiky,

c. navrh modelu a matematickych instrumenti,
d. praktickd implementace software.

Zatimco prvnim tfem bodum je vzdy vénovan maximalni duraz a peclivost, samotna
implementace zlstava casto v pozadi pozornosti a kone¢ny produkt neodpovidéd moder-
nim standardim vyvoje software. Vysledkem je tedy Casto software pouze jednotucelové
pouzitelny, obtizné rozsititelny, malo vykonny a v souhrnu degradujici predchazejici
praci specialisti z oblasti matematiky a modelovani.

specialisty, kdy profesionalni programator casto nerozumi slozitému matematickému
aparatu a naopak, matematik neni schopen jasné a pro vyvojare srozumitelné definovat
své pozadavky.

Tento ¢lanek se zabyva fesenim vyse uvedenych nedostatkiu. Nejdiive se zaméfi na
nejcastéjsi chyby a nedostatky a nasledné popise cesty k jejich feseni za pouziti moder-
nich technologii. Maximalni diraz bude kladen na univerzalnost a znovupouzitelnost
jednotlivych modult a komponent.

2 Navrh a implementace modelu ISpace

Navrh a implementacie modelu ISpace fesiciho préaci s diskretizaci prostoru demon-
struji pouziti vyse uvedenych princip.

2.1 Navrh datové struktury sité

Diskretizace prostoru za¢ina definici jednotlivych uzla. Uzel (nod) je v siti jednozna¢né
definovan oznacenim, coz je celoCiselny identifikator. Dalsi vlastnosti uzlu je jeho t¥i-
rozmérny vektor polohy.

Uzly jsou nésledné spojeny hranami, které vytycuji jednotlivé prvky(elementy) sité.
Pocet hran uzavirajicich prvek muze byt rtzny a tudiz datova struktury musi tuto
skutecnost reflektovat a nesmi se omezit pouze na jediny typ prvku. Prvek je tedy
charakterizovan seznamem uzlt tvoricich jeho vrcholy a nasledné celociselnym identi-
fikatorem.

Dalsi dulezitou charakteristikou prvki je material. V ramci sité se ovsem mohou
vyskytovat prvky s liSici se materidlovou charakteristikou a tak se nabizi feseni re-
gistrovat tuto vlastnost primo v prvku. Mnohem castéji je ovSem potieba pracovat
s mnozinou prvkia stejného materialu a proto je jako dalsi vrstva datové struktury
zaveden pojem domény.

Doména je ve své podstaté pouze virtualnim objektem sdruzujicim prvky se stejnou
materidlovou charakteristikou. Vlastnostmi domény tedy jsou seznam prvkia pat¥icich
pod doménu a jednozna¢néa identifikace domény pomoci celociselného identifikatoru.
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Jednotlivé domény jsou nasledné vélenény do vrstev (layers). Kazda vrstva si ucho-
vavé svij seznam domén a je podobné jako domény identifikovana svym ndzvem (jmé-
nem).

Hierarchicky nejvyssim prvkem datové struktury je samotna sif zapouzdiujici vyse
uvedené vrstvy. Kazda sit je taktéz identifikovana ndzvem (jménem). Celkovy pohled
na datovou strukturu je tedy vidét na obr. 2.1.

|Space IMesh ILayer
getMeshesMap() —— | String: getName() — | String: getName()
Map:getLayersMap() Map:getDomainsMap()
IMaterial IDomain
— | int: getLabel()
Map:getElementsMap()

IElement
int: getLabel()
Map:getNodesMap()

INode
int: getLabel()
double[]: getCoordinates()

Obréazek 2.1 Schéma datové struktury sité.

2.2 Klasicka implementace modelu

Nejcastéji uzivany pristup vytvareni a implementace modelu méa 2 stupné abstrakce
a 2 stupné implementace. Nejdfive je stavajici realita transformovana na jednotlivé
instance (objekty), poté jsou specifikovany tfidy pro skupiny instanci. Nasleduje defi-
nice matematického aparatu popisujiciho déj a sestaveni kone¢ného modelu. Poslednim
krokem je implementace zminénych rovnic a modelu do tfid.

Tento pristup je sice z podstaty jednoduchy a objektové spravny, ale nese sebou
fadu nedostatki. Tim nejvaznéjsim je nutnost nové implementace a zasaht do ptuvod-
niho kédu pti kazdé zméné diskretizace, topologie, matematického aparatu nebo popist
déji. Dalsim nedostatkem je tzv. té€snost vazeb mezi aplikacnimi komponentami, které
jsou pevné provazany v aplika¢nim kédu.

2.3 Implementace pomoci rozhrani

Rozhrani mohou slouzit jako datovy typ misto konkrétni tfidy. Rozhrani obsahuji pouze
deklaraci metod pro skupinu tfid toto rozhrani implementujicich, ¢imz spliuje pod-
minku polymorfismu. Céstecné tedy umoziiuje zobecnéni kédu a celkovou modularitu.
Neodstranuje vsak zcela tésné vazby, jelikoz se v kodu programu vzdy musi nakonec po-
uzit konkrétni tfida pro vytvoreni instance. Tuto nepfijemnou skutecnost lze ¢astecné
odstinit pouzitim reflexe nebo implementaci dle ndvrhového vzoru Factory [3].
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2.4 Navrhové vzory a Spring Framework

Kombinace pouziti rozhrani a specializovaného frameworku Spring [4, 5] ddva vyvojafi
konec¢né nastroj, jak vytvorit obecny a znovupouzitelny kéd aplikace. Navic umoznuje
vy¢lenéni potencilné variabilnich prvka (napf. cesty ke konfiguraénim souborim, ini-
cializace konstant a standardnich hodnot, volba implementac¢ni tfidy pro rozhrani,
aj.) z kédu aplikace do snadno uzivatelsky editovatelného xml souboru. Jednou ze za-
kladnich funkci Spring Frameworku je odstranéni tésnych vazeb z vysledného kédu.
Spring principialné aplikuje myslenku neinvazivnosti, tzn. nepromichéva kéd aplikace
s vlastnim API na rozdil od klasickych knihoven ¢i jinych specializovanych framework1.
K tomuto ucelu vyuziva ndvrhovy vzor Inversion of Control (IoC).

Navrhové vzory (Design Patterns) [2, 3] 1ze obecné chapat jako pojmenovand a po-
psané feSeni typickych problémi. Nejednd se o konkrétni implementace fesici tyto
problémy, ale jsou tvofeny souborem pravidel a vztaht popisujici jak dosahnout reseni
problému. Navrhové vzory nefesi specifické problémy s malou mirou znovupouziti, na-
opak zakladni podminkou je opakovatelnost problému, aby bylo mozné pouzit popsané
feseni i v budoucnu.

VysSe zminény navrhovy vzor IoC fesi odstranéni tésnych vazeb tim, Ze pfenasi
odpovédnost za vytvareni, inicializaci a provazani objekti ven z aplika¢niho kédu, na
takzvany IoC kontejner. Objekty maji pouze povinnost poskytnout rozhrani pro vlo-
zeni potiebnych objektt z vnéjsku. Konkrétni t¥ida implementujici rozhrani je dodana
kontejneru pres vyse zminény konfigura¢ni xml soubor stojici mimo samotnou zkompi-
lovanou aplikaci.

Spring implementuje jesté jeden navrhovy vzor — Dependency Injection. Jedna se
o specialni ptipad IoC a fesi samotné vkladani a spojovani vyslednych objektu.

3 Praktické vyuziti

Technologie programovani proti rozhrani za vyuziti specializovanych frameworka jsme
vyuzili pro implementaci modulu zodpovédného na nacteni dat sité a jejich konverzi
na datovy model sité. Zékladnim pozadavkem byla robustnost, jednoducha konfiguro-
vatelnost, variabilita a znovupouzitelnost pro rtuzné zdroje a formaty vstupnich dat.

3.1 Popis modulu pro ¢teni a konverzi dat

Zakladni komponentou modulu je rozhrani IDataProvider. Toto rozhrani poskytuje
verejné metody pro nacteni, respektive ulozeni dat sité a jejich konverzi na finalni in-
stanci rozhrani ISpace. Toto rozhrani poskytuje odkazy na jednotlivé datové struktury
siti v ném registrovanych.

Cely proces préace s daty je popsan pomoci rozhrani datové ulohy (ITaskData). Ve
vstupnim xml souboru jsou definovany nasledujici logicky navazujici sekce:

— nézev (identifikace) sité,

— alias tfidy zodpovédné za nacteni dat sité, cesta ke zdroji dat a jejich format,

— volitelné lokdlni lozisté (napf. rela¢ni databaze) véetné aliasti pozadovanych t¥id,
— seznam a identifikace vrstev sité,

— konverzni pravidla pro data (kopirovani, pfesun uzlt a prvki, aj.),

— alias tfidy pro konverzi a vystup datové struktury sité.
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Implementace rozhrani IHolder registruje pomoci Spring Frameworku zndmé kompo-
nenty pro ¢teni (IReader), zépis (IWriter) a konverzi dat sité (IConverter) a jejich
aliasy. Na zakladé nactenych pravidel v ITaskData poskytuje IHolder prostfednictvim
IoC kontejneru instance konkrétnich t¥id pro ¢teni dat, jejich pripadny lokalni zapis
a konverzi pouze na zakladé tzv. bean id bez nutnosti vytvaret tésné vazby na konkrétni
tfidy pfimo v aplikaci. IHolder je nasledné pomoci IoC instanciovan v implementaci
IDataProvider, viz obr. 3.1.

« zdroj dat
+ Registrace Readert « Reader ID
+ Registrace Writer( . Writer ID
= Registrace Convertert « Converter ID
= Registrace datovych struktur + Layers
IReader N o g
o = -~

- | IHolder ‘ | ITaskData
Emaa

- + Prebira pojmenovanou instanci IMesh
IMesh — | IDataProvider 1 » read(), write(), convert()

l « Poskytuje findlni ISpace

Obréazek 3.1 Schéma modulu pro ¢teni a konverzi dat sité.

3.2 Ukéazka implementace

Jako praktickou ukézku vyuziti vyse popisovanych technologii jsme zvolili rozhrani
IWriter, IReader, dale xml soubor konfigurujici IHolder a ¢ast kédu implementacni
t¥idy rozhrani IDataProvider demonstrujici cely postup pfi nac¢itani, ukladani a kon-
verzi dat na vyslednou ISpace.

public interface IReader<A,B> {

public void setTask( A task );
public B read();

}

Koéd 3.1 Rozhrani IReader.

public interface IWriter<A,B> {

public void setTask( A task );
public void write( B data );

}

Kdéd 3.2 Rozhrani IWriter.



36 D. Frydrych, I. Kopetschke

<?xml version="1.0" encoding="UTF-8"7>
<beans xmlns="http://www.springframework.org/schema/beans">
<bean id="holder" class="holder.Holder" scope="singleton">
<property name="readersRegister">
<map>
<entry key="Derby" value-ref="derbyReader"/>
<entry key="MeshFile" value-ref="meshFileReader"/>
<entry key="MeshSimpleFile" value-ref="meshSimpleFileReader"/>
</map>
</property>
<property name="writersRegister">
<map>
<entry key="Derby" value-ref="derbyWriter"/>
</map>
</property>
<property name="convertersRegister">
<map>
<entry key="MeshConverter" value-ref="meshConverter"/>
</map>
</property>
</bean>
<!-- instance IReader -->
<bean id="derbyReader" class="holder.readers.DerbyReader"/>
<bean id="meshFileReader" class="holder.readers.MeshFileReader"/>
<bean id="meshSimpleFileReader" class="holder.readers.MeshSimpleFileReader"/>
<!-- instance IWriter -->
<bean id="derbyWriter" class="holder.writers.DerbyWriter"></bean>
<!-- instance IConverter -->
<bean id="meshConverter" class="holder.converter.MeshConverter"/>
</beans>

Koéd 3.3 Soubor xml s konfiguraci pro IHolder.

/* vytvoreni aplikacniho kontextu Spring Frameworku */

ApplicationContext ac = new FileSystemXmlApplicationContext( "spring-config.xml" );
IHolder holder = (Iholder)ac.getBean( "holder" );

ITaskData<XMLElement> taskData = (ItaskData<XMLElement>)ac.getBean( "taskdata" );
IReader<ITaskData,IMeshEntity> meshFileReader = holder.getReader( taskData,false );
IMeshEntity me = meshFileReader.read();

/* volitelne ukladani do lokalni DB */

IWriter<ITaskData,IMeshEntity> writer = holder.getWriter( taskData );

writer.write( me );

/* konec volitelne casti */

IConverter converter = holder.getConverter( taskData );

ISpace space = converter.convert( me );

Kdéd 3.4 Vzorova implementace rozhrani IDataProvider.

4 Zavér

V ¢lanku byl popséan proces implementace pouzity pii vystavbé slozitych matematicko-
fyzikalnich tloh. Tento postup je diisledné uplatiiovan v projektu DF?EM. Tim je u to-


http://www.springframework.org/schema/beans

Reusable classes in designing of mathematical models 37

hoto projektu zajisténa znovupouzitelnost jiz vyvinutych a implementovanych kompo-
nent. Definice rozhrani a jejich dtisledné vyuzivani zajistuji snadnou rozsifitelnost.

Princip obecnosti a znovupouzitelnosti byl aplikovan pti volbé trovné, na niz je
postupné realizovan projekt DF?EM. Jako zakladni tiroveni byl zvolen aplikaéni ramec
Spring Framework. Pouziti Springu umoznilo oddéleni aplika¢ni logiky od implemen-
tujicich tiid a jejich p¥ipadnych iniciaci a konfiguraci. Uzivatel projektu DF?EM tedy
neni nucen zabyvat se implementaci na trovni programovaciho jazyka, ale muze se
soustiedit pouze na sestaveni matematického jadra modelu.
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Abstract The bellows air springs (BAS) are today widely used suspension elements.
They offer many advantages: low cost, long life, small weight, variable load capacity
and big working range. The most significant parameters of BAS are their static char-
acteristics: Volume, Effective area and Index of effective area. These characteristics
define the behaviour of BAS (which is important for design process).

This contribution defines briefly the unique mathematical model where individ-
ual bellows were replaced by parts of torus. Model based on this assumption gives
advantages such as good robustness and high calculation speed. Calculation of static
characteristics for complete working range of the BAS, takes less than a second. Main
part of this contribution is focused on verifying of model precision. Results given by
model are compared to results from real BAS testing in a laboratory. Experiments are
covering the whole range of produced BAS in load capacity as well as working range
of these products.
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1 Introduction

Even though the design of a BAS seems simple, see the Fig. 2.1(a), defining of statics
characteristics of a BAS is quite a complex task.
The calculation has to take into account the following:

— Behaviour of compressed air inside of BAS.

— Behaviour of BAS fabric reinforced elastomer bellow, which is very anisotropic, in
addition this anisotropy is changing with the level of deformation of the bellow.

— Contact between the BAS bellow and its retainer or between neighbour bellows
together.

This calculation can be done by using a standard model systems based on FEM.
However, such a solution is very time consuming. Only the preparation of input data
for model takes several hours. In addition, in case of even a small change in design
of the BAS or retainers, the job have to be reworked right from the beginning.

To solve this problem, a new alternative model with following advantages was
developed:

— Model is easy to apply: user enters only a few main technical characteristics from
the BAS drawing.

— Results available in a short time: calculation of the whole job should not take more
than a few seconds.

— Sufficient precision of results: results are precise enough for the standard technical
applications.

2 Basic equations of bellows air springs

Model is based on following assumptions. Force generating axial shift (vertical moving
of the upper retainer, denoted z), it is given only by air’s work. For practical purposes
is used positive direction for compression and negative direction for extension.

=0
Outer cover

Second ply
First ply
Inner liner

(a) (b)

Fig. 2.1 Design (a) and scheme (b) of the bellows air spring 21 lower retainer; 22 upper
retainer; k meridian curve of fabric-reinforced elastomer bellows; Re radius of the circular
effective area; P, @Q terminal points of bellows; T7, T> contact points; M, N fictive points
of release.
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The entire axial force of BAS is caused by air pressure on the circle area with
radius Re. Part of the k curve laying on the right side from line M, N can be taken off,
as forces in these points are only in radial direction. This circle area with radius R is
known as effective area [1] and is defined by equation

S(z) = wR(2) , (2.1)

where R.(z) is radius of release points M or N. When the principle of virtual work is
used, equation for effective area is

S(z) = — : (2.2)

where V(z) is volume of BAS.

In this contribution is assumed that the fabric reinforced elastomer bellows are
ideal (by ideal is meant absolute rigidity in tension and absolute elasticity in bend).
This assumption reduces a spatial problem to a planar problem [1].

2.1 Theory of multi bellows air spring

Demand of enhancement of the axial shift is solved by serial assembly of bellows for the
same value of effective area (loading). The separate bellows are isolated by detach rings.
Detach rings have usually circle crosscut today. In big depression, neighbour bellows
can get in contact between each other. In the specific conditions (high temperature
of elastomer) bellows can get “glued” together. When this bond is broken in next
opening of the bellows, pieces of rubber can be torn out. This cause faster wear and
tear and has negative impact of their lifetime. In new trends, designer try do develop
detach rings, which inhibit the contact of neighbour bellows.

Fig. 2.2 Design of the multi-bellows air spring; H height of whole multi-BAS, H; height of one
bellow of multi-BAS.
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2.2 Equations of multi bellows air spring

There is a common BAS assembly by n bellows see Fig. 2.2. All bellows are part of one
spring, they share inside pressure, then

P =Di, i:1727~~~7n, (23)

where p is pressure inside BAS, p; is pressure inside i—th bellow and n is number of BAS
bellows. For serial type of bellows then governing action/reaction law is

F:Fi:pSi, 121,2,...,71,, (24)
where F' is loading capacity of BAS, F; is loading capacity of i—th bellow and S; is

effective area of i—th bellow. From equations above follows, that every bellows in multi-
BAS must have the same effective area

Si=5(z), i=12...,n, (2.5)

where S(z) is effective area of multi-BAS for given shift z.
As concerns height H; of bellows in multi-BAS similar equation applies

H= Z H (2.6)
i=1

where H is sum height of whole multi-BAS and H; is height of i—th bellow.

3 Mathematical core of model

Model is based on substitution of the free part of the meridian k as a part of circle [2].

Fig. 3.1 Principle of model; {21 lower retainer; {22 upper retainer; P, ) terminal points
of bellows; T, T> contact points; vy length of boundary Iy between point @ and T7; v2 length
of boundary I'> between point P and T2; x1, X2 vectors of coordinates of contact points T
ni, na unit vectors of exterior normal of boundary of domain (2 in contact points T'; 1, @2 an-
gles of unit vectors ni and ng; R radius of the circular arc of bellow.
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This means to solve

v1 +U2+R((7T—<P1(v1))+(<ﬂ2(v2) —W)) -L=0, (3.1)

(X1(01) + R Mi(oy)) = (X2(05) + R Ma(uy)) =0, (3.2)

where v; is length of meridian part which is laying on boundary domain 21 between
points @ and T1, v is length of meridian part which is laying on boundary domain (25
between points P and T3, R is radius of the circular arc of bellows, 1, 2 are arguments
of vectors ni, ns, see Fig. 3.1.

The system of three equations (3.1) and (3.2) with three unknown variables w1,
v2 and R is solved numerically by the generalized Newton’s method. Iteration process
of this model converge very fast, just a few hundredths of second for one shift z.

3.1 Multi bellows problem solution

There are several approaches to multi-BAS issues. One of them is that a model for
each type of spring is built (two-bellows, three-bellows spring), obviously free part
of the below is always replaced by part of circle. This approach was tested but it
proved to be too complicated. Each type of spring needs a different model designed
and developed from the scratch. As much more efficient way of modelling multi-BAS
was found, when is worked with multi-BAS as with several one-bellow air springs
connect in into a series. This approach is limited by equations (2.5) and (2.6). They
are solved in iterative process. At the beginning, heights of the bellows are chosen so
the equation (2.6) equals. Effective area of all bellows should fit in equation (2.5), in
convergent criterion respectively

1S: = 8(z)| <e, i=1,2,...,n. (3.3)

Good efficiency (speed and stability of convergence) is reached with bisection method.

4 Verification of model

Results received from the model were compared to BAS characteristics received from
an experiment which was performed in Laboratory of Department of Design of Machine
Elements and Mechanisms at the Technical University of Liberec. Measurements in this
experiment were done at constant inner pressure (isobaric process), so it was possible
to replace the air inside of BAS by water. Usage of water allowed also to measure the
inner volume V of the BAS. Second parameter which was measured was load capacity
from which was calculated the effective area Se.

Several BAS were measured. Following data come from smallest and biggest BAS
type available:

— VJ 80-07: one bellow BAS with load capacity 700 kg and shift range +30 mm,
see Figs. 5.1(a) and 5.1(b).

— VT 280-50: three bellows BAS with load capacity 5000 kg and shift range +120 mm,
—150 mm, see Figs. 5.1(c) and 5.1(d).
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Static characteristic received from model show good correlation with characteristics
received from experiments. The deviation is more important for volume parameter V'
of smallest type of BAS VJ 80-07. This deviation seems to be caused by simplification
used in the model (replacement of free part of the bellow curve by a circle arc). However,
important fact is that this deviation is constant and can not therefore impact negatively
the calculation of effective area Se by the formula (2.2).

An important point is the deviation of the effective area of BAS VT 280-50, see
Figs. 5.1(c) and 5.1(d). This deviation appeared at the extension range of the BAS
when the extension reached the point, when the load capacity of BAS is not depending
only on the contained air anymore, but start to depend on the elasticity of BAS bellow
itself. This situation comes, when the deformation of the BAS reach beyond —90 mm
of extension When extension reached —150 mm, the BAS bellow was torn our from
the retainer. It has to be said that the extension is behind working range defined by
producer.

5 Conclusion

Model described in this contribution is applicable to calculation of geometrical char-
acteristics of BAS. Model was finalized in format of CAD system and was equipped
with a user-friendly interface. Designer, who is not familiar with modelling, can use
it as a black-box tool. Designer of BAS, using the system and its graphical outputs
can improve BAS designs and adjust the characteristics of newly designed spring so
they fulfil exactly customer expectations. Designer of machines where BAS is used can,
using this system, change shapes of BAS retainers so they fit in these machines.

Verification of model proved, that despite important simplifications in its structure,
this model is sufficiently precise, to be used by designers for the choice of right type
of BAS.

There are areas for further development. The assumption of constant bellows length
is not quite exact. Bellows from fabric-reinforced elastomer change the length in de-
pendence on deformation and on air pressure too. This issue needs new formulation
of problem involving the interaction in the fabric-reinforced elastomer out of which
bellows are made.
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Fig. 5.1 Static characteristics (the effective area on upper picture, the volume on lower
picture) of bellows air springs (a), (b) VJ 80-07; and (c), (d) VT 280-50; comparison of exper-
imental data (dashed line) with data obtained by model (solid line).
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Abstrakt Prispévek se zabyva problematikou zahrnuti vlivu mechanického napéti do
vypoctu proudéni rozpukanou horninou. Vypocty jsou provadény na modelové 2D dis-
krétni puklinové siti. Pfi ptisobicim mechanickém napéti nékteré pukliny zmensi svoje
rozevieni a jejich hydraulickd vodivost poklesne. U vhodné orientovanych puklin vuci
vnéjsimu napéti dochazi ke zvétseni rozevieni a hydraulickd vodivost roste.

Pouzitd metoda je zaloZena na analytickém vypoc¢tu napéti a deformace pro jed-
notlivé pukliny. V1iv napéti je vyhodnocen v podobé ekvivalentni hydraulické vodivosti
bloku horniny a v podobé rozlozeni toku podél hranice.

1 Uvod

7 problematiky ukladani radioaktivniho odpadu vychazi mnoho otazek mezi nimiz je
i tiloha vlivu mechanického namahani horniny na jeji hydraulické vlastnosti. Ulozisté
radioaktivniho odpadu se predpoklada jako hlubinné, umisténé v kompaktnich grani-
tovych horninach. Takovéto prostredi je vsak vzdy porusené systémem puklin, které
vznikaly v pribéhu let geologickymi déji a nakonec také pri razeni tuneltu tlozisteé.
Podobné horninové struktury se casto popisuji pomoci diskrétni puklinové sité,
¢ehoz vyuzivame i v této praci. Resime vliv mechanického napéti ve zjednoduseném
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modelu, kdy uvazujeme jednotlivé pukliny nezévisle na okolnich. Ziskané zmény hyd-
raulickych parametri puklin pak vstupuji do vypoc¢tu proudéni.

Nasim cilem je pozdéji rozsifeni popisu pouze vyznamnych puklin, reprezentova-
nych v diskrétni puklinové siti, o okolni horninovou strukturu a vzajemné ovliviiovani
mechaniky puklin, ¢imz bychom reélnéji popsali zkoumanou strukturu a déje v ni pro-
bihajici.

2 Koncepce zahrnuti vlivu mechanického napéti

Zakladni myslenkou je nahrada skutecného nepravidelného rozlozeni napéti ovlivne-
ného slozitou geometrickou strukturou puklin a jimi vymezenych blokti matrice rovno-
mérnym rozlozenim napéti, coz umozni vyhodnotit napéti na konkrétni puklinu neza-
visle na ostatnich.

Normalové a tecné napéti je vypocteno z mechanického modelu samostatné pukliny
podle vztahi

.2 2
ON = Oz 8In” &+ oy cos™ <,

T = oz sinacosa — oy sinacos o,

—~ o~
OIS
o =
L=

kde o, [MPa] a o, [MPa] jsou slozky vnéjsiho napéti ve smérech souradnych os a on
[MPa] a 7 [MPa] jsou normalova a teéna slozka napéti na pukling. Uhel a [°] svira osa
pukliny s osou .
Vypocet zmény rozevieni pukliny je popsdn materidlovym modelem, ktery je defi-
novan zvlast pro normalovy a teny smér.
Pro normalovy smér je vyuzita nelinearni kfivka napéti — deformace [2]. Zména
rozevieni Abpormar [m] je ddna vztahem
9bo N
Abno'r‘mal — m 5 (23)
kde b [m] je puvodni rozevieni, on [MPa] normalové napéti a o,. [MPa] je kritické
normalové napéti stanovené dle empirického vztahu

One = 0.487b +2.51, b [um]. (2.4)

Pii zapocteni vlivu smykového napéti 7 v tecném sméru uvazujeme elasto-idealné plas-
ticky model s Mohr-Coulombovou pevnostni podminkou. Ocekavame, Ze po prekonani
smykové pevnosti pukliny dojde k plastické deformaci, pii které vlivem nerovnosti stén
pukliny (vyjadieno parametrem dilata¢niho thlu) dojde k mirnému rozevfeni pukliny.
Pro idealné plasticky model smyku ale nelze stanovit deformaci z daného napéti bez
zahrnuti néjakého druhu upnuti a dalsich omezeni.

Navrzend metoda aproximuje plasticitu velmi slabé elastickym modelem (viz
obr. 2.1, [4]). Cilem je obdrzet kvantitativni vyjadfeni pfedpokladu, ze delsi puklina
bude mit mensi tuhost ve smyku nez kratsi puklina. Uvazujeme néasledujici:

— bloky horniny jsou fixovdny na koncich pukliny (hornina mé fadové vyssi tuhost),

— normalova deformace v kolmych puklinach je zanedbatelna,

— pukliny konc¢ici na hranici nejsou upevnény — v takovém piipadé je zapotiebi roz-
sifeni predpokladu — nap¥. mékky material nahrazujici plasticitu,

— pro vypocet zmény rozevieni uvazujeme konstantni posunuti podél celé pukliny
(i kdyz pravé ve stiedu pukliny je posunuti nejvétsi).
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FIXED
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Shearjdisplacement
E
°: L
=5 ~]
o= Rt
E ¥ dilation angle E»»F»»»»»»»
>l >~
Z 7 # Ucs ~ > Ny
Shear displacement ™~ u (L/2 )= A L ™~

Obréazek 2.1 Modely nahrazeni idealni plasticity, [4], rozsifeno J. Rutqvistem.

Obréazek 2.1 vpravo dole ukazuje mechanickou analogii pukliny jako dvou klou-
zajicich blok® upevnénych na koncich: jednoosy model nosniku upnuty na obou koncich
a zatizeny v ose rozlozenou silou. Posunuti pak je

FL 7L

AL = 3Es T 36 (2:5)
T 8K

ke = A7 =T (2-6)

kde ks [MPa - m™'] ekvivalentni smykové tuhost v ,plastickém* rezimu.
Pro vypocet zmény rozevieni potiebujeme pouze ¢ast smykového posunuti us piast
[m], kterd pfispiva k dilataci. To je

US,plast = (T - Tst'rength) /ks (27)
a odpovidajici dilatace Abspeqr [m] (piispévek smyku ke zméné rozevieni)
Abshear = min (uS,plash UCS) tan ¥ 5 (28)

kde Ucs [m] je limit smykového posunuti pfispivajiciho k dilataci a ¥ [°] je dilatacéni
uhel. Kone¢né nové rozevieni bpew [m] pfi mechanickém zatizeni je

bnew =b- Abno'r‘mal + Abshear . (29)

3 Definice modelové ulohy

Vypocty jsou provadény na modelové 2D diskrétni puklinové siti definované v ramci
spoluprace na mezinarodnim projektu Decovalex-2011. Tato tloha je z hydraulického
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hlediska zna¢né nehomogenni a dominantni pukliny zajistuji pfevaznou vétsinu toku
oblasti.

Oblast je tvofena ¢tvercem ve 2D o strané 20 m se stfedem v pocatku soufad-
ného systému (z,y), obsahujici nehomogenni puklinovou sif definovanych parametri.
Sit puklin byla vygenerovana stochasticky na zakladé dodanych hydrogeologickych pa-
rametru [1, 2] a proti béznym modeltm zohlediiuje korelaci mezi délkou pukliny a jejim
rozevienim (Sifkou), kterd koresponduje s redlnym pozorovanim hornin. Kazdé pukliné
prislusi jind sitka (rozevieni). Tabulka 3.1 ukazuje pocet puklin v siti rozsah jejich
zdkladnich parametrt, kterymi jsou délka puklin L [m], rozevieni puklin b [m] a jejich
hydraulicka vodivost K [m - s™'].

Tabulka 3.1 Parametry zakladni sité.

pocet puklin 7786
Lin [1’1’1] 1.87 x 1073
Lmax [m} 2.03 x 10t
binin [m] 4.19 x 1076
bmax [m} 1.97 x 1074

Kopmin [m-s™1]  1.44 x 107°
Kmaz [m-s71 318 x 1072

3.1 Varianty nahrazeni plasticity

Vypocty nize jsou provedeny pro varianty, kdy je smykova pevnost globalné definovana
nebo kdy je zavisld na délce pukliny. V prvnim piipadé jde o parametrizaci pfimou
volbou ks a v druhém pfipadé Youngovym modulem E.

Tabulka 3.2 obsahuje ¢tyfi varianty volby parametri nahrazeni idealné plastického
modelu jednou nebo druhou variantou zminénou vyse. Varianta D je pak kombinaci
obou, kdy tuhost puklin uvniti oblasti zavisi na jejich délce a pro pukliny na hranici
oblasti je zadana konstantni tuhost.

3.2 Okrajové podminky

Pro proudéni je zadana Dirichletova okrajova podminka po celé hranici odpovidajici
konstantnimu gradientu ve sméru x resp. y. Maximalni rozdil tlakové vysky na hranici
oblasti je p2 — p1 = 20 m.

Pro vypocet mechaniky jsou zadany okrajové podminky, kdy na oblast ptisobime
vnéjsim tlakem ve sméru osy x resp. y o hodnotach dle tab. 3.3. Pomér vertikalniho
a horizontalniho napéti nabyva tedy hodnot 1, 2, 3 a 5.

Tabulka 3.2 Varianty nahrazeni idealni plasticity.

Var. Plasticka smykova Younguv Efekt
tuhost kg modul F
A 45 GPa/m (1/10) — neznatelnd hydraulickd zména
B 4.5 GPa/m (1/100) — zména pro malé pukliny
C — 2000 MPa zména pro velké pukliny
D 0.45 GPa/m (1/1000)  86.4 GPa zména pro hrani¢ni pukliny
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Tabulka 3.3 Hodnoty zadaného vnéjsiho napéti.

Napéti ve sméru osy z  Napéti ve sméru osy y

o = 5 MPa oy =5 MPa
or = 10 MPa
o, = 15 MPa
ox = 25 MPa

4 ResSeni tlohy

Pro vypocet ulohy uvazujeme ustalené proudéni, které se na jednotlivych puklindch
ridi vztahy

u=-KVp, (4.1)
V.-u=gq, (4.2)

kde u [m - s7'] je rychlost, p [m] tlakova vyska a ¢ [m - s~'] zdroje a propady. K je
hydralicka vodivost zavislad na rozevieni pukliny b dle vztahu
PY 42
= m b”. (4.3)
V misté pruseciku puklin je predpokladana spojitost tlaku a bilance toku.

Uloha je numericky fesena smisenou hybridni metodou koneénych prvka s linear-
nimi vektorovymi bazovymi funkcemi pro rychlost a po ¢astech konstantnimi funkcemi
pro tlaky. Pro dlohu s multidimenzionalni kombinaci 1D, 2D a 3D elementt je me-
toda formulovana v [6] a implementovana v kédu FLOow123D vyvinutém na Technické
univerzité v Liberci [5]. Kéd pouziva externi feSi¢ soustavy linedrnich rovnic, kterd
pro uvedenou formulaci ma indefinitni symetrickou matici. V tomto ptipadé byl vyuzit
fesi¢ programu MATLAB. Pro postprocesing je pouzit program GMSH.

Vlivem slozité struktury protinani puklin jde o rozsdhlou tlohu se 74826 elementy
s velkym pomérem délky nejdelsiho a nejkratsiho. Podminénost tlohy je ovlivnéna
kombinaci geometrickych a materialovych koeficientt, coz je podrobnéji rozebrano v [3].

5 Vysledky vypoctu se zahrnutim vlivu mechanického zatiZeni

Na vyse definovanou tlohu byly aplikovany okrajové podminky vnéjsiho napéti dle
tab. 3.3. Dale byly otestovany varianty nahrazeni plasticity zminéné v tab. 3.2.

Vysledky vyhodnoceni vlivu mechanického napéti (parametrizace vodorovného pii
konstantnim svislém 5 MPa) na tok ve vodorovném a svislém sméru znazornuje obr. 5.1.
Jednotlivé varianty A, B, C, D jsou riuzné typy modelu nahrazujiciho idealni plasticitu
dle tab. 3.2.

Priklad vysledkt je uveden na obr. 5.2 a 5.3. Vidime ocekavanou koncentraci toku
do vybranych velkych puklin vhodné orientace a nartst vodivosti pfi zvysSovani roz-
dilu mezi vodorovnym a svislym zatizenim, proti stavu se stejnym zatizenim v obou
smérech. Hodnota zavisi na konkrétnich zvolenych parametrech modelu plasticity.

Vysledky ptfedbézného porovnani vypoctd TUL s dalsimi tymy potvrzuji shodu
v mife béznych nejistot takovychto typt modeltd. Prezentovana metoda vypoctu a na-
sledné simulace proudéni je schopna reprodukovat pozorované zvyseni hydraulické vo-
divosti pfi velkém poméru mechanického napéti ve sméru tohoto napéti.
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Obrazek 5.1 Vyhodnoceni vlivu mechanického napéti na tok ve vodorovném (vlevo) a svislém
(vpravo) sméru.
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Obrazek 5.2 Porovnani nezatizeného stavu (vlevo) a zatizeni 5 : 5 MPa (vpravo) se stejnou
barevnou skalou.

Spoluprace v projektu Decovalex-2011

V ramci projektu Decovalex-2011 se na vypoctech prezentované ulohy tucastnily tti
tymy. Tym KTH Stockholm (Lanru Jing, Zhihong Zhao) pouzil program UDEC pro me-
chaniku i proudéni. Tym NDA /ICL/Serco/LBNL (Colin Leung, Andrew Hoch, Jonny
Rutqvist, Robert Zimmermann) aplikoval dva rtizné postupy. V prvnim vyuzil program
NAPSAC pro proudéni na diskrétni siti s doprovodnym jednoduchym vypocétem mecha-
niky na jednotlivych puklinich a ve druhém kombinaci programtt TOUGH (proudéni)
a FLAC (napjatost) s puklinou reprezentovanou vybranymi elementy diskretizace 2D
kontinua. Tym TUL (M. Hokr a kol.), ktery pouzil program FLow123D s doplitkovym
vypoétem mechaniky na podobném zakladé jako vyse uvedené reseni s NAPSAC.
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Obrazek 5.3 Nahrazeni plasticity pro pomér napéti 25 : 5. Varianty A-D: vlevo nahote (A)
tuhost 45 GPa/m, vpravo nahofe (B) globalni tuhost 4.5 GPa/m vlevo dole (C) délkové zavisla
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Modelovani tokt pomoci softwaru Flow123D se zapoctenim
nejistot vstupnich parametri — pripadova studie

Josef Chudoba

Abstrakt Pro modelovani toki v horninovém prostredi vyuziva software FLow123D
nasledujicich vstupi: geometrie sité, materidlové konstanty horniny, pocatecni a okra-
jové podminky tulohy.

Predpokladem modelu jsou znamé vstupni hodnoty okrajovych podminek a ma-
teridlovych konstant horniny. Tento pozadavek vSak obecné neni splnén. Vysledkem
modelované tlohy je konstantni koncentrace latky v daném case a misté.

V radé uloh nejsou vstupni parametry tlohy pfesné znadmé. Standardné je mozné
vstupy definovat pomoci stfedni, minimalni a maximalni hodnoty parametru, nebo po-
moci stfedni hodnoty a rozptylu. Vstupni parametry lze popsat napiiklad pomoci beta
rozdéleni nebo (vicerozmérného) normélniho rozdéleni. Vysledkem ulohy vychazejici
z upravenych vstupnich parametru je funkce koncentrace latky v daném case a misté.

Modelovani nejistot vstupnich parametri je vyuzitelné pfi rizikovych a bezpecnost-
nich analyzach, kdy je nutné stanovit pravdépodobnost s jakou mize nastat néjaka
popsana nezadouci udalost.

1 Uvod

Cilem pfispévku je v ramci pfipadové studie modelovat toky pres hranici a koncent-
raci transportujici latky na jednotlivych elementech vypoctové sité hypotetické oblasti.
Danou oblast zde predstavuje zjednoduseny model hlubinného tlozisté radioaktivnich
odpadi. V ramci citlivostni analyzy vstupnich parametr je uveden zptsob uréeni prav-
dépodobnosti pruniku radioaktivnich latek na povrch. Vypoctena pravdépodobnost je
jednim ze vstupu pro nasledné stanoveni celkového rizika.
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P1i modelovani proudéni podzemni vody a transportu kontaminanti se v soucasné
dobé predpoklada, ze vstupni parametry jsou piesné predem zndmé. Ve skutecnosti
fadu téchto parametrii neni mozné presné predikovat a je nutné provést citlivostni
analyzu vstupnich parametria. Mimo to, je nutné davéryhodné prokazat, ze kontami-
nant se v pribéhu statisic let nedostane k povrchu a tim neohrozi bezpecnost budoucich
generaci a zaroven neposkodi kvalitu podzemnich vod a ovzdusi.

Pro modelovani proudéni podzemni vody a transportu kontaminanti byl sestaven
software FLOow123D [5], ktery je v této praci vyuzivan pro stanoveni pravdépodobnosti
pruniku kontaminantu k povrchu.

Problém pii stanoveni vystupt je nepiesnost vstupnich dat. Nepresnosti vstup-
nich dat jsou dany napfiklad nepfesnym mérenim, nemoznosti ziskani presnych vstup-
nich tdaji, nehomogenitou horninové matrice, nepfesnym geologickym pruzkumem,
nepiesnym urcenim puklin v horninové matrici, chybami pfi méfeni, zjednodusenim
modelu atd.

Ve vstupnich parametrech softwaru se predpoklada, ze vSechny hodnoty jsou piesné
dany. V predchazejicim odstavci jsou uvedeny nékteré duvody, pro¢ dochézi k neptes-
nostem vstupu. Cilem tlohy je zménou okrajovych podminek a nebo geologickych
vlastnosti hornin urcit citlivost modelu na vystupu.

V této praci je kladen duraz na posouzeni rizik v ptripadé, ze budou proti predpo-
kladu vyrazné odlisné okrajové podminky tlohy nebo jiné geologické vlastnosti horni-
nové matrice. Piispévek by mél prispét k popsani miry rizika, ze kontaminace dosdhne
povrchu oblasti. V soucasné dobé je riziko definovano jako souéin pravdépodobnosti ne-
zadouci udalosti a predpokladanych nasledki. V této zpravé je provedeno vyhodnoceni
pravdépodobnostni slozky rizika. Pomoci metody Monte Carlo, kterd je zalozena na
mnohonasobném opakovani stejného ndhodného pokusu s odlisnymi vstupnimi para-
metry lze stanovit pravdépodobnost, ze kontaminace dosahne povrchu oblasti. Urceni
této pravdépodobnosti se zabyva citlivostni analyza vstupnich parametri.

2 Typy citlivostnich aloh

Lze rozlisit dva zakladni typy citlivostnich tloh. U prvniho typu se vypoc¢tou miniméalni
a maximalni hodnoty neznamych parametri. U druhého typu se ménici se parametry
generuji stochasticky.

U prvniho typu se provede vypocet pro stfedni hodnotu ménéného parametru a na-
sledné opakované pro predpokladanou minimalni a maximalni hodnotu sledovaného
parametru. Jestlize se méni vice parametri potom se pro kazdy zvoli minimalni a maxi-
malni hodnota. Celkem je potfebné vytvorit 2n+1 vypocti, kde n znaci pocet ménicich
se parametri. Vystupem z programu FLOW123D je 2n+ 1 modelt, které se mezi sebou
porovnavaji a které lze vizualizovat pomoci softwaru GMSH. Tento zptisob ma vyhodu
v rychlosti provedeni citlivostni analyzy, kdy je predem zndm pocet vypocta a jedno-
duché interpretaci vysledku. Nevyhoda tohoto zptusobu spociva predevsim v tom, zZe
neni zohlednén pravdépodobnostni charakter vstupnich parametri. Obvykle lze pred-
pokladat, ze skuteénd hodnota vstupniho parametru (pokud ji lze interpretovat na
vétsi oblasti jednou hodnotou) bude blizka stfedni hodnoté nez minimalni/maximalni.

Pomoci této metody nelze urcit pravdépodobnost nezadouci udalosti. Napiiklad, ze
kontaminant dosahne okraje oblasti. Protoze mira pravdépodobnosti je jeden ze vstupu
pro urceni celkového rizika, neni tento zpusob doporucovan pro analyzu rizik.
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U druhého typu analyzy se zohledniuje pravdépodobnostni charakter vstupnich pa-
rametru. U sledovaného parametru se vybere statistické rozdéleni, kterym se piedpo-
klada, ze lze popsat danou veli¢inu. Napriklad hodnota koeficientu tenzoru vodivosti
Ize popsat pomoci logaritmicko normélniho rozdéleni. Zjisti se charakteristické parame-
try daného rozdéleni — stfedni hodnota, rozptyl nebo dalsi popisné parametry. Pomoci
generatoru ndhodnych ¢isel se stanovi hodnoty parametri. Metodou Monte Carlo se
ziskaji z ménicich se vstupnich hodnot realizace ndhodného pokusu. Jejich opakovanim
(se zménénymi vstupy) se ziskd sada vystupii, které popisuji stejny pokus, ale které da-
vaji odlisné vystupy. Jejich vzajemnym setfidénim lze ziskat hypotetickou distribucni
funkci urcitého vystupniho parametru. Napiiklad distribuéni funkci pretoku pres urci-
tou ¢ast hranice oblasti nebo miru koncentrace na vyznamném elementu v urcitém case.
Pomoci tohoto druhého zpiisobu se neziska hodnota parametru, ale distribu¢ni funkce.

Vyznamnym elementem mohou byt napiiklad elementy na hornim okraji oblasti,
které charakterizuji prinik radioaktivnich latek a jejich sifeni do podzemnich vod a bi-
osféry. Vystupem z modelu muze byt urceni pravdépodobnosti, ze kontaminujici latky
dosdhnou daného elementu v urcitém case. Protoze tato pravdépodobnost je velmi
nizkd, je nutné vyuzit pro jeji uréeni metody Monte Carlo s generovanim vstupnich
parametri pomoci metody ,,importance sampling*.

Vyhoda tohoto zptisobu spociva predevsim v tom, ze lze relativné presné popsat po-
moci pravdépodobnostniho pfistupu vystupni hodnoty. Jeho nevyhoda spociva v delsi
Casové naroc¢nosti z divodu provedeni velkého mnozstvi realizaci a horsi intepretovatel-
nosti vysledki. Nelze opomenout i mnohem narocnéjsi pozadavky na objem ulozenych
dat v pocitaci.

V réamci tohoto prispévku se budu zabyvat druhym typem citlivostni analyzy, tj. ge-
nerovani vstupt pomoci metody Monte Carlo.

3 Citlivostni metoda zaloZena na stochastickém principu

U druhého typu citlivostni analyzy se zohledniuje pravdépodobnostni charakter vstup-
nich parametri. Stanovi se parametry, které se mohou ménit v rdmci citlivostni analyzy.
Pro tyto sledované parametry se vybere statistické rozdéleni, kterym je mozné popsat
danou vstupni veli¢inu. Pro predpokladané rozdéleni se zjisti stfedni hodnota a casto
odhadne rozptyl daného rozdéleni. Citlivostni analyza se provadi metodou Monte Carlo,
kdy se sleduji vystupni hodnoty vznikajici na zakladé ménicich se vstupnich hodnot.

3.1 Typy vyuzivanych statistickych rozdéleni

Mezi nejcastéji pouzivana rozdéleni pii modelovani citlivostnich tloh a ktera lze zaroven
pouzit v otdzkach hlubinného tlozisté patii [2, 1, 6]:

— normalni rozdéleni

f(@)

:a;ﬁ exp<_(362;2“) ) , E(X)=u, D(X) =0o";

— logaritmicko normalni rozdéleni

1 *(ln(w)*u)2)
f(z) =< oever eXP( 207 , >0, ¢>0,
0, z <0,
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E(X) =exp (u + 0.502) , D(X) = exp (2u + 02) (exp (02) — 1) ;
— beta rozdéleni

(x—a)* Hb—2)’?

flz) = BB (b= a1 a<zx<b, «apf>0,
_ ba _ af(b—a)?
BX)=a+ 55 D(X)_(a+ﬁ)2(a+ﬁ+1>2'

3.2 Vystupy z modelu

Vystupem z citlivostni tlohy je pravdépodobnostni funkce zavisla na:

— hodnoté koncentrace v daném cCase ¢ na urc¢itém vyznamném elementu,
— hodnoté toku na urcité ¢asti stény.

Pravdépodobnostni funkce oznacuje pravdépodobnost, ze koncentrace latky v daném
Case a urcitém misté neprekroci urc¢itou hodnotu. Obdobné lze interpretovat na hodnotu
toku urcitym mistem v daném cCase.

Z urcené distribucni funkce popisujici hodnotu koncentrace na vyznamném ele-
mentu lze urcit pravdépodobnost nezadouci miry koncentrace radioaktivni latkou.
Podle miry koncentrace lze stanovit mozné nasledky a tim urcit celkové riziko vy-
plyvajici z umisténi hlubinného ulozisté. Vyznamny element muze predstavovat cast
povrchu modelované oblasti, nebo napfiklad mésto ¢i lidské sidlo.

3.3 Reseny priklad

V ramci bezpecnostni analyzy je tkolem stanovit distribu¢ni funkci pretoki pres jed-
notlivé ¢asti hranice a dale uréit distribu¢ni funkci koncentrace latky na vyznamnych
elementech v oblasti.

Ve zpravé [3] a [4] jsou uvedeny modely blokid horniny, které maji rtiznou vnitini
geometrii a odlisnou geologickou strukturu bloki. Bloky, které jsou uvedeny ve zpraveé
mayji velikost 1000 x 1000 x 200 m nebo 250 m. Pro potfebu prikladu citlivostni ana-
lyzy byl vybran blok MIL113, ktery neobsahuje horninové rozhrani, ale zahrnuje ¢tyfi
vertikdlni a dva horizontélni zlomy. Struktura geometrie je uvedena na obr. 3.1, Geo-
logické struktura bloku je motivovana geologickou strukturou melechovského masivu.
Pro uvazovany blok je pfipravena geometrie a nasledné vygenerovana vypocetni sit.
Pro vypocet simula¢ni tlohy je vyuzit program FLow123D. Sit obsahuje celkem 5672
uzld a 31645 elementt. Z toho 4271 elementi je 2D a 27374 ve 3D. V tloze je sledovan
charakter proudéni a transportu v bloku horniny v hloubce do 200 m. Pro okrajové pod-
minky pro proudéni je zaddna hodnota gradientu 0.05 v prislusném sméru. V okrajové
podmince pro transport je na definovanych elementech podél souradnic (1000, 375, z)
vloZena konstantni hodnota kontaminace latky. V pocateéni podminkach transportu
se predpoklada, ze na celé oblasti je nulova kontaminace mimo hranici.

Na oblasti je zadana konstantni hydraulickd vodivost na puklinovych strukturach
0.1 m/rok a vodivost horniny mimo puklinovy systém 0.001 m/rok. Pii vypoctech je
uvazovano rozevieni puklin v hodnoté 0.1 m (puklina véetné okoli). Aktivni porozita
porézniho prostiedi 0.01 a puklin 0.05.
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Obrazek 3.1 Néhled geometrie s oznacenim GEOL.

V ramci citlivostni analyzy byl parametr tenzoru hydraulické vodivosti na pukli-
nach popsan pomoci logaritmicko normélniho rozdéleni. Stfedni hodnota parametru
je 0.1 m/rok. Predpoklada se, ze 90 % dat je v intervalu [0.01;1] m/rok. To zna-
mena, ze po zlogaritmovani jsou data popsana normalnim rozdélenim se stfedni hod-
notou —1 a 90 % dat je v intervalu [—2;0]. Z téchto hodnot byl uréen rozptyl nor-
malniho rozdéleni. Vstupni data jsou generovéna z normalniho rozdéleni a substituci
y = 10 se ziskd vstupni hodnota z logaritmicko normélniho rozdéleni. Pro parametr
tenzoru hydraulické vodivosti horniny bylo pouzito logaritmicko normalni rozdéleni.
Stfedni hodnota parametru je 0.001 m/rok. Pfedpoklada se, ze 90 % dat je v inter-
valu [0.0001; 0.01] m/rok. Hodnoty hydraulické vodivosti jsou shodné na celé oblasti
horninové matrice i na puklinach. Opravnénost pouzit logaritmicko normélni rozdéleni
spo€iva v tom, ze v literatufe se uvadi hodnoty pro hydraulickou vodivost v fadu 107,
kde z je celé ¢islo.

V analyze citlivosti nejsou ménény parametry aktivni porozity porézniho prostiedi
i puklin a velikost rozevieni puklin. Obdobné nejsou ménény okrajové a pocatecni
podminky.

Metodou Monte Carlo bylo vytvoieno 50 simulaci. Program FLow123D v soucas-
nosti neumoztiuje, aby byly vstupni informace ménény v souboru bed.ini, nebo flow.ini.
Vstupni parametry je nutné ménit rucné.

Vysledky pro pretoky pres Casti hranice oznacené ¢isly 1, 3 a 5 jsou uvedeny na
obr. 3.2. V grafech jsou vyznacdeny 5% a 95% kvantily hodnoty pretokt pies danou
hranici. Vysledky z graft lze interpretovat otdzkou ,s jakou pravdépodobnosti bude
pretok pres hranici mensi nez néjaka hodnota“.

Zajimavé je porovnani s citlivostni analyzou, kterd byla provedena podle prvniho
zplusobu. Pretok pres hranici 1 se pohyboval v prvnim pfipadé v rozmezi [—20.9; 1004]
m? /rok. Zatimco dle metody Monte Carlo je 90% interval spolehlivosti [25; 760] m® /rok.
Obdobné pro pietok pies hranici 3 je vysledek [—1.81;0.35] m®/rok a metodou Monte
Carlo [20;0.3] m®/rok. Pietok pres hranici 5 ptvodné [—1685; —27.2] m?®/rok. Meto-
dou Monte Carlo [~1325; —41] m®/rok. Obdobné byla vytvofena citlivostni analyza
na vyznamnych elementech, které jiz byly zvoleny v minulém pftikladu, tj. elementy
23061 a 28816. Vysledky jsou uvedeny na obr. 3.3. Na elementu 23061 je 90% interval
spolehlivosti koncentrace latky v ¢ase 50000 h [0.04; 1247]. Z vysledkt v grafu lze urcit
pravdépodobnost, ze do daného mista dojde ¢elo koncentracni viny, kterd je asi 80 %.
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Obrazek 3.2 Distribuc¢ni funkce pretokii pres jednotlivé ¢asti hranice oblasti.

Vysledek pro stredni hodnoty parametri dle metody stanoveni minima a maxima ¢ini
1001 m®/rok.

Na elementu 28816 je 90% interval spolehlivosti koncentrace latky v ¢ase 50000 h
[0.01; 647]. Pravdépodobnost, ze do daného mista dojde ¢elo koncentracéni viny je asi
50 %. Vysledek pro stiedni hodnoty parametrt dle metody stanoveni minima a maxima
¢ini 67 m? /rok. Logaritmicko normalni rozdéleni lze nahradit i beta rozdélenim. Beta
rozdéleni mé oproti logaritmicko normalnim rozdéleni vyhodu, ze je definovano i pro
zaporné hodnoty a je omezeno na interval [a; b].

4 Zavér

V ramci feSené tlohy jsou popsany nastroje, které prispivaji k posouzeni ekologickych
nasledku pti provozovani hlubinného ulozisté. Rizika, ktera vznikaji pusobeni nezadouci
udalosti ovliviiuji dva zakladni ¢initele. Prvnim je pravdépodobnost vyskytu a druhym
jejich nasledky. Tato prace se zabyva predevsim prvnim hlediskem, kdy je popsana
metodika ke stanoveni pravdépodobnosti nezadouci udélosti. Ta je popsana jako prunik
kontaminace z hlubinného tlozisté na povrch oblasti.

Na pudé Technické univerzity v Liberci byl vytvoren software FLOow123D, ktery
umoznuje modelovat proudéni vody a transport kontaminujici latky v podzemi. Za-
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Obrazek 3.3 Distribuéni funkce koncentraci latek na vyznamnych elementech oblasti.

roven byl vytvofen matematicky model oblasti melechovského masivu. V rameci této
ulohy byly ménény okrajové podminky modelu a vstupni geologické parametry hornin
a puklin. Hodnoty ménénych parametra byly ziskavany pomoci metody Monte Carlo.
Vysledkem téchto tloh je napriklad urceni:

— distribu¢ni funkce pretoku pres urcitou ¢ast hranice oblasti,
— distribu¢ni funkce koncentrace urcité latky na vyznamném elementu v pevné daném
casovém okamziku.

Vyznamny element na povrchu oblasti miize predstavovat naptiklad mésto nebo lidské
obydli. V ramci feseni byla fesena fada uloh, jejichz vysledky jsou uvedeny v kap. 3.3.
Vysledky tvori distribuéni funkce pretoku pres hranici oblasti a koncentrace na vy-
znamnych elementech.
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Drain elements in the boundary elements method

Karel Kovarik

Abstract The boundary elements method was developed in parallel with the finite
element method. We can even find traces that prove that the idea is older, its pre-
decessor being the boundary integrals method. It is based on the inverse formulation
of weighting residuals method. The principles of the finite element method were added
to the boundary integrals method in the 1980s and this revised method was called
the boundary element method. This method was aimed to solve problems in homoge-
nous domains and it presents even greater difficulties than the aforementioned methods
when coping with the non homogeneities which are so characteristic of the groundwater
hydraulics. Despite the complications, this method is successfully used in groundwater
hydraulics (see [1]). The drainage is used very often like a cheap instrument for de-
creasing the groundwater level. The hydraulic modelling of the drainage in the FEM
or FDM is not so easy and results are disputable. Therefore we developed the special
drain element for 2D and 3D models based on the boundary element method. This
element seems to be very useful tool for computing the discharge of drains and it was
used also in other practical solutions, e.g. to compute the inflow of groundwater into
a planned tunnel.

1 Basic equations
1.1 Governing equations of groundwater flow

This section is dedicated to very brief overview of governing equations of groundwater
flow. The basic equation describing the 3D groundwater flow with constant coefficients
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of filtration can be written as

9°h  9%h | 0%h |
ke=— +ky=— +k.— i =0. 1.1
ox? + Y Oy + 0z +;q 0 (1.1)

This equation should be transformed by the following co-ordinate transformation

into Poisson equation

Ng Ng
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The usual boundary conditions of this equation can be expressed as the Dirichlet BC
(h = ho at the boundary I) or as the Neumann boundary condition (3% = ¢o at
the boundary I5).

1.2 Weighting residuals method

The boundary elements method is a part of the more general group of the weighted
residuals methods. The approximate solution is formulated using the base functions as

h(z:) = Zak@c(wi) (1.3)
k=1

where @, is the set of base functions. Then equation (1.2) and all boundary condi-
tions are not fulfilled exactly but there are errors € and er, respectively. The principle
of the weighted residuals method demands that a weighted average of a chosen set
of weight functions w; equals zero, i.e.

((e—er),w))=0, j=1,...,N. (1.4)

We can then formulate our basic equation according this principle as
- oh -
Ahw;d2 = 2 g0 ) widls + (h - ho) w;dl . (1.5)
n I on Iy

1.3 Inverse formulation

Instead of the Green theorem which is used in the weak solution (see e.g. [1]), we use
the Green formula. It uses two functions f, g which are continuous together with their
derivatives of the 1st and the 2nd order in a domain 2. When we apply this formula
to the equation (1.5) we obtain

/ﬁijdQ: B%dn—/ qowdeQ—/ @wjdfl—i—/ O podry . (1.6)
Q r, On Iy r, On r, on
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The name inverse formulation is derived from the fact that the functions & and w
“change their places” on the left-hand side of equation (1.6). Simultaneously, we chan-
ged the requirements put on the continuity of base functions @ and weight functions w.
The base functions belong only to the L2 space and the weight functions now belong
to the WQ(Q) space. As the weight functions can be chosen more or less arbitrarily, we
can set them to fulfil the following equation

ij = 6]' (17)

i.e. we choose the fundamental solution w* as the weighting functions. The equation
(1.6) is now

Ci iLz — il awj

Iy n

- o’
dls —|—/ qu;dFQ + %w;dﬂ — / W hodlh = 0. (18)
r r, On r, on

This is the basic equation of the boundary elements method.

2 Boundary elements method
2.1 Simple element

Now we can divide the boundary I" of the domain {2 into the elements and we can ap-
proximate the solution over each element according equation (1.3). The basis functions
®;(x) € Ly and therefore the simplest and quite sufficient basis function is ¢; = 1. Then
the element has only one node placed in the centroid of the element (see Fig. 2.1(a))
and the basic equation is simplified to

N N
7 * 7 aw:]
cihi + ]2:1 q; / ’LUZ]dF] — j:E . hj - on dF] =0 (21)

I J

where l~1]- and ¢; are the potential and the derivative in the outward normal direction
in the jth element, respectively. The equation (2.1) can be written in matrix form as

H-h=G-q (2.2)

*
(r)wij

where Hij = Ci(sij + fFv wfjdfj and Gij = fF- on dfj.
J J
Fundamental solution for the 3D Laplace operator is

wi; = !
T Arg
where r;; = ||x; — x;||. The Dirichlet boundary conditions are prescribed at the ele-

ments on the part I of the boundary, i.e. the values of potential are known (ﬁ] = ho).
The Neumann boundary conditions are prescribed at the elements on the other part
(I2) of the boundary and the values of derivative of potential in the direction of the out-
ward normal is known (¢; = qo).
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2.2 Wells and drains

Influence of wells can be simply expressed adding the extra two parts to the equation
(2.1) (see (2.3)). The first part concerns about the point wells which create a singular
point in the flow field. The second part expresses the influence of line sources

al al ow;
y , Al — s 29 ar
CJ%"‘;QJ /Fj wi;dI j;hj /Fj on drl

o, (2.3)

Ng
@k i / -
+; Wi+ ; ol A 0.
Drains can be included into solution as the line wells with unknown discharge. The
specific discharge of drain (g) is then the unknown variable and the potential hy is
the value of the z-coordinate of the one node in the middle of the drain element (see
Fig. 2.1(b)).

Node at centroid
Node

Zone A

Fig. 2.1 (a) simple triangular element; (b) drain element; (c¢) non-homogeneous domain.

2.3 Non-homogeneous domains

The non-homogeneous domains must be solved like partially homogeneous ones. That
means this domain is divided into several zones each of them must be homogeneous. The
interface between two zones is then divided into the boundary element. On the con-
trary to ordinary boundary where the boundary conditions must be prescribed and
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therefore there is only one unknown variable in the node the interfacial elements have
two unknown variables in their nodes; head of potential and derivative in the outward
normal direction. These unknowns can be computed from two compatibility conditions;
the two potential heads from zone A and B must be the same and discharge from zone
A must be equal to recharge into zone B (see Fig. 2.1(c)). The system of equation (2.2)
is then block-diagonal but still unsymmetrical.

3 Example

This section presents an example of practical application of the boundary element
method and especially the drain elements. We choose the 3D model of a prepared re-
pumping water power plant on the river Ipel’ (see Fig. 3.1). This power plant consists
of two reservoirs joined together with system of adits. The first one serves as an water
inlet into the cavern of the power plant and the second adit serves as outflow channel
from the turbines into the river. The solution consists from two joined numerical mod-

Lower reservoir

reservoir

Outflow tunnel

Fig. 3.1 Schematical situation of the repumping water power plant.

els. The first one was aimed at the infiltration of water from the upper reservoir into
the rock massif. The second larger model try to solve the groundwater flow in the rock
massif with the cavern and adits and it served to the prognosis of the amount of in-
flow of groundwater into the outflow tunnel during its construction. Both models used
the triangular element with one node in the centroid of the element (see Fig. 2.1(a)).
The second model is presented in this paper because the drain elements were used to
model the inflow of groundwater into the adits. The system of non-homogeneities and
the upper layer of triangles of the model is in Fig. 3.2. Resulting potential heads is
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Fig. 3.2 Triangle network of the upper layer of the second model.

presented in Fig. 3.3 in the form of contour lines. The amount of inflow water into
the adit is presented in Fig. 3.4.

4 Conclusions

The boundary element method is proved to be the quite equivalent tool for numerical
models of groundwater flow like any other more often used methods (e.g. FEM). There
exist of course some limitations especially in the case of high non-homogeneous areas
but there are also some advantages first of all very easy implementation of wells and
drains into the model network. Therefore this method is very useful to model some
remediation operations where the optimal network of pumping wells and drains can be
succesfully modelled.
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Proudéni a transport latek v ruznych typech hostitelské
horniny s rtznou geologickou stavbou

Jirina Kralovcova

Abstrakt Prispévek se zabyva simulacemi proudéni a transportu rozpusténych latek
v saturovaném horninovém prostiedi, které obsahuje jak porézni horninu, tak i hyd-
rogeologicky vyznamné tektonické poruchy. Pro tcely studia proudéni a transportu
latek v rozpukaném poréznim prostiedi a pro stanoveni vlivu heterogenit typu puklina
nebo horninové rozhrani byla pripravena sada vypocetnich siti reprezentujicich hypo-
tetické bloky hornin s rtznou geologickou stavbou. Na pfipravenych sitich byly pro-
vedeny simula¢ni vypocty proudéni a transportu omezujiciho se na prostou advekci
a to pfi raznych okrajovych podminkach jak proudéni, tak i transportu. Ve vysledcich
simulac¢nich vypocti byly sledovany piredevsim globalni charakter proudéni a globalni
charakter §ifeni kontaminace, predevsim s ohledem na pritomnost ¢i nepfitomnost té
které heterogenity. Vypoéty byly provadény pomoci simula¢niho kédu FLow123D [2],
ktery umoznuje kombinaci elementti riznych dimenzi v ramci jediné vypocetni sité,
za Ucelem studia chovani pole vzdalenych interakci hlubinného tlozisté nebezpeénych
odpadii [1]. Clanek obsahuje prehled nékterych simulaénich vypoéti véetné zéklad-
nich vstupnich parametri a vyslednych charakteristik a hodnoceni vlivu uvazovanych
heterogenit za danych podminek.

1 Uvod

Clanek se zabyva problematikou proudéni a transportu rozpusténych latek v rozpuka-
ném poréznim prostredi za tcelem vyzkumu procesii v poli vzdalenych interakci hlu-
binného ulozisté radioaktivnich a zvlasté nebezpecnych odpadu. Pfipadné hlubinné
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ulozisté v podminkach c¢eského statu je planovano v prostiedi krystalinickych hornin.
Krystalinickd hornina je tvofena porézni, prakticky nepropustnou horninovou matrici
a hydraulicky vodivymi puklinami.

Horninova matrice sestava z krystall, které jsou oddéleny mikroskopickymi poéry
a mikrotrhlinami, tyto dohromady tvori systém pért. Porosita krystalinickych hornin,
jako zuly a ruly, se pohybuje zpravidla v rozmezi od 0.1 do 0.5 %. Pro transport
rozpusténych latek je potom zpravidla podstatnéjsim faktorem propojenost péru nez
porosita jako takova. Systém péru pusobi v transportnich procesech zadrzenim latek
prostiednictvim jevi jako je diftize do slepych pdri, sorpce na povrchu péri a podobné.

Pukliny jsou indukovany silnym napétim v horniné. V nékterych pfipadech dochazi
ke vzniku prostorové rozsidhlych puklinovych zén. Pukliny a puklinové zény, pokud
nejsou vyplnény usazenymi druhotnymi mineraly, umoznuji proudéni podzemni vody
a tim i transport v ni rozpusténych latek.

Proudéni vody a transport a zadrzeni rozpusténych latek v prostfedi rozpukaného
skalnitho masivu jsou determinovany proudénim v systému puklin, které je v popredi
zajmu v pripadé simulaci transportu v souvislosti se studiem chovani hlubinného tlo-
zisté. Prostredi se vyznacuje znacnou heterogenitou lokalnich hydraulickych vodivosti,
vysledkem je potom vysoka variabilita lokalnich tokt. Chovani proudéni lze vystihnout
nékolika zakladnimi vlastnostmi: proudéni se déje po puklinach, tok je veden ve velké
mife riznymi preferenénimi cestami, blize viz naptiklad [3]. Rozpukané skalni prostiedi
je tvoreno horninovou matrici a puklinami. Horninovéa matrice, ktera je porézni a pte-
vazné saturovand vodou, se na proudéni zpravidla nepodili. Sit puklin je dominantni
jak v pfipadé proudéni, tak i v pripadé transportu rozpusténych latek. Porézni horni-
nova matrice se potom v procesech transportu vyrazné podili na pfipadném zadrzeni
kontaminanti rozpusténych v proudici vodé. Rozpusténé latky difunduji do slepych
péru a mikrotrhlin v horninové matrici, dochazi k sorpci na zna¢ném povrchu po-
rézni horniny popfipadé naopak k uvolnovani latek z téchto struktur do proudici vody.
Zadrzovaci schopnost geosféry mize mit tak zasadni vliv na transport radionuklida
uvolniovanych z hlubinného ulozisté.

V ptipadé pripravy modelu uvazované horninové oblasti nelze postihnout struk-
turu prostiedi ve vSech detailech hrajicich roli v procesech proudéni a transportu (od
mikrotrhlin az k puklinovym zéndm) a je nutné simulované prostiedi do jisté miry
zjednodusit a nahradit modelem vystihujicim to podstatné pro dané ucely a v daném
méritku. V praxi se uplatnuji dvé zakladni koncepce — ndhrada ekvivalentnim poréznim
médiem a koncepce diskrétnich puklinovych sitich.

Nahrada ekvivalentnim poréznim médiem (EPM, Equivalent Porous Medium) pred-
stavuje ,prumeérovani“ vlastnosti redlného horninového prostiedi v modelu proudéni.
To znamena, ze individualni hydraulické charakteristiky vyskytujici se v systému pro-
pojenych puklin jsou nahrazeny efektivni hydraulickou vodivosti. Vyhodou tohoto pfi-
stupu je zpravidla jeho vypocetni realizovatelnost, moznost postihnout rozsahlé oblasti.
Vlastnosti propojenych propustnych puklin i systému slepych péru jsou prumeérovany
v celém simulovaném bloku. Nahrada ekvivalentnim poréznim médiem se pouziva zpra-
vidla pro simulaci globalniho charakteru toku v dané oblasti.

V piipadé koncepce diskrétnich puklinovych siti (DFN, Discrete Fracture Network)
je simulované prostfedi nahrazeno siti puklin, proudéni je potom mozné pouze po siti
propojenych puklin. Hornina mezi puklinami (horninovad matrice) je v modelu zane-
dbéna. Potiebna puklinova sit je zpravidla generovana stochasticky na zakladé znamé
pravdépodobnostni distribuce puklin v redlném horninovém prostiedi. Tyto modely
zpravidla umoznuji zahrnout hydrogeologicky vyznamné pukliny deterministicky. Hyd-
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raulické vlastnosti jsou v modelu ,primérovany“ na trovni jednotlivych puklin. Pro-
blémy tohoto pristupu se zpravidla vztahuji k vypocetni naro¢nosti vysledného modelu.
Pocet puklin vyznamné nartsta s velikosti simulované oblasti. Koncepce diskrétnich
puklinovych siti se pouziva pro simulace proudéni a transportu v mensim méritku.

V praxi se potom stale Castéji uplatnuje ptistup, kdy blok horniny reprezento-
vany poréznim médiem obsahuje deterministické pukliny reprezentujici hydraulicky
propustné pukliny, ¢i rozsahlé tektonické zény. Uvedend kombinace je podporovéana
v fadé simula¢nich kédu vyvijenych v poslednich 15 letech.

V pripadé simula¢niho kédu kédu FLow123D vyvijeného na pracovisti TUL byla
ptijata koncepce umoznujici kombinaci porézniho modelu s diskrétni puklinovou siti.
Tato koncepce umoznuje individualné u kazdé realizace modelu konkrétni oblasti zva-
zit, do jaké miry bude provedeno zjednoduSeni simulovaného realného prostiedi na
jedné strané, a do jaké miry bude zohlednéna sit hydrogeologicky vyznamnych puklin
nebo regiondlnich poruch na strané druhé. Software potom umoznuje vyuzit ryze po-
rézni model, popripadé ryze puklinovy piistup. Pro aproximaci je zde pouzita metoda
kone¢nych prvkiu zalozend na smiSené hybridni formulaci tlohy proudéni. Software
umoznuje vypocet ustaleného i neustaleného proudéni a je doplnén o transport rozpus-
ténych latek zahrnujici advekci, sorpci a difuzi do imobilni zény.

V saturovaném prosttredi je proudéni fizeno gradientem piezometrické vysky. Model
ustaleného proudéni implementovany v simula¢nim kédu FLow123D vychazi z piedpo-
kladu, ze v pfipadé malych rychlosti proudéni nestlaéitelné kapaliny (nizka hydraulickd
vodivost, maly gradient piezometrické vysky) lze rychlost proudéni v ustaleném stavu
v zavislosti na gradientu piezometrické vysky popsat Darcyho zakonem

0
u=KV({p+z), p=—, (1.1)
Py
a rovnici kontinuity

V-u=g, (1.2)

kde u oznacuje filtraéni rychlost, p tlakovou vysku, m dynamickou slozku tlaku, p
hustotu vody, g tihové zrychleni. Symbol K oznacuje tenzor hydraulické vodivosti,
o kterém zpravidla predpokladame, ze je diagonalni, a ¢ prestavuje hustotu vnit¥nich
zdroju vody. Pro ucely vypoctu konkrétni tlohy proudéni na zadané oblasti je nutné
zadat okrajové podminky na hranici oblasti — a to bud konkrétni hodnotu tlakové vysky
pp (Dirichletova okrajova podminka),

P =pPD (1.3)

hodnotu toku uy pfes hranici oblasti ve sméru vnéjsi normély n (Neumanova okrajova
podminka)
u-n=uy (1.4)

nebo hodnotu toku ve sméru vnéjsi normdly jako funkci tlakového spadu (Newtonova
okrajova podminka)
u-n=o(p—pr) (1.5)

pritom Dirichletova okrajovad podminka musi byt zadana alespon na ¢asti hranice ob-
lasti.

Clanek prezentuje tii zakladni simulac¢ni alohy, které byly realizoviny na definova-
nych geologickych strukturach se zjednodusenymi okrajovymi podminkami za tcelem
studia vlivu heterogenit jako je puklina nebo horninové rozhrani hornin s vyrazné
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Obrazek 2.1 Piehled vytvorenych geometrii a ukdzka generovanych siti: (nahofe) oblast bez
horninového rozhrani; (uprostied) oblast s horninovym rozhranim; (dole) oblast se tfemi druhy
horniny.

odlisnymi hydrogeologicymi vlastnostmi. Hydraulické vlastnosti prostfedi a okrajové
podminky fesenych tloh, prezentovanych v tomto prispévku, byly voleny tak, aby vy-
sledky nebyly ovliviiovany jinymi faktory, které jsou geologickému prostiedi vlastni,
jako jsou naptiklad zmény hydraulickych vodivosti hornin s hloubkou a podobné.

2 Simulaéni tlohy

Pro realizaci raznych variant simula¢nich vypoctt byly vytvoreny t¥i obecnéjsi geomet-
rie hypotetickych oblasti. Kazda z téchto geometrii mé stanovenou zakladni konfiguraci
vertikdlnich a horizontalnich tektonickych poruch. Geometrie se lisi pfedevsim mirou
uplatnéni horninového rozhrani tj. ¢lenénim geometrie té které oblasti do jednotlivych
celku oznacenych jako fyzické entity. Na zdkladé predem definovanych geometrii byla
generovana sada vypocetnich siti. Jednotlivé sité€ byly generovany tak, aby obsahovaly
20-40 tisic objemovych elementi. Prehled pfipravenych geometrii a vybranych variant
siti poskytuje obr. 2.1.

2.1 Vliv hydrogeologicky vyznamnych puklinovych zén

Hydrogeologicky vyznamné poruchy (tektonické zlomy, puklinové zény, rozsahlé pukli-
ny) jsou v modelové situaci reprezentovany 2D plochami (puklinami) ve 3D poréznim
prostredi. Pro sledovani jejich vlivu a vyznamnosti na proudéni a transport byla vy-
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brana oblast s jednim typem horniny s vertikdlnimi a horizontdlnimi puklinami (na
obr. 2.1 nahote).

Uloha A

V této uloze byl sledovan charakter proudéni a Sifeni rozpusténé latky v bloku horniny
s definovanou strukturou horizontalnich a vertikalnich poruch v hloubce do 200 m. Pro
vypocet proudéni byla prostfednictvim okrajovych podminek Dirichletova typu na celé
hranici oblasti zaddna hodnota globalniho gradientu piezometrické vysky 0.05 ve sméru
osy x. Na oblasti byla dale zadana hydraulickd vodivost na puklinovych strukturach
50 m/rok a hydraulickd vodivost horniny mimo puklinovy systém 1 m/rok. Pti vypo-
¢tech bylo uvazovano rozevieni puklin 0.1 m (puklina véetné okoli), aktivni porozita
porézniho prostiedi 0.01 a puklin 0.05. Pfi vypoctu transportu je pfedpokladéna nulova
pocatecni koncentrace kontaminujici rozpusténé latky v celém simulovaném objemu,
okrajovou podminkou transportni tlohy je potom zajisténo Sifeni kontaminace do ob-
lasti prostfednictvim ¢asti hranice bloku, pro kterou z = Zmqez. Uvazovano bylo pouze
Sifeni rozpusténé latky prostou advekci.

Z vysledkti vypoctu proudéni byla vyhodnocena rychlost proudéni (filtra¢ni rychlost
vypoctend dle Darcyho zdkona), kterd v poréznim objemu horniny je 0.05 m/rok, na ho-
rizontalnich poruchach 2.5 m/rok a na vertikalnich puklinovych poruchach 1-2 m/rok
v zavislosti na orientaci té které casti puklinového systému v tlakovém poli. Grafické
zobrazeni vysledki pro porovnani charakteru proudéni a Sifeni kontaminace puklino-
vymi strukturami obecné orientovanymi v tlakovém poli a puklinovymi strukturami
rovnobéznymi s globalnim tlakovym gradientem je uvedeno na obr 2.2. Z porovnani
zobrazenych vysledki je patrny kvalitativné odlisny charakter sifeni kontaminace v ho-
rizontalnich a vertikalnich poruchach. Na vertikalnich poruchach, které nejsou rovno-
bézné s globalnim gradientem, dochézi pri zadaném pomeéru hydraulickych vodivosti
puklin a okolni horniny k silnému fedéni kontaminace méné koncentrovanym roztokem
pritékajicim do puklionovych struktur z porézni horniny. V dusledku této skutec¢nosti
je potom rychlost progrese kontaminantu témito strukturami srovnatelna s rychlosti
v porézni horniné.

Uloha B

Ulohou B byl dale sledovan vliv poruch obecné orientovanjch v globalnim tlakovém
poli v zavislosti na vzajemném poméru hydraulickych vodivosti puklinového systému
a okolni porézni horniny. Vypocty jsou demonstrovany na stejné oblasti jako v pripadé
ulohy A; globalni gradient s hodnotou 0.05 je zaddn ve sméru vektoru (1,1,0). Vy-
poéty byly provedeny pro hydraulickou vodivost puklinového systému 8 m/rok a pro
hydraulické vodivosti okolni porézni horniny 0.1, 0.01 a 0.001 m/rok. Ostatni parame-
try vypocti jsou stejné jako v pripadé tlohy A.

Grafické zobrazeni vysledka pro vzajemné kvantitativni porovnani sifeni kontami-
nace v pripadé simulovanych variant je uvedeno na obr. 2.3. Z obrazku je patrné, ze
vliv puklinovych poruch, jejichz orientace v tlakovém poli je rtizna od sméru global-
niho tlakového gradientu, se zacina projevovat az v pripadech, kdy hydraulicka vodivost
puklinovych struktur je o vice nez 3 rady vétsi nez hydraulickd vodivost okolni porézni
horniny.
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Obrazek 2.2 Hydraulicky vodivé poruchy v porézni oblasti. Vektory proudéni (vlevo), rozsi-
feni kontaminace v ¢ase t = 6 let (uprostfed), rozsifeni kontaminace v ¢ase t = 20 let (vpravo).
Horni pohled a bo¢ni pohled nabizi porovnani vlivu poruch obecné orientovanych v tlakovém
poli a poruch rovnobéznych s globalnim tlakovym gradientem.

Obrazek 2.3 Vliv tektonické poruchy na $ifeni pukliny kontaminace v zavislosti na poméru
hydraulickych vodivosti poruchy a porézni horniny. Pomér hydraulickych vodivosti porucha a
okolni hornina je zleva 8 : 0.1, 8 : 0.01 a 8 : 0.001.

2.2 Vliv horninového rozhrani

Pii simulacich na sitich s nékolika typy hornin byl sledovan vliv horninového rozhrani
na charakter proudéni a migrace rozpusténych latek. Simulace byly provadény postupné
na oblastech a sitich zobrazenych na obr. 2.1 uprostied a dole. Zde jsou dale na tloze
C prezentovany vysledky jedné ze zakladnich variant provedenych vypoctu.

Uloha C

Pro vypocet této tlohy byla pouzita oblast s jednim horninovym rozhranim. Na siti
byl ptipraven vypocet proudéni a nasledné transportu pro blok horniny do hloubky
200 m s tlakovym gradientem na oblasti 0.05 ve sméru vektoru (1,0, 0). Pri zaddvani
hydraulickych vodivosti byl potom zohlednén jednak typ horniny a jednak hloubka.
Hydraulickd vodivost porézni horniny byla volena v rozsahu 0.25-10 m/rok, na pukli-
novych strukturdch v rozsahu 100-400 m/rok. Ostatni parametry vypoctu proudéni
a transportu byly zadany stejné jako v pripadé ulohy A.
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Obrazek 2.5 Vliv horninového rozhrani na charakter transportu v oblasti. Rozsiteni kon-
taminace v ¢asech 50 let (vlevo) a 200 let (vpravo) provedeného vypocétu (kontaminace je
zde zobrazena vektorovym polem, kde barva a dékla vektoru odpovidaji koncentraci a smér
vektoru respektuje smér proudéni v prislusném bodé.

Vzhledem k tomu, ze voda pro danou konfiguraci proudi z dobte vodivého do méné
vodivého prostifedi, dochazi na rozhrani hornin k turbulenci toku a vyznamnému vy-
chyleni toku ze sméru osy x do sméru osy z popiipadé y. Pro zadané vstupni parametry
se celkem 80 % celkového objemového toku odchyluje ze sméru daného globalnim gradi-
entem. Nutno podotknout, ze tento vysledek byl ziskan pro pfipad zadani Dirichletovy
okrajové podminky podél celé hranice simulované oblasti (v feSené tiloze nepredpokla-
dame, ze by mimo oblast byly podminky pro proudéni odlisné od podminek v simulo-
vaném bloku). Vysledny charakter proudéni na simulované oblasti je patrny z obr. 2.4.
Transport byl pocitan pro pripad sSifeni kontaminace do oblasti pres okraj, pro ktery
T = Tmaz. Obrazek 2.5 zachycuje rozsifeni kontaminace pro zadané vstupni parametry
v casech 50 a 200 let provedeného vypoctu.

3 Zavér

V prispévku byly prezentovany nékteré ulohy vypoctu proudéni a transportu v riznych
geologickych strukturach. Na zakladé vysledki uvedenych simulaci lze konstatovat, ze
vysledné charakteristiky jsou vyznamné zavislé na konkrétni konfiguraci geologickych
struktur studovaného prostiedi. Puklinové zény s hydraulickou vodivosti o jeden az dva
rfady vyssi nez okolni prostiedi jsou pro transport vyznamné predevsim v pripadé, ze
jsou priblizné rovnobézné se smérem globalniho gradientu piezometrické vysky. Pii jiné
orientaci pukliny v tlakovém poli mize dochazet k vyznamnému fedéni kontaminace
¢istsi vodou proudici porézni horninou. Tento efekt je potom eliminovan pfi hydrau-
lickych vodivostech porézni horniny o tfi a vice fada nizsich nez je hydraulicka vodi-
vost propustnych puklinovych zén. Obdobné pritomnost horninového rozhrani (hornin
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s rozdilnou hydraulickou vodivosti) miZze podstatnym zpusobem ovliviiovat celkovy
charakter proudéni v oblasti. Za vhodnych podminek potom mtize nastat situace, kdy
smér proudéni vody a postupu kontaminace se odchyluje od sméru daného globalnim
tlakovym gradientem.

Reference

1. J. Krélovcova, J. Kopal, J. Maryska, D. Pelikdnova, L. Zedek: Hodnoceni procest
transportu RN v riznych typech hostitelské horniny s raznou geologickou stavbou,
Dilél zavérecna zprava DZZ 2.6. projektu Vyzkum procesi pole vzdalenych inter-
akci HU vyhotelého jaderného paliva a vysoce aktivnich odpadii, Liberec, 2009. 66

2. J. Kralovcova, J. Mary$ka, O. Severyn, J. Sembera: Formulation of mixed-hybrid
FE model of flow in fractured porous medium. Proc. of Int. Conf. Numerical Mathe-
matics and Advanced Application, Spain, 2005, pp. 1184-1191. 66

3. A. Poteri: A Concept for Radionuclide Transport Modelling, Working Report 2007,
24. POSIVA QY, Olkiluoto, Finland, 2007. 67

4. TAEA: Scientific and Technical Basis for Geological Disposal of Radioactive Wastes.
International Atomic Energy Agency, Vienna, 2003.



SIMONA 2009 — Simulace modelovéni a nejruznéjsi aplikace
Seminaf vyzkumného centra ARTEC

A

Fakulta mechatroniky, informatiky a mezioborovych studii, TUL

An adaptive time discretisation to the numerical solution
of the Richards’ equation

Michal Kuraz

Abstract A flow in a variably saturated porous media when satisfying conditions
of the Darcy’s law is possible to describe by the Richards’ equation. The numerical
solution of this problem suffers with various difficulties due to nonlinearities based on
a nonlinear empirical hydropedological laws. These are the constitutive laws describing
a relation between a pore suction pressure and a water content, in our case described
by the van Genuchten formula [8] and the relation between an unsaturated hydraulic
conductivity and a pore suction pressure described by the Mualem form [6].

A time derivation term is usually approximated by a linear function due to the
commonly used implicit Euler scheme approximations. Due to a various torsions of the
van Genuchten law for different water content values this method brings mass balance
errors as mentioned in [3]. A method to control an error of this approximation based
on an adaptive time step is presented in this paper.

1 Introduction

The problem of predicting the fluid movement in an unsaturated/saturated zone is
important in many fields, ranging from agricultural via hydrology to technical appli-
cations of dangerous waste disposal in deep rock formations. The mathematical model
of unsaturated flow was originally published in [7]. This formula, usually identified as
the mixed form of the Richards’ equation, states that

90 OK ()
55— V- (K(O)Vh) - =

=0, (1.1)

where 6 is the water content of a porous material [-], h is the pressure head [L],
K (0) is the unsaturated hydraulic conductivity function [LT "], z denotes the vertical

M. Kuraz ()

Department of Water Resources and Environmental Modeling, Faculty of Environmental Sci-
ences, Czech University of Life Sciences Prague, Kamycka 1176, 165 21 Praha 6 — Suchdol,
Czech Republic

e-mail: michal . kurazQfsv.cvut.cz


mailto:michal.kuraz@fsv.cvut.cz

An adaptive time discretisation to the numerical solution of the Richards’ equation 75

dimension [L], assumed positive upwards, and the porous medium is assumed to be
isotropic. Appropriate constitutive relationships between 6 and h, K and h, are also
assumed.

This PDE is nonlinear on its parameters and thus can be generalized as a quasi-
linear elliptic-parabolic differential equation and as a degenerate convection diffusion
problem. A proof of the existence of a solution is given in [1]. A technique for an
accurate numerical solution is published in [3]. One of the recent outstanding work
presenting a numerical method based on a relaxation scheme to the time derivation
term and method of characteristics to the convection term is published in [4] and [5].

The constitutive relations in (1.1) are in many practical applications defined by
empirical hydropedological laws of a highly nonlinear nature. If the implicit Euler
method is applied for unsteady simulations a time step length should be treated with
a respect to the variable torsions of those material parameters.

2 Mathematical model

The mathematical model of the Richards’ equation with its forms which were later
numericaly treated is presented in this section.

2.1 Governing equations

Darcy’s approach to groundwater flow is basically applicable for both the saturated
and the unsaturated flow (moisture movement), and considers the flow as diffusion. By
an application of the unsaturated Darcy’s flow law to the mass conservation law the
Richards’ equation is obtained [2]. Three standard forms of the Richards’ equation are
identified—mized, h-based and 6-based form. In the mixed form, which was originally
published in [7], see (1.1), both the pressure head and the water content are the primary
solved variable. In the ‘h-based’ form

oh OK(h)
S = V- (K(mVh) - =2 =0, (2.1)

C(h)
where C(h) = %, is the specific water capacity function [L™'], the pressure head is
the primary solved variable. In the ‘0-based’ form

90 OK(0)
5 = V- (DO)VE) — == =0, (2.2)

where D(0) = %, is unsaturated diffusivity [L>T '] and the water content is the
primary solved variable.

Equations (1.1) and (2.1) are defined for 6 € (6,,0s) and h € (—o0, +0); 6, and 60,
are the water content limits of the unsaturated flow. Equation (2.2) is defined only for
the unsaturated flow, and thus 6 € (6,,60s). When applying the constitutive relation
between 6 and h this equation solves only negative heads. This limits some technical

applications, e.g. a positive pressure head as a boundary condition.
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Constitutive relations—unsaturated hydraulic material properties

The solution to the Richards’ equation is based on knowledge of the relation between
the pore pressure head and the water content, the water content and the unsaturated
hydraulic conductivity. The relation between saturation and unsaturated hydraulic
conductivity is based on [6]

) 2
0 ef. %mdﬁ
km=(3) |51 23)
J ﬁd@
where K, (h) is the relative hydraulic conductivity [-], and where K, = Klgz), where

K, is the saturated hydraulic conductivity [LT!].
An analytical formula (van Genuchten’s equation) describing the relation between
saturation—mass and pore suction was derived in [8]
%"_07“, Vhe(_oo70)a
g(h) = { TFCanm (2.4)
1, YV he(0,+00),
where 6, is the saturation water content equal to porosity [-], 6, is the residual water
content [-], a [L™!], n [-], m [] are empirical porous environment variables, dependent
on pore size distribution and shapes, 6 is the actual saturation [-], h is the pressure

head [L], negative for unsaturated conditions.
And the water retention capacity function C(h) was derived from (2.4) as

(1+(ah)m)2m

Ot e — @ (6, —6.),  Vhe(-o00), oo
0, Y h € (0,+00). '

3 Numerical solution techniques
Numerical solution to the h-based equation

The time derivative term was solved by the fully implicit Euler method, and the spatial
derivate was solved by Galerkin’s finite element method.

The numerical solution to the equation (2.1) was already discussed in [3]. The
h-based equation is based on the approximation

00 . 0h

5 = C (3.1)

This approximation is valid in its differential form, its discerete analogue when stan-
dard Euler technique applied for the time derivation term produces an error in mass
balance [3].

T order to limit this error in some desirable range a technique Retention Curve Zone
Approach was designed. This technique maintains an automatic time step selection by
defining the ranges of the pressure function change for the each time step solution.

During the program initialization an array [{max_suction_pressure},2] is allo-
cated. The {max_suction_pressure} is a user definable value of the maximal pressure



An adaptive time discretisation to the numerical solution of the Richards’ equation 7

suction value during the simulation experiment. Each row number defines the negative
suction pressure value that is processed in the following equation to solve the limits
hiimit (see Fig. 3.1)

0s — 0, 0s — 0,
7(1 T (Cah)ym £ C(h)(|h — hiimat]) — T+ (=)™

—-e=0, (3.2)

each column denotes higher and lower solution to (3.2).

At each node a new time solution is evaluated. The negative integer of the previ-
ous time step solution of the pressure function points to ranges of an allowed change
in the new solution of this time equation within a certain limits of an error in the
approximation (3.1). Because all integers in the desired range of the suction pressure
are precalculated, the search algorithm is a very fast and efficient, but for the price
of a bit non-efficient operation memory consumption.

4
Ereal .
a particular
point to be
evaluated 0

a range of accepted particular
solution in the new time step

a tangent to the
retention curve

_—

h

Fig. 3.1 An array of ranges is constructed for each negative integer of the pressure head untill
a specified limit, the real error in linear approximation €., is always smaller then the e value.

3.1 Numerical solution to the mixed form equation

This method was defined in [3] as a Modified Pickard Iteration. The technique states
as

<Aitcn+l,m) 6m _V. (K(h)n+1,mv§m) _
(3.3)

N aK(h)n+l,m 0n+1,m _ en,m
0z At ’

V. (K(h)" Tt mwpmthm)

where 6™ = h"TL™ — ™™ denotes the actual iteration level and m denotes the node
number. The variables of pressure and mass are both directly solved, and therefore
perfect mass conservation is obtained. Equation (2.1) was used as a predictor and (3.3)
was the solution corrector.
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3.2 Mass balance error definition

An integral mass balance formula was considered as a criteria of an accurate solution
to this diferential equation. The error function was evaluated from the following

/ —d.th f / Gin — Qout)dI'dt = €, (3.4)
2

where (2 is the spatial domain, ¢ is the time domain, ¢;, and gou: is the boundary

I' influx and outflux and ¢ is the total error in volume over the time spatial domain

of simulation. In order to obtain this error in relative number, the total error volume

number was divided by the total pore volume on the domain and time. ([ [ 6,df2d¢).
2t

4 Case study

A case study was conducted in order to evaluate numerical solution to the classical
Richards’ equation model. Three different approaches were tested. Solution based on
mized-form a so called Modified Pickard Iteration, see (3.3), solution based on h-based
form (2.1) with time step restriction as defined here as the Retention Curve Zone Ap-
proach, and a solution of h-based form (2.1) without Retention Curve Zone Approach
restrictions to the time step—this is exactly the form that is not recommended by [3]. An
adaptive time discretization for the last method was considered as for the mized-form
equation (the iteration criterion).

The criterion of successful iteration for all of the three evaluated methods was
a minimal relative change of a pressure head h lower then 10~* from the previous
iteration level.

Description of the case study

A simulation of a vertical one-dimensional infiltration experiment was conducted,
see Fig. 4.1. The flow experiment was described by the classical Richards’ equation. The
selected flow domain was a porous material block 5 m in length and of infinite width.
Thus only vertical one-dimensional flow was taking place. Porous material properties
was considered for highly permeable sandstone (o = 0.075 cm ™, n=1.89, m = 0.47,
K, =442 cm - hfl). The maximal error of a first-order Taylor series for the Retention
Curve Zone Approach was 5 x 107°.

The domain was discretized by an uniform mesh of grid size 5 cm. The problem
was solved numerically using three different approaches as stated above.

Boundary and initial conditions

The initial condition was uniform distribution of the water content, represented by
a negative pressure head (h = —8700 cm), for the relation between the negative pressure
head and the water content see (2.4).

The top boundary condition was the standard Dirichlet condition of a positive
constant pressure head +5.0 cm.
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5.0cm

constant positive pressure head bc

~~porous material block
of infinite width

initial condition: uniform
pressure head over the block
-8700.0 cm

500.0 cm

%
-~ seepage face bc
Fig. 4.1 Scheme of the 1D vertical infiltration experiment.

The bottom boundary condition was of a special kind. Technically, it is called
a seepage face. Physically this condition states that if the boundary is unsaturated it
acts as a no-flow boundary, and when it is saturated it acts as a Dirichlet boundary
of a zero pressure head. Mathematically, it is defined as a unilateral boundary condition,
a combination of the Dirichlet condition and the Neumann condition. The following
form describes the condition

%(w,t)—i—l/g(x):o, if  h(z,t)<0, Vzel, t>0, (41)
h(z,t) =0, it Si(z,t)+uvs(z) <0, Veel, t>0,

where 7 is the direction of the normal vector to the domain boundary, v3 is the vertical
component of the normal vector to the domain boundary, and I" is the boundary where
this condition applies.

4.1 Results and conlucions

As stated in [3] the successful iteration criterion for an adaptive time-step of the equa-
tion (2.1) is not a sufficient condition to ensure a certain accuracy if the time derivative
term is handled by the implicit backward Euler method. The Modified Pickard Iteration
method obtains very accurate results, but the computational effort in the evaluated
case is excessive. The Retention Curve Zone Approach obtains practically the same
results, but the total amount of iteration is only approximately 4% of the amount
required for the Modified Pickard Iteration method.

This method offers an efficient condition for a numerical solution to a h-based
equation based on an implicit backward Euler scheme, exactly reflecting the problem
of the approximation (3.1).

Although the problem with the mass balance of (2.1) would be easily solvable
by applying of (2.2), the definition scope of this equation is restricted to a negative
pressure head, and thus it is not suitable for the case study evaluated here. For the
particular results see Tab. 4.1 and Fig. 4.2.
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Fig. 4.2 Simulated outflow from a seepage face with the DRUtES algorithm. The Retention
Curve Zone Approach, Modified Pickard Iteration and time-step based on successful iteration

of (2.1) were tested.

Table 4.1 Summary of code execution after the numerical infiltration experiment.

| mass error [%] number of iterations

method

Retention Curve Zone Approach 0.193 1746
Modified Pickard Iteration (3.3) 0.201 44382
5.842 130

Simple h-based solution (2.1)
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Objektové orientovany pohled na sdruZené procesy

Jan Lisal - Dalibor Frydrych

Abstrakt Objektové-orientované programovani (OOP) vyzaduje zménit tthel pohledu
na vytvafeny systém modelovani Metodou koneénych prvki (MKP). Sdruzené procesy
z pohledu OOP, jimiz se zabyva tato préace, je nutné pochopit jako nékolik relativné
oddélenych c¢asti a ne jako soustavu rovnic zavislych jedna na druhé. Hlavni myslenkou
prevodu sdruzeného procesu do OOP je separace dvou ¢asti rovnice na hlavni fyzikalni
proces (primérni proces) a vazebni ¢ast (sekundéarni proces), kterd ovliviiuje jiny pri-
marni proces. Takto jiz vytvorené stavebni entity neni nutné pii dalsim pouziti v jiném
modelu znovu programovat. P¥i rozsiteni modelu o novy fyzikalni proces, redukujeme
tento pozadavek pouze na implementaci samotného primarniho procesu a v pfipadné
pozadavku urcitych vazeb i sekundarnich procesti. Ziskavame tim databazi primarnich
a sekundarnich procest pro rychlejsi implementaci nového modelu.

1 Uvod

Modelovani s uzitim metody konecnych prvka pfinasi mnohd tuskali, kterd je nutné
diive ¢i pozdéji prekonat. Vyjimkou neni ani systém, ktery je dlouhodobé vyvijen
na Ustavu novych technologii a aplikované informatiky Technické univerzity v Liberci.
K pochopeni hlavni ¢asti tohoto ¢lanku, je nutné nejprve pfiblizit samotny systém.

Tato préace byla realizovana za podpory statnich prostiedkt Ceské republiky v ramci projektu
VaV ,Pokro¢ilé sanac¢ni technologie a procesy“ ¢ 1M0554 — program MSMT ,Vyzkumna
centra®.

J. Lisal (=) - D. Frydrych

Ustav novych technologii a aplikované informatiky, Fakulta mechatroniky, informatiky a me-
zioborovych studii, Technickd univerzita v Liberci, Studentska 2, 461 17 Liberec 1,
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1.1 Systém DFFEM

Modelovaci framework DFFEM je koncipovany jako objektové-orientovany modularni
systém (obr. 1.1). Jednotlivé moduly logicky rozdéluji systém do znovupouzitelnych
celkt.

ModelFlow

Topology, Scenario m

a-, c

Space Matrix 2|2

Mesh, Domain, Graph Dense, CRS, CCS (@] Q
A

TaskData PhysicalTask =
Material, InitialCondition, Results PhysicalEquation, BoundaryCondition e
S

DFFEM o

Common

Obrazek 1.1 Modulové schéma systému DFFEM.

DFFEM - soubor obecné pouzivanych komponent, jako jsou napf. objekty zabezpe-
Cujici pristup k souborim (¢teni z zapis dat), pFistup k siti (pouziti napf. pro
distribuovany vypocetni systém) a dalsi.
nentam sité (package mesh) jako jsou elementy, uzly, a dalsi komponenty sité, na
kterych zavisi pocitana tloha. Dalsi ¢asti tohoto baliku je seskupovani elementii do
vétsich celkt nazvanych domény (package domain).

TAsSkDATA — do tohoto modulu se ukladaji vSsechna data, kterd se vyuzivaji pro vy-
pocet modelu. Mohou to byt materialové konstanty ¢i funkce, hodnoty okrajovych
a pocatecnich podminek a také vysledky modelu, aby byl zabezpecen jednotny
pristup k datovym informacim.

MATRIX — modul pro ukldadani matice soustavy a vektoru pravé strany.

SOLVER vypocetni metody mohou byt definovany bud pfimym uloZzenim algoritmu
v tomto modulu, nebo je mozné volat externi resi¢ nad vyexportovanou matici
a vektorem pravé strany z modulu MATRIX.

Nakonec se zamérime na posledni dva moduly, se kterymi budeme pracovat v tomto
vykladu. Samoziejmé je zde jesté modul POSTPROCESSING, ktery ale stoji spiSe mimo
samotny systém a neni nutnou soucasti vytvarenych modela.

MoDELFLOW - zajistuje priibéh vypoctu dle nadefinovaného postupu. Zakladni ilohou
je vypocet ustaleného stavu, ktery je ovsem z pohledu zadévani prubéhu vypoctu
jen specifickym typem evolu¢ni tlohy. Pro slozitéjsi tlohy se pravé zde definuji
névaznosti vypoctu sdruzenych tloh (pokud nejsou definovany piimo vypocétem —
v matici).

PHYSICALTASK — tento balik je hlavnim modulem pro sestaveni matice koeficientt a
jsou zde definovany jednotlivé fyzikalni ulohy.
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2 Modelova uloha

Abychom mohli vysvétlit zakladni definice dekompozice fyzikalnich tloh pro pouziti
v systému DFFEM, je nutné nejprve takovou ulohu nadefinovat. Jelikoz nam nejde
o vnit¥ni implementaci matematickych rovnic, bude odvozeni provedeno na kvalitativni
arovni.

Budeme tedy uvazovat dvé fyzikalni tlohy, abychom dosahli sdruzenosti procesu.
Prvni uloha bude popisovat elastické chovani materidlu a bude zahrnovat vliv tepelné
roztaznosti. Druhd tloha tedy bude formulovat vedeni tepla v modelované oblasti.
Kazd4 z uloh mize byt popsana diferencialni rovnici které tvori soustavu

kde rovnice (2.1) popisuje vypocet elasticity a rovnice (2.2) ulohu vedeni tepla. Oblasti
rovnice B, E «— T, Rg,T a Rt budou vyuzity v nasledujicim textu.

3 Analyza sdruzenych uloh

Zabyvejme se chvili samotnym zapisem v rovnicich (2.1), (2.2). Na prvni pohled rovnice
(2.2) popisuje tlohu vedeni tepla. Tedy zakladni fyzikdlni tloha, kterd neni ovlivnéna
jinym déjem, tedy primarni proces.

Naproti tomu rovnice (2.1) je rozdélena na dvé éasti. Primarni proces popisuje
elastické chovani modelované oblasti. Toto je znazornéno jako ¢ast E. Déle se v této
rovnici ale také vyskytuje sekundarni proces, coz je vazebni ¢ast ovliviiujici elastické
chovani na zakladé tepelné roztaznosti.

Samoziejmé jsou zde jesté naznacCeny pravé strany, které maji smysl zdrojovych
clent pro kazdou fyzikalni tlohu.

3.1 Priméarni proces

Dekompozice fyzikalnich tloh nés navede na jasnou objektovou interpretaci kazdé
z uloh. Rovnice (2.1), (2.2) mizZeme zapsat i nasledujicim zpusobem v maticovém

AB za) ([ Ra
(en)-(55) = (&2) @
kde bloky A,B,C,D tvoif matici soustavy, (z%,z5)7 je vektor feseni a (R, RE)7T je
vektor pravé strany.

zapise

Priméarni procesy se v této matici vyskytuji v diagonélnich blocich, tedy blok A
a D. Bloku A tedy odpovida oblast E rovnice (2.1), zatimco oblast 7" rovnice (2.2)
bude zapsana do bloku D.
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3.2 Sekundarni proces

V nasi modelové tloze popsané rovnicemi (2.1), (2.2) mame pouze jeden sekundarni
proces. Ten ovliviiuje elastické chovani modelované oblasti v zavislosti na rozlozeni
teploty. Muzeme tedy chapat, ze blok B z rovnice (3.1) je tvofen oblasti £ «— T
rovnice (2.1).

Matice soustavy poskytuje jesté prostor pro moznost opa¢ného ovlivnéni (blok C).
Tento by byl vyuzit, kdybychom v nasi modelové tloze uvazovali i ovlivnéni rozlozeni
teploty mechanickymi vlastnostmi materidlu. V nasem pripade€ se tento jev neuplatiuje
a je tedy mozné definovat identitu C = O, kde O je blok nulovych hodnot.

4 Objektova interpretace procesu

Nyni se tedy zaméfime na modul PHYSICALTASK a jeho podc¢ast PHYSICALEQUATION
(obr. 1.1). V tomto baliku jsou sdruzeny vSechny fyzikalni tlohy pro moznosti vypocétu
modeli. Jejich déleni vystihuje UML class diagram [2] v obr. 4.1.

<<Interface>>
IPhysicalTask

+calculate()
+getSignature() : ISignature

| T

<<Interface>> <<Interface>> <<Interface>>
IPrimaryProcess —> IDiagonalBlock ISecondaryProcess

Obrazek 4.1 Struktura fyzikalnich tloh z pohledu typu procesu.

Pfedkem vSech vypoctu je rozhrani [1] IPhysicalTask, které poskytuje metodu
pro vypocet patiicného bloku v matici (calculate()) a metodu pro ziskdni podpisu
(getSignature()). Ta je vyuZzivana piedevsim pii sklddani topologie soustavy. Tento
postup bude vysvétlen pozdéji.

Nasleduje rozdéleni na specializovanéjsi oblasti. Leva ¢ast hierarchie zavislosti je
rezervovana pro diagonalni bloky, prava pak pro mimodiagonalni, tedy pro sekundarni
procesy, které neni potieba nijak dale délit (rozhrani ISecondaryProcess).

Dulezitym faktem je, Ze v diagonélnich blocich nemusi vystupovat pouze redlné
fyzikalni problémy. Abychom se ale vyhnuly chybé v podobé spusténi jednoduchého
vypoctu pouze s timto nefyzikalnim problémem, byl rozhrani IPrimaryProcess pred-
fazen jesté jeden cClen, IDiagonalBlock, ktery nelze samostatné umistit do topologie
modelované ulohy, aniz by v ni existoval jeden priméarni blok.

4.1 Podpis vypocetnich bloku

Abychom mohli sestavit spravnym zpusobem, bez slozitych definici, topologii matice
soustavy, je nutné zajistit tzv. podepsani jednotlivych blokd matice. Podpisova funkce
bude implementovat nasledujici casti:
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— definici oblasti, na kterou se dany blok tlohy aplikuje. Jde vlastné o definici prostoru
a typu entit, které se budou pouzivat k samotnému vypoctu hodnot bloku matice;
— podpis fyzikalni tlohy.

Ukazme si nyni na prikladu, jak bude probihat sestaveni topologie na nasi modelové
uloze.

LALL LB

T E ~E<Tx =x| =R

- LIS iT - -

rrrrrrreiaTTTTTreL —— —
= I ToIx| xR
::Illlllli:: :: ::
ERNRNRNR

Obrazek 4.2 Ukazka topologického usporadani modelové tlohy.

4.2 Sestaveni topologie

Samotné sestaveni topologie je jiz v pripadé existence podepsanych patti¢nych bloka
snadna zalezitost. Budeme tedy vychazet z toho, ze mame k dispozici blok pro vypocet
elastického chovani. V obr. 4.2 je to diagondlni blok E. Stejnym zpusobem méme
definovany blok pro vypocet ulohy vedeni tepla 7.

Tyto dva bloky jsou z doby navrhu podepsany jako primérni procesy, tedy jsou
pii vlozeni do topologického objektu vlozeny jako diagonalni prvky s usporadanim.
Déle jejich podpis nese specifické oznaceni typu tlohy. Blok F je podepsan napf. jako
ErLASTICITA a blok T jako TERMO.

Ve chvili, kdy vkladame diagonélni procesy do topologie, musime jesté zajistit jejich
druhou ¢ast podpisu. Ta je tvofena oblasti, na kterou je blok aplikovan. V dobé navrhu
nemusime znat pfresné, pro jakou oblast budeme chtit dany vypocet provést. Proto
danému bloku jesté sdélime, nad jakym prostorem entit ma existovat.

Poslednim blokem, ktery vlozime do topologie je vazebni c¢ast, tedy sekundarni
proces. Ten je z doby navrhu také jiz podepsén jako sekundérni proces a specifické
oznaceni typu tlohy tentokrat nese t¥i informace:

a. prvni ovlivnény primérni proces (ELASTICITA)
b. druhy ovlivnéni primarni procesu (TERMO)
c. smér vazby (od T k E)

Smérovost vazby je definujici, aby systém védél, kam presné umistit vazebni prvek.
Kdybychom méli podpis pouze dvou primarnich procesi, systém by nemohl vyhodnotit,
jestli umistit prvek do bloku B v rovnici (3.1) nebo do bloku C.

Poslednim krokem je tak, jako u primarnich procest, ptidat k podpisu sekundarniho
procesu prostor, ve kterém bude dany blok existovat. To nam zabezpeci, Ze se blok
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prifadi ke spravnym primarnim procestim na zakladé jednoznac¢ného zobrazeni prostoru
entit primarnich procesii na pridavany sekundarni proces.

5 Zavér

Problematika sdruzenych procesi je mnohem $irsi, nez zde prezentované téma. Na-
stinéné problematika ale vnési do budovaného systému DFFEM unifikovany pfistup
k zékladnim fyzikalnim tloham a hlavné rychlejsi postup pfi tvorbé a verifikaci novych
modelt.

Hlavnim pfinosem objektové pojatych sdruzenych tloh je moznost tvorby rtzno-
rodych modell a moZnost experimentovani s vazbami mezi procesy na trovni definice
ulohy, nikoli na urovni kédovani. Nespornym ptinosem je pak fakt jednoduchého zjis-
tovani zavislosti ur¢itého modelu na ur¢itych primarnich ¢i sekundarnich procesech.
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1 Uvod

Ucelové odvozeny model tizemi budeme chépat jako geoinformaticky model, ktery je
specificky predev§im svoji geometrii, organizaci dat, mirou generalizace a aplikova-
nim generaliza¢nich metod v ramci vsech fazi vystavby modelu a v neposledni fadé
svym ucelovym vyuzitim. Zakladem pro tvorbu takto specifického modelu tizemi je
geoinformacni systém tzemi jakozto original, ktery modelujeme jinym systémem (mo-
delem). Nikoli tedy pfimo realny svét, krajina. Vytvarime-li odvozované modely, jedna
se v podstaté o definovani nové organizace dat. Organizace dat odvozeného modelu
Uzemi spociva ve vétsiné pripadu ve vytvoreni systému kone¢ného poc¢tu dvojrozmeér-
nych a trojrozmérnych elementi v prostoru pokryvajicich tizemi podle stanovenych
kritérii a v daném prostorovém rozliseni. Kazdy element tzemi definovany polohou
v prostoru nese dale informaci o poloze v topologickém smyslu a dalsi atributy. Vyuziti
modelu je v aplikacich vyuzivajicich napfiklad metodu konecnych prvki.

2 GIS pri zpracovani dat realného svéta

Reseni tkold, které pred nas praxe stavi, si z4d4 hledéni novych feseni a pristupt.
Vytvareni ucelové odvozovanych modeli tizemi je problematika, kterd vzesla z poza-
davki praxe. Rada praktickych tloh je dnes feSena pomoci néstrojii matematického
modelovani, pouzitim metody konecnych prvki. Pro tyto tilohy je vzdy nutné vystavét
modelovou prostorovou sit [3]. Pokud je kladen pozadavek na pouziti metod matema-
tického modelovani na datech z readlného svéta — tedy geografickych datech a zpétné
interpretovani vysledkti modelovani v krajiné, v redlném svété, je pak nutné fesit, jak
zpracovat geografickd data tak, aby celé iizemi bylo geoinformaticky popsano v souladu
s pozadavky matematického modelovani a v kazdé fazi vystavby tohoto modelu (geo-
informac¢niho) existovala vazba na ptvodni redlnd data. Geoinformatické modelovani
a nasazeni GIS pro zpracovani dat redlného svéta, vytvoreni geoinformac¢niho systému
daného tizemi a nasledné vytvoreni odvozeného modelu tizemi je pristup, ktery umozni
zpracovat data jakkoliv rozsahlého tizemi s pozadovanou presnosti pro dany tcel.

Podle [5, 7] je vytvoreni origindlniho geoinformaéniho systému, ktery bude slouzit
jako predloha pro odvozené modely, prvnim krokem. Je nutné vymezit Gzemi, zdjmovou
oblast, kterd bude déle zpracovavana. Podle definovaného tcelu odvozovanych modelu
je potreba tzemi pokryt daty, kterd budou splnovat pozadavky z hlediska obsahu,
rozliSeni, podrobnosti. Zajmové tizemi musi byt témito daty pokryto a zaroven data
musi byt pfedzpracovana tak, aby jimi byl naplnén geoinformacni systém. Problematika
vytvareni geoinformacnich systému zde nebude fesena.

3 Odvozeny model tizemi

Modelovani zajmovych objektt reality v prostoru a v c¢ase je Gc¢innym prostiedkem
poznavaciho procesu. Podle [8] je model zjednoduSené zobrazeni skutecnosti, ¢asti
objektivni reality. Zobrazovand skute¢nost se nazyva pfedmét modelovani (predloha,
origindl). Modelem jsou zobrazeny pouze nékteré vybrané znaky predlohy, které nés
v konkrétnim pripadé zkoumani zajimaji, zatimco od ostatnich vlastnosti predlohy se
upousti. O tom, které vlastnosti mé model zobrazit, rozhoduje predevsim tucel, kte-
rému ma model slouzit. Cilem modelovani je snaha o poznani vlastnosti studované
casti reality nebo urcité logické konstrukce.
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Podle [4] je odvozeny model tzemi (mesh model) geoinformaticky model, ktery
je specificky predevsim svoji geometrii, organizaci dat, mirou generalizace a aplikova-
nim generaliza¢nich metod v ramci vsech fazi vystavby modelu a v neposledni fadé
svym ucelovym vyuzitim. Geometrie mesh modelu tzemi je dédna koneénym poctem
dvojrozmérnych a trojrozmérnych elementt v prostoru pokryvajicich izemi podle sta-
novenych kritérii a v daném prostorovém rozliseni. Kazdy element tizemi definovany
polohou v prostoru nese dale informaci o poloze v topologickém smyslu a dalsi atri-
buty. Organizace dat mesh modelu tizemi je v souladu s geometrii a spocivé v prifazeni
atributi (charakteristik, popisu, vlastnosti) vytvofenym elementtim. Organizace dat
nesmi byt zavisla na systému, v jakém je mesh model Gizemi vytvaren a udrzovan.

4 Vychodiska pro tvorbu odvozeného modelu

Model je zobrazenim systému definovaného na daném objektu. Systém (original) je mo-
delovan jinym systémem (modelem). Predlohou pro vybudovani mesh modelu tzemi
je geoinformacni systém tzemi. Cili predlohou neni tizemi samotné, ale jiz jeho model.
Na ném musi byt definovan systém, ktery je pak modelovan. Zalezi na tcelu, za jakym
je odvozovany mesh model tzemi vytvaren, podle toho jsou definovany entity a jejich
vztahy, které budou souc¢asti mesh modelu tizemi (prvné geometrie). Zaroven musi byt
definovany pozadavky na prostorové rozliSeni modelu. Tyto pozadavky zéavisi na mé-
fitku modelovani, podle kterého se stanovi kritéria pro geometrickou presnost. Tu lze
také nazvat krokem modelu. Na velikosti kroku modelu pak zavisi vysledny pocet ele-
ment1, ktery je v podstaté dalsim vstupnim tdajem. Geometrickéa presnost modelu tak
muze byt ddna implicitné nebo explicitné. Bud pfimo — krok modelu bude napf¥. 100 m,
nebo neptfimo odvozena z pozadovaného poc¢tu elementt — napi. 5000-7000. Pocet ele-
ment1 je zde jenom jako priklad, u 3D modelovych siti je obvyklé 5-50 tisic elementi,
¢im husté&jsi sit, tim lepsi, ale je zde omezeni v hustoté sité dané pouzivanym softwarem
pro dalsi aplikacni vypocty. Konkrétni omezeni poc¢tu elementii je dané zkusenostmi
a praxi, jaka rozliSeni modelu (tedy i hustota sité elementt) je potieba pro dané typy
vypoctu a to je véc, kterou nefesime v ramci naseho modelovani v GIS, protoze tam lze
pripravit data jakkoliv podrobna, ale je to podminka dana zadavatelem. Takze hustota
vysledné sité je jednim z parametru vytvareného mesh modelu.

5 Generalizace pfi odvozovani modelu

Podle [1] generalizace muze byt vidéna jako transformace obsahu databaze. Genera-
lizace spociva ve vybéru, geometrickém zjednoduseni a zevSeobecnéni objektu, jevu
a jejich vzajemnych vztahi pro jejich reprezentaci v modelu, ovlivnéné tacelem, mérit-
kem modelu (nebo jeho prostorovym rozliSenim) a vlastnim pfedmétem modelovani.
Cil je odvodit novou (digitalni) databazi s rozdilnym nebo uz$im prostorovym a te-
matickym obsahem oproti originalni databazi. Generalizace je hlavné ucelovy postup,
nemuzeme optimalizovat mnozinu dat pro vSechny ucely.

Generalizaci muzeme povazovat za sérii transformaci vykonanou na uréitych pro-
storovych datech s ohledem na definici odvozovaného modelu. Tedy se jednd o proces
odvozovani méné detailni mnoziny dat z detailni velkoméritkové zdrojové mnoziny dat,
prostiednictvim aplikovani prostorovych a atributovych transformaci.

Generalizace pro vytvareni geometrie a organizace dat mesh modelu tzemi spoc¢iva
predevsim ve vybéru a zjednodusSovani tvaru. Vybér znamend, Ze pracujeme pouze
s prvky a jevy realného svéta (nebo origindlniho geoinformac¢niho systému), které jsou
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pozadovany z hlediska tcelu modelovani. Od ostatnich muzeme upustit. Déle v souladu
s rozliSenim modelu dojde v rdamci jednotlivych vrstev ptvodniho geoinformac¢niho
systému k vybéru prvku podstatnych, jedna se o normativni vybér.

Do modelu budou vybrany jenom pozadované vrstvy puvodniho geoinformac¢niho
modelu v souladu s ucelem, pro ktery je mesh model tzemi vytvaren. Zde cenzus pro
vybér je dan pravé ucelem modelu. Vybér v ramci jednotlivych datovych vrstev vstu-
pujicich do nového modelu je déale uplatnovan v souladu s rozliSenim modelu. Pokud
dojde k tomu, zZe na plose jednoho elementu dojde k nékolikandsobnému vyskytu jed-
noho prvku, pak jsou tyto prvky eliminovany a ztstane jediny. Tedy dva vyskyty stej-
ného prvku nebudou prostorové blize, nez je rozliseni modelu. Napf. 4 studny vzdalené
od sebe 1-2 m budou modelovany jako studna jedind v modelu s rozliSemin 200 m.
Obdobné dochézi k prostorové redukci v souladu s rozlisenim modelu. Pokud napft.
mame tektonicky zlom o sifce 20 cm, pak bude modelovan jako linie, protoze v modelu
s rozlisenim 200 m je §itka zlomu zanedbatelna.

Dochéazi také k opa¢nému jevu — napt. v mesh modelu tizemi modelujeme vodni
toky tak, ze vodni tok je reprezentovan mnozinou elementt, kterymi protéka. Pokud
bychom se zabyvali prostorovou strankou tohoto zptisobu modelovani, pak vodni tok
reprezentovany linii v ptivodnim modelu nyni bude reprezentovan jako plocha v novém
modelu.

Samoziejmé grafickd reprezentace v tomto typu modelovani nehraje zasadni roli,
protoze nejdulezitéjsi jsou topologické vztahy, které musi ztistat zachovany. Tj. soused-
nost, obsahovani. Stejné tak nehraje roli zména geometrie objektu — zjednoduseni linii
a podobné, protoze pokud nedojde k poruseni topologickych vztahii element modelu,
mesh model tizemi ma porad tutéz kvalitu.

Na zékladé vymezeni acelu modelu dochézi také ke generalizaci atribut ptavodni
geografické baze dat. Obvykle se jednd o vybér atributt podle predem stanovenych
kritérii a dale zmény klasifikace.

6 Automatizace v odvozovani modelu

Pro snizeni ¢asové naroc¢nosti pfi tvorbé odvozovanych modelq, jak je rozebrano v [6],
je vyvijena metodika a jsou vytvareny aplikace, coz sméfuje k tomu, Ze jsme schopni
vytvaret: geoinformatické modely dané oblasti, které slouzi jako zdroj pozadovanych
dat pro aplikace a umoznujici vicendsobné vyuziti pro tvorbu odvozovanych modelu,
odvozené modely, které ticelové popisuji danou oblast a lze je vytvaret v riznych va-
riantadch podle konkrétnich pozadavki organizace dat popisujici odvozeny model pro
koncové uzivatele, geometrii modelové sité a jeji popis v raznych formatech.

7 Praktické reseni

Zde nastinime konkrétni feseni odvozovani mesh modelu dané lokality vytvareného
pro ucel modelovani migrace podzemnich vod. Toto feseni bylo realizovano v prostiedi
programovych systému ARCGIS, GRASS GIS a AuToCAD.

7.1 Obsah mesh modelu tzemi

Pozadavek byl na vytvoreni mesh modelu tzemi, ktery bude obsahovat néasledujici

geografické jevy a prvky: hydrogeologické slozeni, tektoniku, povrchové vodstvo, studny,
prameny [2, 3, 7]. C4st vrstev predzpracovanych v programu ARCGIS ukazuje obr. 7.1.
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Obrazek 7.2 Vizualizace elementi podle vybranych vlastnosti.

7.2 Geometrické parametry

Geometrické parametry mesh modelu tzemi, jak bylo popsano v [7] se stanovuji pred
samotnym vytvarenim modelu. Zavisi na ucelu, také na velikosti modelovaného tizemi.
V tomto prikladu se jedna o tizemi rozsahu asi 15 x 15 km, pozadovano je prostorové roz-
liseni 150-200 metrti. Mesh model tizemi bude 2.5D (tj. bude obsahovat dvojrozmérné
elementy v prostoru, objemové elementy nejsou pozadovany). Uzemi bude pokryto ko-
neénym mnozstvim trojihelnikovych elementii, pozadavek je stanoven na maximalné
5-7000 elementt. Strany trojuhelnikovych elementti musi lezet na hranicich tzemi, na
tektonickych liniich a na hranicich hydrogeologickych polygont. Strana elementu je
déna pozadavkem prostorového rozliseni 150-200 m. Uzemi méa byt pokryto co nej-
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vice pravidelnou siti elementii dané presnosti. Poznamka: pokud jsou v mesh modelu
pozadovany objemové elementy, jsou pozadavky na geometrii formulovany obdobné.

7.3 Organizace dat

Podle [7] je nutné pozadavky na organizaci dat formulovat pred praktickym Fesenim
modelu, témito pozadavky je ovlivnén vybér datovych vrstev origindlniho modelu, které
vstupuji do odvozovaného modelu. Pozadované atributy mohou pochazet z jinych vrs-
tev origindlniho modelu, nez se kterymi se pracuje prfi zpracovani geometrie modelu.
Konkrétni pozadavky mohou byt zformulovany naptiklad takto: Kazdy trojihelnikovy
element bude mit jednoznac¢ny identifikator a dale ponese identifikaci bodu, které tvori
jeho vrcholy. Kazdy bod (vrchol elementu) bude mit jednoznaény identifikitor a pak
souradnice X, Y, Z. Kromé toho je u bodu pozadovana informace, k jaké tektonické
linii patfi nebo k jakému hydrogeologickému rozhrani. U elementt je pozadovana infor-
mace o prislusnosti k hydogeologické oblasti, déle informace o vyskytu vodniho toku,
vodni plochy, pramene a studny. Pokud se bude vyskytovat studna, je vyzadovan tidaj
o nadmorské vysce hladiny.

7.4 Reseni geometrie a organizace dat mesh modelu tizemi

Nejprve bylo vytvofeno pravidelné bodové pole pokryvajici zdjmovou oblast s kro-
kem 200 m. Z origindlniho geoinformac¢niho systému byly vybrany vrstvy tektoniky
a hydrogeologickych polygonii. Tyto liniové vrstvy byly nahrazeny mnozinami bodt
s krokem 150 m a byly pfidany do pravidelného bodového pole. Odtud byly pak eli-
minovany body, které lezely blizko tektonickych linii a hranic hydropolygoni. Déle
byly eliminovany podle podobného pravidla body na tektonickych liniich a hranicich
hydropolygonii, které byly blize, nez stanoveny krok modelu. Tim bylo vytvofeno pole
bodi, které maji pozadované vlastnosti. Bodim byl prifazen jednoznacny identifikator
a pak zaznamenany jako atributy X, Y soufadnice. Soutadnice z byla odvozena z di-
gitdlniho modelu reliéfu. Déale bodum byly pfifazeny atributy identifikujici polohu na
hranici modelovaného tizemi, tektonické linii (&islo tektonické linie), hydrogeologickém
rozhrani (&islo rozhrani) nebo uvnit Gizemi ostatni body.

V tomto bodovém poli byla vytvofena trojihelnikova sit elementti. Jednalo se
o Delaunayovu triangulaci. Elementy byly vytvoreny jako plochy, kterym byl prifazen
jednoznacny identifikator. Jako atributy elementtim byly pfifazeny informace o jejich
vrcholech (3 jednoznacéné identifikatory vrcholu trojihelnikového elementu), dale infor-
mace o tom, zda se na elementu vyskytuje vodni plocha (a identifikace vodni plochy),
vodni tok (samozfejmé s identifikaci), pramen, studna (kromé atributu udévajiciho
vyskyt studny je vytvoren atribut udavajici nadmorskou vysku hladiny studny — tento
atribut je odvozen ze znamé hloubky studny v ptuvodnim geoinformaénim systému
a z digitalniho modelu terénu). Toto pfifazeni atributu (a také informace o topologic-
kych vztazich) je nejcastéji vysledkem prostorovych analyz na obou modelech soucasné,
jak origindlnim, tak na odvozeném mesh modelu tizemi.

Reseni neni trividlni, pro vytvofeni mesh modelu tizemi byly pouzity nastroje
ARCGIS a GRASS GIS, vysledny mesh model tizemi byl uloZen jako systém soubori
dbf. Vizualizace byla provedena v systému ARCGIS, ale vizualizace mesh modelu tizemi
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slouzi spise pro dokresleni celkové situace v tizemi a rozdéleni izemi na jednotlivé ele-
menty, ale pro vyuziti mesh modelu tizemi neni nezbytna.

8 Zavér

Uvedena definice pozadavkt na ucelovy mesh model tizemi je pouze prikladem, v praxi
je takovych pozadavkt mnoho, stejné tak konkrétnich postupti feseni geometrie mo-
delu a organizace dat. Také pouzity software se lisi podle toho, jaké pozadavky na
mesh model tGzemi jsou kladeny. Na jedné lokalité se v ramci matematického mode-
lovani pouziva vice mesh modelu téhoz tzemi, které se lisi svym rozsahem uzemi,
prostorovym rozliS§enim a také mnozstvim zpracovavanych atributt. Aby bylo mozné
podle definovanych pozadavkia vytvaret tyto mesh modely tizemi s riznymi parametry,
je nutné mit kvalitné zpracovany originalni model — geoinformac¢ni systém tzemi, ktery
slouzi jako vychozi model pro tvorbu mesh modeli daného tizemi. Bylo zjisténo, ze se
jevi jako velmi vhodné udrzovat geoinformacni systém tizemi v souborovych systémech
nékolika ruznych softwarovych nastroji, coz umozni rychlé vytvoreni pozadovanych
odvozenych modeli. Je zaroven nezbytné mit vyresen vzajemny prenos souboru mezi
softwarovymi systémy a zarovenn udrzovat data origindlniho modelu aktualni. Vyuziti
mesh modelu tzemi je v fadé aplikaci modelovanych naptiklad metodou konecénych
prvki. Jako priklady aplikacnich oblasti lze uvést proudéni podzemnich vod, doprava,
§iteni chorob, postup migraci. Vzajemné provazanost origindlniho modelu a odvoze-
ného mesh modelu tzemi umozni vysledky implementovat do pivodniho GIS.
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1 Uvod

P#i posuzovani vhodnosti pouziti Zeleznych nanocastic (nanoFe’) pro sanaci konta-
minovaného horninového prostredi, je treba znat dva zakladni parametry ovliviujici
efektivitu této metody: i) reaktivitu nanoFe® s cilovym kontaminantem v daném pro-
stfedi a ii) migrac¢ni schopnosti Zeleznych nanoé¢astic horninou.

Mobilita nanocastic horninou ovliviiuje zptisob jejich aplikace a spravné dimenzo-
véani sana¢niho systému (metodu injektaze, mnozstvi injektaznich vrti a jejich vzdale-
nost). Bez ohledu na typ horninového prostfedi ma zasadni vliv na migraci ¢astic jejich
velikost (velikostni distribuce). Podle velikosti migrujici ¢astice se uplatiiuji rizné me-
chanismy, které mohou mit za nasledek jeji vypadnuti z konvekéniho proudéni a tedy
zmenseni migra¢niho horizontu. Pro vodné prostredi je optimalni velikost Zeleznych
¢astic z pohledu migrace na trovni 100 nm [1].

S velikosti migrujicich ¢astic tzce souvisi i jejich tendence ke shlukovéani a vytvareni
vétsich agregatt. Tento proces rozhodujici mérou zavisi na velikosti povrchového naboje
¢astic v daném prostiedi.

Pro méteni téchto dvou parametri zeleznych nanocastic je na Technické univerzité
v Liberci pouzivan pfistroj Zetasizer Nano ZS firmy Malvern UK — model ZEN3601,
ktery umoznuje méteni velikostni distribuce castic rozptylenych v kapalinach meto-
dou dynamického rozptylu svétla DLS a méfeni jejich zetapotencidlu metodou fazové
analyzy rozptyleného svétla.

Tento vyzkum je realizovan za podpory statnich prostiedkit Ceské republiky v ramci projektu
VaV ,,Pokro¢ilé sanac¢ni technologie a procesy® ¢. 1M0554 — program MSMT ,Vyzkumné cen-
tra“,
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2 Méreni velikostni distribuce ¢astic metodou DLS

Metoda dynamického rozptylu svétla spocivd v méfeni Brownova pohybu castic, ze
kterého je nasledné usuzovano na jejich velikost. Méreni Brownova pohybu se provadi
osvétlenim Castic laserem a analyzovanim fluktuaci intenzity v rozptyleném svétle. Di-
lezitym rysem Brownova pohybu je to, ze malé ¢astice se pohybuji rychle a velké ¢astice

se pohybuji pomaleji. Vztah mezi velikosti ¢astice a jeji rychlosti v disledku Brownova
pohybu je popsan Stokes-Einsteinovou rovnici

kT kT
DH = — = 5
f 3mnD
kde Dy znaci hydrodynamicky prumér, kg je Boltzmannova konstanta, 7" absolutni
teplota, f soudinitel tieni ¢astice, n viskozita rozpoustédla a D difuzni koeficient, viz [2].

Obrazek 2.1 a) méfici polystyrénova cela (méfeni velikostni distribuce); b) méFici cela pro
méfeni Zeta potencidlu; c) Zetasizer Nano s autotitratorem.

3 Povrchovy naboj ¢astic a jeho méreni

Vznik sitového naboje na povrchu éastic ovliviiuje distribuci iontt v okolni meziplogné
oblasti, coz ma za néasledek zvySenou koncentraci opa¢nych iontd tésné u povrchu.
Kolem kazdé castice tedy existuje elektricka dvojurstva. Vrstva kapaliny obklopujici
Castici existuje jako dvé ¢asti; vnitini oblast, nazyvana Sternova vrstva, kde jsou ionty
silné vazané, a vnéjsi, difuzni oblast, kde jsou ionty méné pevné pripojené. Uvnitt¥
diftzni vrstvy existuje teoretickd hranice, uvnitt které ionty a Castice tvori stabilni
jednotku. Kdyz se ¢astice pohybuje (napt. kvili gravitaci), ionty uvnitt hranice se
pohybuji s ni, ale ionty za hranici s ¢astici neputuji. Tato hranice se nazyva povrch
hydrodynamického smyku, nebo rovina skluzu. Potencial, ktery existuje na této hranici,
je znamy jako potencidl zeta.

Metoda métreni povrchového naboje ¢astic metodou fazové analyzy rozptyleného
svétla méri, jak rychle se ¢astice pohybuje v kapaliné, kdyz je aplikovano elektrické pole
tj. rychlost pohybu. Z naméfené rychlosti ¢astice a zndme velikosti intenzity aplikova-
ného elektrického pole, viskozity a dielektrické konstanty prostiedi je pomoci Henryovy
rovnice 9

Up — 3%4 F(Ka),
kde Ug znaci elektroforetickou pohyblivost, £ je dielektrickd konstanta,  zeta po-
tencial, n viskozita a F(Ka) je Henryova funkce, vypoétena velikost zeta potencidlu,
podrobnéji viz [2].
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Obrazek 3.1 Potencial zeta a elektricka dvojvrstva [2].

4 Vysledky méreni

Pro méreni byly ptipraveny vodné suspenze s nékolika typy rtzné povrchové modifiko-
vanych nanoFe® a také komeréné dostupné produkty. Testovano bylo nékolik druht sur-
faktantt, véetné kopolymeri a oleju. Komeréni produkty byly zastoupeny dvéma typy
produktii: nanozelezem RNIP-10E od japonského vyrobce TODA KOGYO corporation
a produktem NANOFER 25S od ¢eského vyrobce NANO TRON; s. r. 0. Oba komeréni
produkty jsou stabilizovany. V pripadé nanozeleza RNIP-10E je pouzita polymaleinova
kyselina, u NANOFER 25S vyrobce pouze uvadi pouziti organického stabilizatoru.

Méfené vzorky nanozeleza byly pripraveny fedénim zasobnich suspenzi v deioni-
zované vodé na troven koncentraci desitek mg/L. Nésledné byly vzorky dispergovany
pomoci ultrazvuku. Povrchové modifikované nanoFe® byly pfipraveny nadavkovanim
,Cistého* nanozeleza (NANOFER 25), které je uchovavano v praskové podobé v inertni
atmosféfe, do vodného roztoku se stabilizatorem a néslednou dispergaci. Vysledné zmé-
fené velikostni distribuce jednotlivych typt nanoFe® a zméfené hodnoty zeta potencialu
jsou prezentovany na obr. 4.1.

5 Zavér

Pii interpretaci vysledkii ziskanych pomoci méreni dynamického rozptylu svétla je
nutno brat v ivahu moznosti pouzitého pristroje Zetasizeru Nano. Tento ptistroj je
priméarné urcen k méreni Latexovych Castic, pomoci kterych je také kalibrovan. La-
texové Castice se vyznacuji velmi dobrou monodisperzitou, sférickym tvarem a malou
tendenci k sedimentaci. Oproti tomu suspenze s dispergovanym nanoFe® je velmi poly-
disperzni, coz je dano vysokou reaktivitou zeleznych nanocéstic a jejich tendenci agre-
govat a vytvaret vétsi konglomeraty. S tendenci k agregaci déle souvisi i tvar vyslednych
konglomerati, kdy je casto pozorovano fetézeni ¢astic, coz opét stézuje interpretaci vy-
sledku ziskanych pomoci DLS. Pfesto vSechno poskytuje méfeni na Zetasizeru Nano
velmi jednoduchou metodu zjisténi zakladni informaci o rozlozeni velikostni distribuce
zeleznych nanocastic, popt. 1ze z jejiho vyvoje usuzovat na tendence c¢astic k agregaci.
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TODA RNIP-10E - zeta potencial -43.5 mV.
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NANOFER 258 - zeta potencial 15.9 mV.
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NANOFER 25 (AXILAT™ 2435) - zeta potencial -29.8 mV.
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NANOFER 25 (AXILAT™ 32SV) - zeta potencial -38.1 mV.
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Obrazek 4.1 Zméiené velikostni distribuce riiznych typt nanoFe® a jejich stabilia v ¢ase.

V ramci méreni velikostni distribuce nulmocného zeleza bylo prokazano, ze velikost
komeréné dostupnych nanozelez je na Grovni stovek nanometri. AvSak i pres stabilizaci
jejich povrchii, maji stale zna¢nou tendenci k agregaci. Z latek, které byly béhem této
studie do dnesni doby testovany, se zatim jako nejperspektivnéjsi jevi axilaty. Nejlepsich
vysledki bylo dosazeno v ptripadé pouziti dvou typu axilatt: 2435 a 32SV.
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Abstrakt V ramci projektu Poohfi jsou pro ucely zatapéni povrchovych hnédouhel-
nych dolti modelovany a predikovany pohyby nadzemnich i podzemnich vod a jejich
predpokladané chemické slozeni. Zajmové tizemi je severozapadni ¢ast Poohii — od
feky Ohfe smérem na severozdpad — az po hrebeny Krusnych hor. Pro potfeby mode-
lovani proudéni vod v izemich s tézbou hnédého uhli je potfeba pripravit modelové sité
pokryvajici danou zajmovou oblast. S ohledem k rozloze tizemi, bylo nutné zautomati-
zovat vystavbu geometrie modelovych siti. V rameci pfipravné faze projektu Poohii byla
provedena reserse dostupnych softwarovych produktu, které byly potencialné schopné
automatizované vytvafet plnohodnotné prostorové sité (vétsina GIS produkti generuje
tzv. 2.5D modely). Z dostupnych zdroji byly vybrany t¥i komeréni produkty a jeden
software $ifeny na zakladé GNU licence. Vzhledem k vysledkim testovani jsme pfi-
krocili k budovani vlastni aplikace s durazem na rychlou tvorbu siti v pozadovaném
formatu, rizného rozsahu a hustot z identickych vstupnich dat. Soucasti pripravy pro-
jektu Poohii je i priprava vstupnich dat. Z dostupnych zdroji byla ziskana vyskova
data (digitdlni model terénu) ve formatu ESR GRID. Tato data byla pfepracovana pro
vyuziti v projektu Poohfi.
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1 ResSerse softwarovych produktt umoznujicich plné 3D interpolaci

Standardni nastroje GIS umoziuji pouze tzv. 2.5D interpolaci (dvou a pul rozmérnou).
Tento typ interpolace je dany tim, ze vysledny interpolovany povrch je popsan pomoci
2D matice (rastru), nebo pfipadné pomoci TIN (triangulated irregular network). Tyto
datové typy neumoznuji ulozeni jednomu bodu o souradnicich X, Y dvé hodnoty in-
terpolovaného jevu (napi. vysky Z). Vybrané softwarové produkty jsou, dle popisu
v manualovych strankach, schopné interpolovat data plné ve 3D — schopnost mode-
lovat previsy, kupovité geologické vrstvy — oblasti, kde jsou jedné hodnoté souradnic
X, Y pritazeny dvé (a vice) hodnoty Z. Na zdkladé informaci dostupnych na internetu
byly vybrany nésledujici produkty:

— EVS-PRO - firma C-TECH,

— ROCKWORKS 2006 — firma RockWare,
VOXLER - firma Golden Software,
GRASS 6.3 — sifen v ramci GNU licence.

2 Implementace vlastniho software pro tvorbu geometrie modelovych siti

7 vysledki testovani dostupnych komerénich i nekomerénich softwarovych produktt
pro tvorbu plné prostorovych dat a z pfedchoziho vyzkumu ([1, 2, 3, 4] a [5]) vyplyva,
ze zéddny z téchto programi neumoznuje automatickou tvorbu triangulované sité, po-
tfebné pro vystavbu geometrie modelovych siti dle nasich pozadavkii. Je tedy nutné
navrhnout a implementovat program, ktery je schopny ze vstupnich bodt reprezentu-
jici geologické zlomy, rozhrani hornin, vrty aj. generovat sit, ktera je svymi vlastnostmi
vhodnd pro dalsi zpracovani v programu GMSH. Aplikace vychazi z faktu, ze kazda
geologicka vrstva je definovana siti pravidelnych trojbokych hranola (viz obr. 2.1), je-
jichz geometrie je popsédna v souboru typu geo, coz je forméat vstupnich dat do softwaru
GMSH. Hierarchie formatu geo popisujici trojboké hranoly je nasledujici:

kazdy trojboky hranol je definovan body,
body definuji linii,
linie definuji plochy:
2 trojahelniky (podstava),
3 obdélniky (plast),
— plochy definuji objemy (hranoly).

Pro implementaci algoritmu jsme volili prostiedky tak, aby vysledna aplikace byla
nezavisla na typu platformy. Byly vyuzity moznosti databaze xml a programovaciho
jazyka XSL.

Na vstupu vystavby sité je nékolik typi dat (body, linie), které reprezentuji charak-
teristiky zpracovavané oblasti (geologické zlomy, rozhrani hornin, vrty, ...) — ukazka viz
obr. 2.2(a). Tyto charakteristiky se nasledné pfevedou na body a celd oblast se doplni
body generovanymi v pravidelnych intervalech. Na téchto bodech provedeme triangu-
laci a ziskdme body, linie a plochy trojuhelnika (viz obr. 2.2(b)). Do takto ziskanych
dat je nutné ulozit informaci o topologii (vztahy mezi body, liniemi a trojahelniky),
ktera je vyuzita v aplikaci pro budovani trojbokych hranolii.

Do aplikace vstupuji nasledujici informace:

— body svrchni a spodni ¢asti vrstvy — obsahuji soutadnici X, Y, Z,
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Obrazek 2.1 Geometrickd definice trojbokého hranolu ve forméatu geo.
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Obrazek 2.2 (a) testovaci oblast — vstupni data; (b) trojihelnikova sit generovana ze vstup-
nich dat.

— body definujici linie — obsahuji odkaz na identifikdtor bodu definujici soutadnice
a identifikdtor linie, kterou definuji,

— linie definujici trojuhelniky — obsahuji odkaz na identifikator linie a identifikdtor
trojuhelniku, ktery definuji.

Data (ve stanoveném forméatu) se ziskaji pfedzpracovanim triangulovanych dat v pro-
stfedi GIS. Do aplikace se nacitaji soubory csv (textové soubory oddélené stiednikem),
které jsou exportované z atributovych tabulek predzpracovanych dat. Algoritmus pro
generovani modelovych siti za pomoci trojbokych hranolt je néasledujici:

— Data ze soubori csv jsou nactena do databaze xml. Tato databaze umoznuje rychlé
a optimalizované vyhledavani.

— Algoritmus predpokldda, ze uzly (vrcholy) trojthelnikt ve svrchni a spodni vrstvé
mayji identickou soufadnici X a Y.
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— Vypis bodu definujicich vsechny linie v budované siti.

— Vypis vSech linii definujici plochy v budované siti.

Vypis obdélnikt, definujici plasté trojbokych hranoli.

Vypis trojuhelnik, definujici podstavy trojbokych hranolu.

— Definice trojbokych hranol, definovanych plastém a podstavou.

Vysledek je zapsan do souboru geo, ktery popisuje geometrii modelové sité a ktery je
nativni format programu GMSH. Algoritmus je nyni testovan na modelovych datech
z jinych oblasti, nez je oblast Poohii. Pro testovani byla pouzita data o rtizné struktute:

— Data s rovhomérnym (pravidelnym) rozlozenim vstupnich bodd.
— Data s nepravidelnou strukturou — zahrnuté geologické hrany, vodni toky, ...
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Obrazek 2.3 Detail (a) trojbokych hranold; (b) sité generované z nepravidelnych vstupnich
bodu.
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3 Priprava vstupnich vyskovych dat

Pro zpracovani vyskové slozky vstupnich dat je zapotfebi obstarat digitalni model
terénu odpovidajici kvality. Za timto ucelem byla provedena reSerse dostupnych dat
s dirazem na co nejnizsi cenu. Byla zvolena data dostupnéd zdarma na internetu, na
adrese http://www.arcdata.cz. Jedna se o data, kterd vznikla pfi misi raketoplanu
Endeavour, pfi které byl pofizen model reliéfu celého svéta.

Dle http://www.arcdata.cz maximalni presnost digitalniho modelu terénu dosa-
huje 15 metrt v poloze a 12 metrt ve vysce. Data jsou k dispozici v rastrové podobé
s prostorovym rozliSenim 1 thlové vtefina (cca 30 metrii na rovniku) pro tzemi USA
a 3 thlové vtefiny (cca 90 metrt na rovniku) pro ostatni svét, coz pro zemépisnou $ifrku
stfedni Evropy predstavuje ptiblizné 90 x 60 metri.

S ohledem na rozlohu oblasti a zpusob zpracovani je dostupné prostorové rozli-
Seni a presnost dat plné dostacujici. Data jsou distribuovana v soutadnicovém systému
WGS84 — veskera data zpracovavana v projektu Poohii budou v soutfadnicovém sys-
tému JTSK, coz je Cesky narodni soutadnicovy systém, ve kterém jsou pozadovany
i vystupy z vystavby modelovych siti. Vyskovy rastr bylo tedy nutné transformovat
ze soufadnicového systému WGS84 do souradnicového systému JTSK. Transformace
rastrovych dat byla provedena v programu ARCGIS 9.2 pomoci funkce Project. Pfi
transformaci rastrovych dat dochéazi ke ztraté informace obsazené ve zdrojovych da-
tech. Vysledné data mohou byt zasuménd, potrhana a mohou v nich vzniknout nespo-
jitosti. Abychom odstranily tyto artefakty transformace, pouzijeme vyhlazovaci filtr.
Tento filtr ve transformovanych datech zahladi veskeré nespojitosti. P¥i vyhlazovani
opét dojde k uréité ztraté informace, vzhledem k ptresnosti primérnich vstupnich dat
je vsak tato degradace zanedbatelnd. Na obr. 3.1(a) a obr. 3.1(b) jsou vstupni data
v soufadnicovém systému WGS84 a JTSK.

4 Zavéry plynouci z pripravné faze projektu Poohii

V ramci pripravné faze byla provedena reserse dostupnych softwarovych produktu a tes-
tovana jejich aplikovatelnost na problém automatizované vystavby geometrickych siti.
Zaveéry z testovani jsou shrnuty v kapitole. Jediny produkt vybrany k dalsimu testovani
je GIS GRASS v.6.3.

Jelikoz je pro dalsi zpracovani modelovych siti potfeba ziskat data ve formatu a to-
pologii typu geo (nativni format programu GMSH), bylo pfistoupeno k vyvoji vlastni
aplikace pro prevod dat do formatu geo. Aplikace pracuje s databdzi xml a vyuziva pro-
gramovaciho jazyka XSL. Data konvertuje do formatu geo na zadkladé topologickych
vazeb pfipravenych v GIS. Aplikace bude dale testovana na modelovych datech z ji-
nych oblasti. Pro potreby vystavby modelovych siti bylo nutné ziskat i vyskova data
s odpovidajici presnosti. Z dat dostupnych na internetu byla vybrana vyskova data
dostupna z http://www.arcdata.cz. Jedna se o data s maximalni presnosti 15 metri
v poloze a 12 metrt ve vysce. Prostorové rozliseni dat je 90 x 60 metri. Presnost dat
i jejich rozliseni je pro pouziti v projektu Poohii dostacujici.
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Obrazek 3.1 Vyskovy rastr v soufadnicovém systému (a) WGS84; (b) JTSK.
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Algoritmus pro redukci puklinové sité v tloze 2D proudéni

Petr Ralek

Abstrakt Obsahem prispévku je popis vlastnosti algoritmu pro redukci dvouroz-
mérné puklinové sité. Problém vznikl jako soucast feseni tlohy numerického modelovani
v puklinové siti s mechanickym zatizenim v rdmci projektu Decovalex-2011, Task C [3].

Modelovanou oblasti je ¢tverec o délce strany 20 m, na kterém je stochasticky
generovand puklinova sit (s parametry podle redlnych méteni). Data jsou zpracovana
kombinaci softwaru GIS (postup popsan ve [4]) a vlastniho ¢++ kédu. Vysledkem je ge-
ometrie a diskretizace puklinové sité. Uloha proudéni je fesena programem FLow123D
(vyvinut na TUL). Preprocessing i postprocessing vyuzivaji téz programu GMSH.

Vzhledem k velké hustoté puklinové sité vznikl pozadavek na jeji redukci pti pribliz-
ném zachovani hydraulickych vlastnosti tak, abychom na ridsi siti mohli fesit sdruzenou
ulohu proudéni — mechanika. To bylo motivaci k vytvoreni a implementaci redukéniho
algoritmu.

1 Uvod

Modelova tiloha proudéni v puklinovém prostiedi s vlivem napéti v masivu vznikla jako
sou¢ast projektu Decovalex-2011, Task C [3]. Jedna se o dvourozmérnou ¢tvercovou
oblast s délkou strany 20 m. Puklinova sit je generovana stochasticky, vysledkem je
soubor koncovych bodt puklin, jejich pruseciku a velikosti rozevieni [1]. Postup ziskani
téchto dat je popsan ve zpravé [4]. Data jsou posléze pfevedena na msh soubor (forméat
programu GMSH), ktery pak slouzi spoleéné s materidlovymi parametry puklin jako
vstup pro solver FLOwW123D, ktery pocita vlastni ilohu proudéni, ve které néas zajimaji
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toky pfes hranice oblasti. Okrajové podminky dvou typu tloh jsou zndzornény na
obr. 1.1 vlevo a vpravo (pro podrobné zadani tlohy viz [3]). Soucasti ulohy je zapocteni
vlivu napéti v horninovém masivu na rozevieni puklin (okrajové podminky pro napéti
jsou znézornény na obr. 1.1 uprostfed). Mechanicky model puklin (vzorce pro tuhost
puklin, pevnostni kritéria) byl pfevzat z [2]. Vliv mechaniky je poc¢itan diskrétné zvlast
pro kazdou puklinu a vysledkem jsou modifikované materidlové parametry pukliny,
slouzici jako vstup pro feseni ulohy proudéni.
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Obrazek 1.1 Okrajové podminky pro proudéni (vstupni tlaky) a pro mechaniku (napéti
v masivu).

Pavodni idea byla pocitat sdruzenou tlohu proudéni — mechanika a kvuli prilis
velké hustoté puklinové sité vznikl pozadavek na jeji redukci pii pfiblizném zachovani
hydraulickych vlastnosti tak, abychom na ridsi siti jiz mohli sdruzenou tlohu fesit. Vliv
mechaniky byl nakonec poc¢itan diskrétné zvlast pro kazdou puklinu, nikoli jako sdru-
zena uloha, nicméné vznikly reduktor sité poskytuje zajimavé poznatky o vlastnostech
puklinové sité.

Obrazek 1.2 Zobrazeni (v programu GMSH) pavodni puklinové sité a vypocteného proudéni.

2 Redukce puklinové sité

Pro redukci puklinové sité (tzn. snizeni po¢tu puklin a jejich prisecikt — uzld) lze
pouzit nékolik postupii, od vynechani nékterych puklin pres vymazani slepych tseku
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po rizné stupné slucovani blizkych prisec¢ikid puklin. Dané procedury jsou popsany
dale a lze je rtizné kombinovat. Vysledna podoba sité si vyzadala nékteré dalsi upravy
tak, aby vyhovovala vstupnim pozadavkiim pro FLow123D.

Mazani malych puklin

U dostatecné malych puklin 1ze predpokladat, ze jejich vliv na celkové proudéni bude
zanedbatelny ¢i maly (rozevfeni puklin je imérné jejich délce). V procesu mazani jsou
pukliny kratsi nez zvolend délka (volitelny parametr) odstranény. Pukliny, které maji
jeden z konct na hranici oblasti, jsou z procesu mazani vylouceny (kvili zachovani
vSech vstupnich a vystupnich tokii). Podoba zbylé puklinové sité se neméni. Ukazka
redukované sité je na obr. 2.1.

Na obr. 2.2 jsou znézornény celkové toky ¢astmi hranice oblasti (¢islovani stran
oblasti dle obr. 1.2) pro ruzné velky parametr vymazani malych puklin. Pro mazani
malych puklin az do velikosti 1 m se celkové toky castmi hranice ménily jen velmi
malo. Po vymazani nékterych puklin zbyvaji reliktni uzly po jejich prusecicich s jinymi
puklinami (obr. 2.1 uprostfed). Ty jsou nyni vymazany (vznikne jedna delsi usecka).

Obrazek 2.1 Puvodni sit, sit po vymazani nékterych puklin, sit po nésledném odslepeni
a vymazani prebytecnych vnitinich uzlu.

Odstranéni slepych useku puklin

Césti puklin mezi poslednim priise¢ikem s jinou puklinou a koncem pukliny nemaji vliv
na ustalené proudéni v puklinové siti. Odstranénim slepych tsekt puklin (odslepenim)
1ze snadno dosdhnout snizeni po¢tu uzli cca o polovinu (dle pozorovani). Zbyla pukli-
nové sif se nijak neméni. Slepé useky (cesty, které kon¢i v jednom slepém koncovém
uzlu néjaké pukliny), jsou pro proudéni nepodstatné, ale vyrazné zjednodusi celou sit
pred dalsimi procedurami.

Kazdy uzel ma svou hodnost (pocet puklin, které se v ném protinaji). Pfi mazani
puklin mohou uzly své hodnosti snizovat. Pokud méa uzel hodnost 1, znamena to, zZe je
slepy. Usecky se slepym uzlem jsou odstranény (viz obr. 2.1 vpravo).

Sluc¢ovani uzla

Cilem slucovani blizkych uzla je snizit celkovy pocet priseciku puklin. Vzdélenost dvou
uzli, které lze sloucit, je volitelnym parametrem. Slucuji se vzdy dva pruseciky lezici
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Obrazek 2.2 (a) toky ¢astmi hranice oblasti v zavislosti na stupni mazani puklin. (b) velikost
tlohy pro rtzné stupné mazani puklin.

na jedné pukliné. Zistane zachovana sousednost v puklinové siti a disjunktni vétve
zustanou disjunktni.

Jedné se o nejslozitéjsi ¢ast redukce. Vysledna podoba redukované sité zavisi na po-
fadi, ve kterém uzly slucujeme, a vyzaduje jesté dalsi ipravy. Podrobnéjsi popis jed-
notlivych krokt redukce je obsahem dalsiho textu.

Vyznamné pukliny (s délkou vétsi nez volitelny parametr) prochézeji timto proce-
sem beze zmény. Jejich uzly se nesméji hybat. Také uzly, lezici na hranici, lze volitelné
zachovat pri slucovani beze zmény.

Prochazi se puklina za puklinou a jejich tisecky — tsek pukliny mezi dvéma uzly.
Pokud jsou si uzly blize nez volitelny parametr (rozdil), a smi se s nimi hybat, pak jsou
slouceny do jednoho uzlu se zprimérovanymi souradnicemi. v pfipadé, Ze se smi hybat
jen s jednim uzlem, je ten posunut do uzlu druhého (viz obr. 2.3). Kazdy prusecik se
prochézi v ramci jedné pukliny jen jednou. Proto kone¢na podoba sité zavisi na poradi,
ve kterém prochazime pukliny. v nynéjsi podobé se tak déje podle ¢islovani elementt
(= tsecka mezi dvéma pruseéiky) v ptvodni diskretizaci.

Cim vétsi je parametr rozdil, tim je vétsi deformace ptvodni sité, toky vSak jsou
velmi podobné. Vznikd maly pocet mnohondsobnych pruseciki. Pti nizsi hodnoté pa-
rametru rozdil dochézi k rovnomérnéjsimu rozprostieni usecek v plose (viz obr. 3.1).
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Obrazek 2.3 Ukéazka sluc¢ovani uzlt.

Slucovanim uzlu lze zaroven také redukovat pripady, kdy se napt. t¥i pukliny protinaji
blizko sebe a vznikaji velmi krétké elementy (napf. situace na obr. 2.3 vlevo dole).

Slucovani uzld ma pro vhodné zvolené vyznamné pukliny a parametr rozdil maly
vliv na celkovou bilanci tokt pfes jednotlivé ¢asti hranice, lze vSak dosdhnout dalsiho
snizeni velikosti tlohy (napf. v siti s vynechanymi puklinami krat$imi nez 1 m lze pro
parametr sluovani 0.4 metru na cca polovinu, viz obr. 2.4).

14000
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4000
2000
o
2 3 4

Obrazek 2.4 Velikost ulohy pro rtzné stupné sluc¢ovani uzlt (0.2-0.4 m), vymaziny byly
pukliny mensi nez 1 m.

Hrani¢ni uzly prirozené nejsou brany jako slepé, pokud cesta, kterd v nich zacini,
vede dovnitt oblasti. Pfi slucovani uzlt vsak dochazi k pripadim, Ze vznikne tisek sou-
bézny z hranici. Vzhledem k zadavani okrajovych podminek pro program Frow123D
museji byt tyto Gseky vymazany (viz obr. 2.5).

Sluc¢ovani soubéznych puklin

Pti procesu slucovani uzli muze dojit k situaci, ze napf. posunutim jednoho uzlu do
jiného vznikne ,dvojita* tsecka. Takovéto slouceni muze byt i vicendsobné. Stejné tak
muze dojit k prekryvu tsecek. Takovéto tseky museji byt slouceny v jednu tsecku
s prislusnymi materidlovymi parametry (viz obr. 2.6). Tloustky se se¢tou, vodivost se
prepocte z vodivosti slu¢ovanych usecek tak, aby byl zachovan tok puklinou.
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%

Obrazek 2.5 Vymazani tsecek lezicich na hranici (a odslepeni).

S

7

Obrazek 2.6 Vznik soubéZnych puklin a jejich slouceni (graficky zndzornéno séitani tloustek
puklin).

3 Nékteré vysledky

Na obr. 3.1 jsou zobrazeny odlisné vysledky redukce pro rtizné robustni slu¢ovani bliz-
kych uzla. Na obr. 3.2 je zndzornéna postupnda redukce sité od po odstranéni slepych
aseku, pres vymazani malych puklin po slouceni blizkych uzlu.

Obrazek 3.1 Rozdil ve vysledcich slucovéni uzli — pro parametr rozdil 0.1 a 1 m (vyznamné
pukliny jsou delsi nez 2 m).

4 Zavér

Testovaci ulohy ukéazaly, Ze lze vyraznym zptsobem snizit velikost puklinové sité, aniz
to (pro vhodné zvolené parametry redukce) vyrazné ovlivni vysledné proudéni. Zvolit
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Obrazek 3.2 Shora, zleva: ptuvodni sit, odslepena sit, odslepend sit s vymazanymi puklinami
mensimi nez 1 m, tataz sit p¥i sluc¢ovani uzli s parametrem 0.5 m.

spravné vyvazené parametry redukce neni snadné a je tfeba pokazdé testovat, nakolik
zména sité ovlivni vysledné toky hranicemi oblasti. v budoucnu se nabizi také tuloha
nalézt zpusob, jak ménit materidlové parametry sité (napf. permeabilitu) tak, aby
vysledné toky ¢astmi hranice na redukované siti byly shodné (ve vétsi mife nez nynf)
s toky na siti neredukované.
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Model agregace Zeleznych nanodcastic
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Abstrakt Nanocastice nulmocného zeleza (NZVI, z angl. nanoscale Zero-Valent Iron)
jsou pouzivany pro dekontaminaci podzemnich pud a vod. Problémem sanac¢nich za-
sahu s pouzitim NZVI je transport téchto ¢astic. Dochazi u nich k agregaci, ¢astice
se shlukuji a tim se jejich transport poréznim prostfedim omezuje. V tomto pfispévku
odvozujeme priciny agregace NZVI a na zakladé téchto pri¢in sestavujeme matema-
ticky model miry agregace NZVI za danych podminek. Miru agregace pak vyjadiuje
takzvany koeficient pfestupu, ktery spolu s hustotou c¢astic v roztoku urcuje pravdé-
podobnost agregace dvou ¢éastic. Tento koeficient prestupu byl odvozen pro zakladni
procesy, které nastavaji pti transportu ¢astic poréznim prostiedim, a to pro sedimen-
taci, Browniiv pohyb a rychlostni gradient kapaliny, kterd ¢astici unasi (publikovéno
v [1]). V préaci odvozujeme koeficient pfestupu pro dalsi faktor, ktery m4 nezanedba-
telny vliv na agregaci zeleznych nanocastic — elektrostatické sily mezi ¢asticemi.

1 Uvod

Zabyvame se nanocasticemi zeleza, coz jsou malé c¢astice kulového tvaru, které maji
prumeér piiblizné 50 nm a velky mérny povrch. Tyto ¢éastice se pouzivaji k sanaci pod-
zemnich pud a vod. Mohou na sebe sorbovat polutanty nebo zménit oxida¢ni stav
kontaminantu tak, ze je pak méné mobilni nebo reaktivni. Nanocastice vSak v Case
agreguji. Vznikaji stale vétsi castice a k rozpadu agregati nedochézi, coz mé za na-
sledek zhorsenou transportovatelnost ¢astic poréznim prostiedim. Céstice ulpivaji na
sténach pdri a znemoznuji priuchod dalsim casticim. Proto se snazime zjistit pficiny
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agregace Castic a dalsich procest zptsobujicich spatnou mobilitu ¢astic. Vytvarime ma-
tematicky model popisujici miru agregace a tento model poté pouzijeme v programu
pro vypocet transportu.

Pocet zadrzenych castic v pérech zavisi na mife agregace. Protoze se snazime si-
mulovat transport ¢astic, potfebujeme tuto miru agregace odhadnout. K tomu nam
slouzi koeficienty prestupu, které vyjadiuji pravdépodobnost kolize mezi dvéma agre-
gaty (resp. ¢asticemi) zpusobenou tfemi zakladnimi procesy, které nastdvaji béhem
transportu ¢astic ve vodé. Tyto procesy jsou Brownuv pohyb, sedimentace a unéseni
¢astic kapalinou. Koeficienty pfestupu byly publikovany v praci [1]. Jejich odvozeni
pak bylo provedeno v [5] a [7]. V této préci je ukdzano rozsiteni koeficient pfestupu
o vliv elektrostatickych sil mezi ¢asticemi.

Abychom odvozené koeficienty byli schopni pouzit pro simulaci transportu, musime
jednotlivé agregaty chapat jako latky rtizné velikosti s rtiznou rychlosti transportu. To
znamena, ze program pro vypocet transportu by musel pocitat reakce mezi miliony
latek, coz je nerealné. Proto jsme navrhli systém klastrovani, ktery je popsan napf. v [6],
a upravili jsme koeficienty prestupu pro jednotlivé klastry [4]. Diky tomuto systému
fesi¢ pocita reakce pouze mezi jednotlivymi klastry.

2 Agregace nanodastic
Nanocastice zeleza agreguji snadno. Pokud se dvé c¢astice dostanou k sobé na dosta-

tecné malou vzdalenost, zagreguji. Tato vzdalenost je rovna souctu poloméri obou
agregujicich ¢astic. Nanocastice jsou schopny vytvorit agregat az do velikosti 5 ym.

Obrazek 2.1 Ilustrativni fotografie agregati nanozeleza [2].

Rychlost agregace a pocet vytvorenych agregati jsou reprezentovany mirou agre-
gace, kterou jsme odvodili pomoci rovnovahy sil mezi ¢asticemi. Pohyb castic ve vodé
je zpusoben predevsim tepelnou fluktuaci, sedimentaci a unasenim v kapaliné. V pii-
padé nanocastic Zeleza se navic na jejich povrchu ustavi v elektrolytu povrchovy naboj,
ktery by mohl ovlivnit vyslednou miru agregace. Proto jsme vytvorili model agregace
pro vSechny ¢étyfi vyse zminéné procesy. Odvozeni jsme provedli na zdkladé koeficienti
piestupu 3 [m®s™'], které byly publikovany v praci [1].

V préaci pouzivime pojem ,castice i“, ktery znaci agregat vytvoreny z i elemen-
tarnich nanocastic. Pravdépodobnost vytvoreni agregatu z Castice ¢ a Castice j zavisi
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na Cetnostech n;, n; ¢astic ¢ a ¢astic j a na koeficientu pfestupu ;. Tento koeficient
je pak dan souétem koeficienti pfestupu pro sedimentaci ﬁf’fl, rychlostni gradient ﬁffl
a Browniiv pohyb £}

Pij = Bijning, (2.1)
Bij = B + Bt + Bis' (2.2)

Oznadeni jsou stejnd jako v préci [1], horni index el pak znadi zahrnuti elektrostatickych
sil zptisobenych elektrickou vrstvou na povrchu ¢astic do jiz publikovanych koeficientt
prestupu. Ve zbytku prace predpokladame stejnou polaritu povrchového naboje ¢astic,
coz je castéjsi pripad.

2.1 Sedimentace

Koeficient prestupu pro sedimentaci byl odvozen z rovnovahy sil, do které jsme pri-
dali Coulombitv zdkon (2.3). V této praci prezentujeme odvozeni pouze v 1D, protoze

F grav

Obrazek 2.2 Rovnovaha sil dvou ¢astic béhem sedimentace.

odvozeni ve 2D je mnohem komplikovanéjsi, ale rozdil ve vysledku je zanedbatelny.
Coulombiv zdkon urcuje silu
_ 1 Qi@
c 4 €0 R2
kde Q; je povrchovy naboj, €9 je permitivita vakua a R je souet poloméru ¢astic ¢ a j.
Rovnovaha sil ma tento tvar (viz obr. 2.2):

(2.3)

Fg'rav = FC + Ffric + Fbuo 5 (24)

kde Fgrav je gravitacni sila, Fi.o je vztlakova sila, Ffr,i. je odporova sila a F. je Cou-
lombova sila. Po vyjadfeni ¢asti rovnic (2.4) na zdkladé Coulombova zdkona, Stokesova
zédkona a Archimédova principu, muzeme rovnovahu sil zapsat nasledujicim zptsobem

QiQ;
4dmeg R2

opVig = + 6mnriv; + oVig. (2.5)
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Zde n je viskozita kapaliny, r; je polomér ¢astice i (r; = d;/2), v; je rychlost éastice
i, o je hustota kapaliny, o, je hustota agregujicich castic, V; je objem castice ¢ a g je
gravitacni zrychleni.

Koeficient prestupu je roven toku mensich ¢astic, které jsou ve sledované oblasti
kolem vétsi ¢astice. Bez tjmy na obecnosti mtizeme piredpokladat, ze ¢astice i je vétsi
Castice a Castice j je mensi. Sledovana oblast je koule s polomérem rovnym souctu
poloméri sledovanych ¢astic R = r;+7;. Z toho vyplyva, ze koeficient pfestupu je roven
plose fezu sledované oblasti S = mR? néasobené rozdilem rychlosti mezi sledovanymi
Casticemi Av = v; — v;:

Sl =S Av. (2.6)

7 (2.5)
11 Qi
3nnd; 4meo R26mnr;

vi =Vig(op — 0) (2.7)

Poté z (2.6) a (2.7)

1

wd3 d? oioj | 1
di d;

e s
sl = T9 (0, — 0) (di + dy)? |d? — 2] —

127]60

Kde o0; a 0; vyjadfuje povrchovy naboj ¢astice i a ¢astice j. ﬂf’fl je koeficient prestupu
se zahrnutim vlivu elektrostatickych sil mezi ¢asticemi pro sedimentaci. Pravdépodob-
nost agregace klesd kvadraticky s rostoucim povrchovym nabojem. Jestlize vyraz, ktery
redukuje koeficient prestupu, je vétsi nez puvodni koeficient prestupu bez vlivu elek-
trostatickych sil, pravdépodobnost kolize mezi ¢asticemi ¢ a j je rovna nule. Z toho
dtavodu

n3el 3el

2.2 Rychlostni gradient

Opét odvodime koeficient prestupu pro rychlostni gradient s vlivem elektrostatickych
sil z rovnovahy sil. Odvozeni je pfedvedeno opét pro pfipad 1D.

—
VwaterA

VwaterB

Obrazek 2.3 Rovnovaha sil dvou ¢astic pro proudici kapalinu.

Rovnovaha odporové sily FY.;c a Coulombovy sily Fe je v tomto ptipadé
Ffric+Fc:O7 (210)

kde
Ff’ric - 37r77dz (Ui - 'Ui,wate'r‘) 5 (211)

a F. je stejna jako (2.3).
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Pro odvozeni koeficientu prestupu pro rychlostni gradient je opét nezbytné vyjadrit
rozdil mezi rychlostmi ¢astic ¢ a j. Z (2.3), (2.10) a (2.11)

1 QiQj
—_— 2.12
1271‘27760617; R2 ’ ( )

Vi = Vi,water —

1 QiQ;
i — Vj,water — 5 213
Vi = Viwat 1272neod;  R? (2.13)
8v QZQ 1 1
A =2, i 4= 2.14
v a’l’b z 127T27760R2 dl dj ’ ( )

kde vi water @ Vjwater znaci rychlosti kapaliny v mistech unaseni castic ¢ a j, g—z znaci
derivaci rychlostniho pole kapaliny ve sméru normaly ke sméru stfedniho toku a z znaci
vzdalenost ¢astic ve sméru normély ke sméru stfedniho toku (viz obr. 2.3).

Koeficient prestupu ﬁffl je dan tokem mensich castic okolo vétsi ¢astice. To mu-
zeme vyjadiit jako integral rozdilu rychlosti ¢astic Av pres polovinu povrchu sledované
oblasti, coz je koule o poloméru R = r; + r; okolo vétsi ¢astice. Koeficient prestupu je
tedy roven integralu rozdilu rychlosti pfes plochu S sledované oblasti:

R
Bff‘l:/AvdSZQ (/ %Z2VR2—szZ
0
5

_/RM l+i WRZ — 22dz (2.15)
0 1271’27760R2 dz d]' ' ’
Koeficient pfestupu pro rychlostni gradient G = g—:’l se zahrnutim vlivu elektrostatic-

kych sil mat tento tvar

3 Wd?d?o'io'j

e 1
G = £ G(di +dy) . (2.16)

1 1
12neo d; + E
Pravdépodobnost agregace klesd kvadraticky se vzrustajicim povrchovym nabojem.
Jestlize vyraz, ktery redukuje koeficient pfestupu, je vétsi nez puvodni koeficient pre-
stupu bez vlivu elektrostatickych sil, pravdépodobnost kolize mezi ¢asticemi ¢ a j je
rovna nule. Proto opét

Bt = max{0, '} (2.17)

2.3 Brownuv pohyb

Brownova difuze je oscilace ¢astic zavisla na teploté. Odvozeni koeficientu prestupu
pro Brownovu difuzi provedeme na zékladé advekéné-difuzni rovnice

on . =

n + V. (vn)—V-(DVn) =0, (2.18)
kde D je difuzni koeficient, v je rychlost transportu a n je koncentrace transportovaného
materidlu. Na zékladé Einsteina je difuzni koeficient roven

kT

D 7

(2.19)
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kde kp je Boltzmanova konstanta, T" je teplota a f je koeficient tfeni [5]. Oznacime
hustotu advekéniho toku jgan @ hustotu difuzniho toku fdi IS

Jadw = Tn, (2.20)

Pro vypocet rychlosti c¢astice zptisobené Brownovym pohybem muzeme vyjadrit
hustotu difuzniho toku jako ekvivalentni hustotu advekéniho toku zpusobenou teore-
tickou Brownovou rychlosti vp nasledovné

jadqj = 17}371 = jdif = Dﬁn . (2.22)

Pro kulovou sledovanou oblast je

s | on 1
=——=D——. 2.23
vB n ar n ( )
Nyni vyjadfime rovnovahu sil z odporové sily F't,i. a z Coulombovy sily F.:
0= Fpric + Fe.. (2.24)

Odporovou silu mizeme vyjadrit jako treci koeficient vynasobeny relativni rychlosti,
tedy rozdilem mezi rychlosti ¢astice v; a stfedni rychlosti reprezentovanou teoretickou
Brownovou rychlosti vp ;:

1 QiQy .

0= (vi —vB,i 2.25
(v = 8. + o (2.25)
Odtud rychlost céstice i je
1 QiQ;
i = i — s 2.26
v VB, 4deg sz ( )
a hustota toku castic 7 je
ji = ving = Daa’;i - F?” . (2.27)
Poté tok castic i je
Ji :/jidS’7 (2.28)
s

kde S je fez sledovanou oblasti ve sméru norméaly k Brownové toku. Zména poctu M;
Castic ¢ ve sledované oblasti je dana tokem téchto ¢astic povrchem sledované oblasti
v Case (0,1):

t t ) t
M; = / Jidr = 47 R® (D Ons dr — 5/ ’I’LidT) . (2.29)
0 o Or I Jo
Na povrchu sledované oblasti
M; = 4w RDn; (t + QR‘/t_) T (2.30)
v Dm f

Za podminky t > %2, pravdépodobnost nevytvoreni agregatu je rovna

AT Rnin; (p-RrEe)t .

U= (2.31)
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Nésledné pravdépodobnost agregace je
W=1-U=1-¢"" ~wt, (2.32)

kde

w=47rR <D - R%) nin; (2.33)

znaci frekvenci kolize mezi ¢asticemi ¢ a j. Zde
f=3mn(di + dj) . (2.34)

Po vyjadieni difuzniho koeficientu (2.19), koeficientu tfeni (2.34) a Coulombovy sily
(2.3), vysledny koeficient pfestupu se zahrnutim vlivu elektrostatickych sil pro Browniv
pohyb muze byt vyjadien nasledujicim zptsobem

2ksT (dl +4 dj)2 Wd?d?()’io’j

lel
lel — 2.35
BU 377 didj 37750(d1‘ +4 dj) ’ ( )

3" = max(0, 8171 . (2.36)

» Pij
Pravdépodobnost kolize castice klesa kvadraticky s rostoucim povrchovym nabojem
castic.
Nyni je pravdépodobnost kolize mezi ¢asticemi ¢ a j urcena hustotou téchto c¢astic
a souctem koeficient pfestupu (z (2.1) a (2.2)).

Pi; = (?’fl + ijel + Bil;l) nin; . (2.37)

3 Zavér

Vyvinuli jsme teoreticky model agregace elektricky nabitych ¢astic nanozeleza béhem
jejich transportu poréznim prostiedim, coz nam umozni simulovat transport a agregaci
téchto Castic s pouzitim odvozenych parametri. Bude tedy mozné simulovat procesy,
které nastavaji béhem sanac¢niho zasahu nanocasticemi nulmocného zeleza.

Odvozené parametry urcuji miru agregace. Ukazuje se, ze miru agregace ovliviiuje
zasadnim zpusobem také vliv magnetickych sil mezi ¢asticemi zeleza. Tento vliv spolu
s vlivem koroze ¢astic v budoucnu taktéz zahrneme do modelu agregace ¢astic. Budeme
tedy schopni odhadnout distribuci velikosti ¢astic a také schopnost ¢astic transportovat
se poréznim prostredim.
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Zdroje hydrogeologickych dat pro matematické modely
proudéni podzemnich vod v puklinovém prostiedi
granitoida

Lenka Rukavickova

Abstrakt Puklinové prostfedi granitoidu je a v budoucnu bude stale vice vyuzivano
pro umisténi podzemnich zasobniki a tlozist nebezpecnych latek véetné radioaktivnich
odpadi. Matematicky model proudéni podzemnich vod vcetné predikce pripadného
transportu kontaminanti je soucasti bezpecnostni analyzy tlozist. Rychlost a prosto-
rové rozlozeni toku podzemnich vod jsou dadny zejména propustnosti (hydraulickou
vodivosti) hornin. V sou¢asné dobé jsou pro tizemi Ceské republiky k dispozici 2 za-
kladni zdroje dat. Jsou to detailni data z vyzkumnych lokalit melechovsky masiv na
Ceskomoravské vrchoviné a Pottcky-Podlesi v Krugnjch horach a dale regionalni data
z hydrogeologické databaze Geofondu. Hydraulickd vodivost se u graniti pohybuje
v §irokém rozpéti 8 fadt od 1072 po 107° m - s™!. Od spodnich &asti granitovych
téles se vyrazné oddéluje zéna pripovrchového rozvolnéni puklin s hydraulickou vo-
divosti v ¥adu 107® m - s~ a vyssi. Tato zéna sahd u vétsiny granitovych téles do
hloubky 100-120 m. Pokud srovname hodnoty hydraulické vodivosti z detailniho mé-
fitka vyzkumnych lokalit a regiondlniho hodnoceni vrti z databaze Geofondu, je patrny
rozdil dvou Ffadd mezi primérnymi hodnotami ve srovnatelnych hloubkovych trovnich.
Hodnoty ziskané detailnim testovanim jsou vyrazné nizsi. Zjistény rozdil je zptsoben
efektem méritka méfeni a tcelovym umisténim hydrogeologickych vrti.

1 Uvod

Horniny granitovych masivii jsou pro svou stabilitu a relativni homogenitu povazo-
vany za vhodné prostiedi pro situovani skladek a tlozist rtiznych typt odpadt véetné
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hlubinného tlozigté vysoce aktivnich odpadii (HU VAO). Podzemni voda je hlavnim
transportnim médiem kontaminace z prostoru tlozisté do biosféry. Jednou z nejdulezi-
téjsich bezpec¢nostnich funkci geosféry jako hostitelského prostiedi proto jsou priznivé
hydrogeologické podminky, zejména nizka hydraulickd vodivost (propustnost) hornin.
Matematicky model simulujici proudéni podzemnich vod a transport kontaminantt pti
ruznych vypoctovych scénarich je v soucasné dobé béznou soucasti projektové pripravy
a bezpecnostnich analyz tlozist, sklddek i zasobnikt energetickych surovin. Vypovidaci
schopnost a kvalita simulace zavisi na vstupnich geologickych datech. V ramci projektu
Spravy ulozist radioaktivnich odpadti ,,Vyzkum procesti pole vzdalenych interakci HU
vyhotrelého jaderného paliva a vysoce aktivnich odpadi® byla zhodnocena dostupna
data o hydraulickych vlastnostech puklinového prostiedi granita. Nasledné byly se-
staveny expertni odhady hydraulickych parametri v riznych hloubkovych intervalech
pro téely matematického modelovani HU VAO v granitech Ceského masivu [6]. Pfi
hodnoceni hydraulickych vlastnosti jsme vychéazeli ze t¥i zakladnich datovych zdrojt:

a. z terénniho méteni ve vrtech na vyzkumnych lokalitach,
b. z regionalnich dat z databaze CGS-Geofondu,
c. ze zahranicni literatury.

2 Terénni méfeni ve vrtech na vyzkumnych lokalitach

Detailni data o hydraulickych vlastnostech graniti a jejich rozlozeni v prostoru jsou
v soucasné dobé pro tizemi Ceské republiky k dispozici pouze ze dvou vyzkumnych
lokalit. Jedna se o melechovsky masiv na Ceskomoravské vrchoviné a Potticky-Podlesi
v Krusnych horach. Na téchto lokalitach byly zkoumany celkem tii typy granitid do
hloubky 200-350 m. Zakladem hydrogeologického vyzkumu ve vrtech jsou hydrodyna-
mické zkousky (HZ). Pii HZ sledujeme reakci na dynamicky impuls (sniZeni, zvySeni
hladiny) vyvolany ve vrtu. Hydraulické vlastnosti hornin se v puklinovém prostiedi
méni na malé vzdalenosti i o nékolik Fadi a primérnd hodnota hydraulické vodivosti
pro cely vrt je pouzitelna jen pro regionalni modely. HZ je proto nutné realizovat eta-
zové, na usecich vrtu izolovanych pomoci dvojice pakri. Kompletni testovaci soustava
pro etdzovou HZ (obr. 2.1) zahrnuje dvojici pakri umisténych na testovacim souty¢i,
tlakové snimace, cerpadla, automaticky pritokovy i objemovy odecet spotieb a da-
tovou jednotku. K prostorové identifikaci preferenc¢nich cest proudéni podzemni vody
slouzi interferencni zkousky mezi vrty. Pfi tomto typu HZ je zaznamenavana reakce
na impuls v testovaném vrtu ve vrtech sousednich. Je mozné sledovat tlakovou odezvu
pomoci multipakrového systému nebo piichod stopovaci latky naptiklad pomoci ka-
rotazniho méfeni (geofyzikalni méfeni ve vrtech). Multipakrovy systém je sada pakri
izolujicich od sebe hlavni propustné puklinové systémy a tlakovych snimacii osazenych
v jednotlivych izolovanych tsecich.

Vysledkem specializovaného hydrogeologického vyzkumu ve vrtech jsou naptiklad
hloubkové profily hydraulické vodivosti v granitovém masivu, fyzikalni vlastnosti nepo-
ruseného horninového prostredi i vodivych prvka (poruchové zény, oteviené pukliny)
a identifikace vodivych prvka v prostoru. K syntéze hydraulickych vlastnosti granita
jsme pouzili data z vrti testovanych v celém profilu se srovnatelnou délkou etaze
(cca 6 m). Jednalo se o t¥i typy granitd — melechovsky, lipnicky a podlesky. Pro tyto
granity jsou dostupné profily hydraulické vodivosti do hloubky 200-300 m. Statistické
zhodnoceni dat z vyzkumnych lokalit ukazalo znatelny pokles hydraulické vodivosti
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Obrazek 2.1 Schéma testovaci sestavy pro etdzovou HZ (A); schéma interferen¢ni HZ s mul-
tipakrovym systémem (B).

s hloubkou a vysokou heterogenitu prostfedi zejména v intervalu 50-150 m pod teré-
nem. Hydraulickd vodivost se u granitii obecné pohybuje v Sirokém rozpéti 8 fadu od
1072 po 107° m - s~ . Od spodnich &asti granitovjch téles se vyrazné oddéluje zéna
pripovrchového rozvolnéni puklin, v ramci které se hydraulickd vodivost méni s hloub-
kou jen minimalné. Tato zéna s hydraulickou vodivosti v fa4du 1078 m-s™! a vyssi saha
u vétsiny granitovych téles do hloubky 100-120 m, u granitu melechovského do hloubky
140-150 m. V hloubkéich do 200 m pfevladé hydraulicka vodivost v ¥adu 107° m-s™*,
hloubé&ji pak v fadu 1071 m - s!. Hydraulickd vodivost v§znamnygch puklin a poru-
chovych zén je obvykle o jeden az dva, vyjimecné o t¥i fady vyssi ve srovnani s okolnim
horninovym prostredim.

3 Regionalni data z databiaze CGS-Geofondu

Pro statistické zhodnoceni hydraulickych vlastnosti graniti v regionalnim méritku byl
proveden vybér archivnich hydrogeologickych vrtii z databiaze CGS-Geofondu. Vy-
brany byly hydrogeologické vrty vyhloubené v oblastech s vyskytem granitoidd, jejichz
hloubka je vyssi nez 30 metru. Celkem bylo vybrano 380 objektu s daty z hydrodyna-
mickych zkousek. Hloubkovy dosah archivnich vrtt je maly, 50 % z hodnocenych vrta
dosahovalo hloubky do 50 m a jen 5 % vrtt bylo hlubsich nez 100 m. Databaze zahrnuje
prevazné data z Cerpacich zkousek provadénych za ticelem ovéreni vydatnosti vodniho
zdroje. Vysledkem jsou casto pouze hodnoty ¢erpanych mnozstvi vody pii konkrétnich
snizenich hladiny podzemni vody v hydrogeologickém vrtu ¢i studni. Pro ziskani srov-
natelnych hydraulickych parametri pro regionédlni vyhodnoceni jsme pouzili vypocet
koeficientu hydraulické vodivosti na zékladé ptiblizného (srovnavaciho) logaritmického
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parametru — indexu propustnosti (hydraulické vodivosti) Z. Zpusob vypoétu z a na-
sledného pfiblizného stanoveni koeficientu hydraulické vodivosti byl v rtznych verzich
publikovén Jetelem [2, 3]. Vysledné primérné hodnoty koeficientu hydraulické vodi-
vosti k spadaji do ¥adu 107° m-s~! (log,,(k) v rozmezi —5 az —6), u hlubsich vrti
pak na hranici ¥adu 10~7 m-s~! (tab. 3.1). U jednotlivych vrti se setkdvame s hodno-
tami k pohybujicim se v rozsahu 7 ¥adi od 1072 do 10™* m-s~*. 80 % hodnot k spada
do ¥4du 107° 2 107" m-s~ .

Tabulka 3.1 Statistickd zhodnoceni koeficientu hydraulické vodivosti k& (m -s~1) na zakladé
regionalnich dat z hydrogeologické databaze Geofondu, hodnoty v log;, (k).

celasada <50m >50m
geometricky priamér —5.81 —5.61 —6.02
median —5.78 —5.61 —5.91
maximum —3.42 —3.42 —4.26
minimum —8.54 —7.85 —8.54
smérodatna odchylka 0.73 0.66 0.74
rozptyl 0.53 0.44 0.55
pocet vrtiu 380 191 189

Soucasti vyzkumu bylo také hodnoceni zavislosti hydraulické vodivosti na dalsich
parametrech granitti jako je zrnitost granitu, textura granitu, typ granitoidu, mor-
fologické pozice vrtu a regionalni pozice. Clenéni atribut@ (vlastnosti) granit@ bylo
prevzato z geodatabaze geologickych map v méritku 1:50000. Z vysledktt hodnoceni
vyplyva, ze hydraulickd vodivost roste se zvétsujici se velikosti zrn granitd, vice pro-
pustné jsou tedy i porfyrické typy graniti. Vyssi hydraulickou vodivost maji kiemenné
varianty granitoidi, které jsou vice nachylné ke kiehkému poruseni. Z regionalniho hle-
diska nebyly zaznamenany vyrazné rozdily v hydraulické vodivosti mezi jednotlivymi
plutony. Vyssi hydraulickou vodivost maji durbachity tfebi¢ského a jihlavského plutonu
a naopak nizsi hodnoty byly zaznamenany u Zeleznohorského plutonu (obr. 3.1). Vliv
morfologické pozice na hydraulické vlastnosti neni u hodnocenych graniti vyrazny.

4 Zahraniéni literatura

Jak uz jsme uvedli vyse, v soucasné dobé jsou pro Cesky masiv k dispozici data o hyd-
raulickych vlastnostech graniti pouze do hloubky 100 m u regionalniho pokryti a do
hloubek 200-300 m na vyzkumnych lokalitdch. Pokud chceme ziskat podklady napii-
klad pro simulaci proudéni podzemnich vod v okoli hlubinného tlozisté vysoce aktiv-
nich odpadii, v hloubkach stovek metri, je nutné se zamérit na studium zahranic¢ni
literatury. Rada dat o hydraulickych vlastnostech graniti je publikovana v odbornych
clancich a zejména v technickych zpravach organizaci zabyvajicich se problematikou
hlubinného ukladéni radioaktivnich odpadt (napf. SKB, AECL, Posiva aj.). Kvalita
a rozsah dat v jednotlivych zdrojich je velmi rtiznoroda. Prace zahrnuji detailni data
z jednoho konkrétniho vrtu, casto pouze v grafické formé, i statistické zhodnoceni dat
z nékolika desitek vrti. Jindy se jednd o data z podzemni laboratofe nebo informace
ziskané pfi hloubeni tunelu. Métitko méteni (délka testovanych ¢i hodnocenych inter-
valil) se pohybuje od desitek centimetru (testy na jednotlivych puklindch) po hloubkové
intervaly s krokem nékolika set metru. Lisi se také metodika hydrodynamického tes-
tovani. Publikované hodnoty hydraulickych parametri byly stanoveny nejcastéji na
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Obrazek 3.1 Histogramy hodnot koeficientu hydraulické vodivosti pro hlavni granitové plu-
tony v Ceském masivu.

zakladé vodnich tlakovych zkousek, méfeni s riznymi typy pritokomérti a cerpacich
zkousek. Data ze zahrani¢nich lokalit proto nelze jednotné statisticky zpracovat, pro-
toze se v prevazné vétsiné jedna o neporovnatelné hodnoty. Poskytuji ale cenny podklad
pro odborny odhad rozsahu hydraulickych parametru graniti pro horninovou doménu
i puklinové zény v riznych hloubkovych trovnich.

5 Srovnani jednotlivych pfistupu

Srovname-li vysledné primérné hodnoty hydraulické vodivosti z terénnich métfeni na
vyzkumnych lokalitach a z regiondlniho hodnoceni archivnich dat je zfejmé, Ze je mezi
nimi vice nez fadovy rozdil. Hodnoty z regiondlniho hodnoceni jsou vyrazné vétsi.
Naprtiklad pro hloubkovy interval do 50 m je prumérna hodnota hydraulické vodivosti
z etazovych zkousek 7.1 x 107% m-s~! a vysledkem vyhodnoceni dat z archivnich vrta
je hodnota 2.5 x 107% m-s™" (obr. 5.1, tab. 5.1). Rozdil hodnot se blizi dvéma fadam.

Tento fakt je z velké ¢asti zpusoben rozdilnym méfitkem méfeni, tedy velikosti
testovaného useku horninového prostiedi, ktery byl 30 m (primérna hodnota) u ar-
chivnich vrtd s hloubkou do 50 m a 6 m ve vrtech z vyzkumnych lokalit. Hydraulicka
vodivost roste se zvétsujicim se méfitkem méfeni, coz je jev znamy z literatury [1, 7].
Hydraulické testy regionalniho méritka realizované na otevienych vrtech s délkou tes-
tovaného tseku desitky az stovky metrt maji zpravidla delsi dobu trvéni (dny, desitky
dnti) a zahrnuji tak velky objem hornin. Je tedy vétsi pravdépodobnost, ze zastihnou
preferenéni cesty proudéni podzemnich vod, jako jsou propojené tektonické zény [5].
Rada autorti se vénovala grafickému znéazornéni zavislosti hodnot hydraulické vodivosti
na métitku vyzkumu a naslednému odvozeni empirickych vzorcii. Pro granity Ceského
masivu neni pro podobné hodnoceni dostatek dat. Pfi hodnoceni miry vlivu méritka
pii zpracovani nasich datovych soubort jsme vyuzili vzorce Rhéna et al. [4], ktery na
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Obrazek 5.1 Cetnost vyskytu hodnot koeficientu hydraulické vodivosti v jednotlivych fadech:
u vrtt s hloubkou do 50 m z databaze CGS-Geofondu (A); z etazovych HZ v intervalu 0-50 m
na vyzkumnych lokalitdch (B); ¢ervené jsou vyznaceny priimérné hodnoty.

zékladé hodnot zjisténych v krystalickjch hornindch v podzemni laboratofi Aspd ve
Svédsku sestavil linearni vztah mezi primérnou hydraulickou vodivosti a délkou testo-
vaného intervalu: log,(Kgu) = logio(Kgm) + 0.782(log o (Lu) —log,(Lm)). Kde K, je
geometricky primér hydraulické vodivosti [m-s™'], L je méFitko délky [m] a indexy m
a u jsou zmérené, respektive prepoctené hodnoty. Vztah je platny pro délkova méritka
v rozsahu 3-300 m (délky testovanych intervalti v Aspd). Dosadime-li do uvedeného
vztahu primeérnou hodnotu hydraulické vodivosti pro 6 m tuseky na vyzkumngych lo-
kalitach (7.1 x 107% m -s ') a pfepoéteme ji na méfitko 30 m tedy na primérnou
délku testovaného tseku v archivnich vrtech, ziskdme hodnotu hydraulické vodivosti
2.7x107" m-s~! (tab. 5.1). I po zahrnuti vliva mé&iitka méteni je rozdil jednoho adu
mezi primérnymi hodnotami hydraulické vodivosti granitt ziskanych z regionalniho
hodnoceni a hodnotami z detailniho terénniho méfeni. Tento rozdil je podle naseho
nazoru zpusoben:

— Ucelovym umisténim archivnich hydrogeologickych vrti,
— rozdilnou metodikou testovani a vyhodnoceni dat.

Hydrogeologické vrty evidované v archivu CGS-Geofondu jsou v naprosté vétsing vrty
hloubené za tcelem zasobovani obyvatelstva podzemni vodou. Jsou tedy primarné si-
tuovany do mist s predpokladanou vyssi propustnosti hornin, tedy do mist, kde je
mozné predpokladat vyssi vyuzitelnou vydatnost vrtu. V pfipadé granitovych masivia
se jedna o mista s vyssi mirou tektonického poruseni a mista prirozené drenaze pod-
zemnich vod. Pokud je vrt z vodarenského hlediska negativni, pfitok podzemni vody
do vrtu je velmi maly, vrt obvykle neni dédle hydraulicky testovan. Data z hydroge-
ologickych vrti, které zastihly prostfedi s nizkou hydraulickou vodivosti, tedy casto
v databazi CGS-Geofondu chybi. Hydraulickd vodivost uréend na zakladé regionalnich
dat z Geofondu je nadhodnocena. Protoze na téchto datech jsou zalozeny veskeré regi-
onalni studie a hydrogeologické mapy, je nutné pfi matematickém modelovani i dalsich
navazujicich aplikacich brat v ivahu, Ze redlné hodnoty hydraulické vodivosti mohou
byt az o rad nizsi.

6 Zavér

V ramci pripravy vstupnich geologickych dat pro matematicky model proudéni pod-
zemnich vod v okoli HU VAO byla zpracovana data z riiznjch datovych zdroji. Vyhod-
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Tabulka 5.1 Srovnani priimérnych hodnot koeficientu hydraulické vodivosti k [m -s~1] z re-
gionalniho hodnoceni a z detailniho terénniho méreni, prepocet méfitka podle Rhéna et al. [4].

| zmérené hodnoty  prepocet méritka

archivni vrty testované v celé délce L = 30 m 2.5 x 1076 2.7x 1077
etdzové testy na vyzkumnych lokalitdch L = 6 m 7.1x10"8

noceni prineslo cenné poznatky o hydraulickych vlastnostech granitii v Ceském masivu
a jejich zavislosti na vlastnostech hornin a jejich morfologické i regionélni pozici. Hyd-
rogeologicky vyzkum ve vrtech na vyzkumnych lokalitach poskytuje presna, kvalitni
data zahrnujici informace o hydraulickych vlastnostech vodivych prvki i neporuseného
horninového prostiedi a prostorovou identifikaci vodivych prvki. Jeho nevyhodou jsou
vysoké finan¢ni néklady a technickd obtiznost. Vyhodou archivnich dat z databaze
CGS-Geofondu je regionalni pokryti zahrnujici réizné typy granitii a velky datovy sou-
bor. Nevyhodou je u téchto dat je zkresleni vysledk situovanim do vodarensky per-
spektivnich mist, nepfesnost dat, pouze prumérné hodnoty pro cely vrt a maly hloub-
kovy dosah. Je treba si uvédomit, ze téméf vSechny dostupné tdaje o hydraulickych
vlastnostech granitt na tzemi Ceské republiky jsou z pfipovrchové zény rozvolnéni
puklin (hloubky 100-200 m). Aplikace dat z vétsich hloubek ze zahrani¢nich lokalit na
Cesky masiv je velmi problematické, jedna se data z rozdilnych regionalnich a tekto-
nickych pozic lisici se metodikou testovani, méritkem méfeni i mirou detailu informace.
Pro skutecné kvalitni stanoveni hydraulickych vlastnosti v hloubce lozisté je nezbytné
vyhloubeni vrtd do hloubky 800-1000 m a provedeni komplexniho hydrogeologického
vyzkumu v nich.
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A comparison of some analytical and computational
a posteriori error estimates in the FEM

Karel Segeth

Abstract Adaptive finite element methods belong to very important numerical proce-
dures for solving ordinary as well as partial differential equations arising from various
engineering applications. The analytical a posteriori error estimates are oriented to
the use in h-methods, are usually constructed only for lowest-order polynomial ap-
proximation, and often depend on unknown constants or functions. The contemporary
higher-order adaptive hp-methods, on the other hand, require new computational ap-
proaches in a posteriori error estimation.

In this review paper, we present several error estimation procedures for some par-
ticular simple as well as more complicated partial differential problems with special
regards to the needs of the hAp-method. Some error estimators for the second order
Poisson equation with Dirichlet and Neumann boundary conditions, two error esti-
mation approaches to the stationary convection-diffusion-reaction equation, and error
estimates for the stationary incompressible Navier-Stokes equations are considered. We
compare the advantages and drawbacks of analytical and computational a posteriori
error estimators concerned.

1 Introduction

On the way to efficient finite element computation, the principal means is automatic
h-version, p-version, and, in particular, hp-version strategies of the method. The hp-
methodology was first proposed in [12] and further developed in many publications, let
us mention at least [6]. The adaptivity is guided by a robust error indicator and based

This research was realized under the state subsidy of the Czech Republic within the re-
search and development project “Advanced Remediation Technologies and Processes Center”
1MO0554—Programme of Reserch Centers supported by Ministry of Education.

K. Segeth (X))

Technical University of Liberec, Studentska 2, 461 17 Liberec 1,
Czech Republic

e-mail: karel.segeth@tul.cz


mailto:karel.segeth@tul.cz

A comparison of some analytical and computational error estimates 127

on automatic construction of a next optimal mesh through local mesh refinement and,
moreover, also the increase of the approximating polynomial degree.

Computational mathematics has always been connected with some error estimation
procedures. The reason is that not only the approximate result is of importance, but
also the error of this computed result, i.e. some norm of the difference between the exact
and approximate solution. Naturally, we can get only some estimates of the error. First
results consisted in a priori error estimates usually containing some unknown constants
depending on the properties of the unknown exact solution of the problem or its data.

Obtaining efficient and computable a posteriori error estimates is not easy. Analyt-
ical ones need not be the most reliable. Moreover, the local nature of the estimates is
preferred as it provides for the local mesh refinement or local approximating polynomial
degree increase that result in minimum time requirements of the computation.

The effectivity index of an a posteriori error estimator is the ratio of some norm
of the error estimate and the exact error. Often the effectivity index tends to 1 as the
discretization parameter goes to zero (or the degree of the approximating polynomial
grows, or both). This means that the error estimate is reliable in the asymptotic sense
but the behavior of the estimate in the preasymptotic range of the error is naturally
much more important for practical computation.

Recently, a posteriori error estimates are often based on reference solutions, i.e.
very accurate approximations of the exact solution on coarse grids based, e.g., on so-
phisticated postprocessing techniques or obtained in some other “inexpensive” way. We
are going to mention also goal-oriented adaptive finite element methods in conclusion.

A posteriori error estimation techniques are applied to many differential problems
of numerical analysis. Let us mention a linear second order elliptic equation, quasilin-
ear second order elliptic equation, incompressible Navier-Stokes equations, equations
of linearized elasticity, biharmonic equation, convection-diffusion-reaction equation, or
nonlinear parabolic equation. We are concerned only with some classes of rather sim-
ple differential problems in this contribution. We pay most attention to linear second
order elliptic equations. Using the results published, we are interested in comparison
of advantages and drawbacks of classical a posteriori error estimates and computational
ones.

Nevertheless, the scope of a posteriori error estimates is much wider. It also com-
prises estimates for nonlinear hyperbolic conservation laws, further fluid dynamics mod-
els, Maxwell equations, a wide variety of civil engineering problems (not only elasticity
ones), discontinuous coefficient problems, and, in particular, coupled problems. Time
dependent models and discontinuous finite elements are of particular importance, too.

There are several classes of local a posteriori error estimators based on different
approaches and their names slightly vary in the literature. Let us name residual es-
timators: explicit, implicit (based on the solution of local problems), and hierarchic
(multilevel) estimators, further also recovery based estimators (based on the averag-
ing of gradient), and some other. A weighted (complementary) energy norm global
a posteriori estimator is presented in Sect. 3.1.

We show several error estimation procedures for some particular both simple and
more complicated partial differential problems. Some error estimators for the second
order Poisson equation with Dirichlet and Neumann boundary conditions, two error es-
timation approaches to the stationary convection-diffusion-reaction equation, and error
estimates for the stationary incompressible Navier-Stokes equations are considered in
the paper. We mention also the hp-finite element method and show the algorithm of ob-
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taining the reference solution. We compare the advantages and drawbacks of analytical
and computational a posteriori error estimators concerned.

2 Poisson equation
Let us consider the Poisson equation with Dirichlet and Neumann boundary conditions
—Au=f in £, (2.1)

where 2 C R? is a connected bounded polygonal domain with boundary I' = I'p U Ty,
I'b N I'y = ), with the boundary conditions

u=0 on Ip, (2.2)
%:g on In. (2.3)

We assume that I'p is closed relatively to I' and has a positive length, and that f
and g are square integrable functions on {2 and Iy, respectively.
The equation (2.1) can be considered in a more general form

—V(@Vu)+bu=f in 2,

where a is a positive scalar function or a positive definite matrix and b a nonnegative
function.
To continue, we set

X={pleecH'(2), p=00nIp}.

The weak solution u € X of the above second order problem is defined by the identity

/QVwVv:/vaﬁ-/FNgv (2.4)

to be satisfied by all test functions v € X. It is well-known that the problem (2.4) has
a unique solution (see, e.g., [5]).
Let Tp, h > 0, be a family of regular triangulations of the domain (2 (see, e.g., [1, 4]).
Now, denote by X}, the space of all continuous piecewise linear finite element func-
tions corresponding to 75 and vanishing on I'n. We then look for the approzimate finite
element solution up € Xj, such that it satisfies the identity

/ Yuy, - Vo, = / fon +/ qgun , vp € Xp, (2.5)
Q o I'n

corresponding to the identity (2.4). It is well-known that the problem (2.5) has a unique
solution (see, e.g., [5]).

Remark 2.1 For the sake of simplicity, we restrict ourselves in this section to linear
finite elements. The results, however, could be generalized to higher order finite ele-
ments. Moreover, we assume that all the integrals in the equations (2.4) and (2.5) are
evaluated exactly.
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The standard notation C(.S) is used for the space of all functions continuous on the
set S. We denote by hr the diameter of the triangle T € 7;, and by £(T") the set of all
its edges. We further put €» = Uyc7, €(T) and denote by hg the length of the edge
E € &,. We further put pr equal to the diameter of the largest ball inscribed into 7.
Finally, we split &, in the form

En=EhaUEDUENN

with
Eno={Ecé& | EC2},
Ewp={E €& |ECIp}, Enn=A{F €& |ECInN}.
For T € Ty, E € &, we define
wr = U Tl7 WE = U Tl .
E(T)NE(T")#0 E€&(T)

The integral average of f over a triangle T is denoted by fr and the average of g
over an edge E by gg. The norms || - [|o;r and || - ||o;z are the La-norms restricted to T
or F, etc.

We show, as examples, only two estimators from the above mentioned classes.

2.1 Explicit residual error estimator

Let u and uj, be the solutions of the problems (2.4) and (2.5). They satisfy the identity

/QV(u—uh)-Vv:/va-ﬁ-/F gv—i—/QVuh'Vv (2.6)

for all v € X [1]. The right-hand part of the equation (2.6) implicitly defines the
residual of up as an element of the space dual to X.

With every edge E € &, we associate a unit vector ng such that ng is orthogonal
to E and equals the unit outer normal to I' if £ C I'. Given any E € &, and
any 1 € La(wg) with ¥|p € C(T") for all T" C wg, we denote by [¢]g the jump of v
across F in the direction ng,

[W]e(z) = tlirél+w(x +tng) — tlirél+w(x —tng) forall z€FE.

We introduce the explicit residual a posteriori error estimator nr,7 on the trian-
gle T' by

nRT = <h2T|fT|c2>;T +3 Y, hsllne Vulslte
Ec&(T)NE o

1/2
+ >, hellge —ne- vuh”g;E)

Ec&(T)nEL, N

and present its properties proven in [21].
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Remark 2.2 Notice that the error estimator nr,r consists of three parts. The first one
is connected with the residual of the “strong” solution and the rest is formed by “bound-
ary terms”. The second part of the estimator expresses the fact that u, & H?(£2), i.e.,
that Vuj, may have jumps across triangle edges. The last part expresses that u, may
not satisfy the Neumann boundary condition exactly.

Further error estimators we present in what follows are often similar in their nature.

Theorem 2.1 Let u and up, be solutions of the problems (2.4) and (2.5). Then there
are positive constants cy, cr that depend only on the smallest angle in the triangulation
such that the estimates

1/2

2
OE

lw—unls <2 | Y mrr+ D b2llf = frlde+ Y helg—gsl

TeT), TeTy Eeép N

and

nrT < Cr <||u = un [t

1/2
SN T ST o hEng—gEnaE>

T/ Cwrp EeE(T)NEL N

hold for all T € Ty,.

For proof, see, e.g., [21].

Remark 2.3 Notice that the error estimator nr,r really provides, like many other
estimators, a two-sided estimate of the error and that its nature is local. The con-
stants cp, ¢r cannot be calculated, in general. Their values depend, e.g., on constants
characterizing interpolation properties of piecewise polynomials etc.

The error estimator nr,r was first proposed and analyzed for the problem (2.1),
(2.2), (2.3) in one dimension by Babuska and Rheinboldt in [2, 3]. It was generalized
to mixed finite element approximations of the Stokes and Navier-Stokes equations
in [19, 20].

The results of Theorem 2.1 carry over to higher order finite element discretizations.
The modifications necessary are described in [21] Remark 3.9.

2.2 Hierarchic basis error estimator

Let the finite element space W}, corresponds to 75, X C Wy, C X. Define the function
¢p € Wi N C(we) on each edge E € &0 U&Ex N, where wp = Upee(r) T,

0<¢r <1, D1hp < / ©E, leelhiws < Pahip'llenllows
E

with some positive constants @, and &,.
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We introduce the hierarchic basis error estimator (residual of w,) with respect
to E, E € EnoU&nN [21] by

UH,EITEI/fQOE-F/ ggOE+/Vuh'Vg0E.
I°) I'n Q

Remark 2.4 The hierarchic basis error estimators bound the error u — u;, by evaluat-
ing the residual of uj, with respect to certain basis functions of another finite element
space W}, that either consists of higher order polynomials or corresponds to a refine-
ment of 7},.

Theorem 2.2 Let u and uyp, be the solutions of the problems (2.4), (2.5), respectively.
Then there are positive constants cy, ¢u such that for all E € £, o UEL N the following
estimates hold.

1/2
||u—uh|1ng< > omae+ Y hrlfller+ D) hE|g—gE|§;E> 7

Ee&p oUER N TeT, Eegy N
Ina,el < cullv —unlliwg -

For proof, see, e.g., [21].

Remark 2.5 An estimate similar to that of Theorem 2.2 can be obtained also for the
hierarchic basis error estimator nu,7 defined on the individual triangles [21].

Remark 2.6 Notice that the inequalities of Theorem 2.2 provide a two-sided estimate
of the error. The exact values of the constants ¢y, ¢u are not known. They, in general,
depend on the constants @1 and @3 unknown in practice. Nevertheless, there exist error
estimates for the problem (2.1) to (2.3) free or almost free of unknown constants (see,
e.g., [18]).

3 Stationary convection-diffusion-reaction equation
3.1 Weighted energy norm global error estimation

We consider the stationary convection-diffusion-reaction problem [8]
—eAu+b-Vu+ru=f in 2,
u=0 on I, (3.1)

where u is a scalar function to be found, £ a positive constant diffusion coefficient,

b e [Wh(2)]" a velocity vector field, 7 € Loo(£2) a reaction rate, f a source term.

Further, 2 C R", n > 1, is a bounded domain with Lipschitz continuous boundary I".
We introduce a bilinear form a and a functional F,

a(v,w)z/6Vv-Vw—|—/b-va+/rvw, F(w):/ fw,
2 e 2 e

vw € HY(9),
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and say that the function u € Hg(£2) is the weak solution of the problem if the identity
a(u,w) = F(w)

is satisfied for all test functions w € HE(£2). The weak solution exists and is unique if
the condition
7(z) =r(z) — 3Vb(z) >0

holds almost everywhere in 2.

Any function @ € H}(£2) can be considered to be the approzimate solution (the
way it has been computed or guessed is not of interest). Let us denote the error of the
approximate solution by e = u — % and introduce the global weighted energy norm

lwll2,, = A /Q Vol + /0 F?, we HY9),

where A and p are nonnegative numbers, and | - | the Euclidean norm of vector. Notice
that, in particular, a(e,e) = |le]|2 ;.
We define the global error estimator

_ 1 _
N5 (7, Y, 0, 0) = %0 ((1 + My —eVa+eVolls

i <1+%)C?)|f—b-Vu—ru+Vy—rv—b~VU|(2)>
—|—/(6Vv-Vﬂ—|—(b-Vﬂ)v—|—rmI—fv)+ﬁ|\v\/r:|\§,
2

where «, 3, and «y are arbitrary positive numbers, y € H(div, {2) is an arbitrary vector-
valued function, v, 4 € H{ (§2) are arbitrary functions, and Cy, is the constant from the
Friedrichs-Poincaré inequality

[wllo < CofVwllo

valid for all functions w € H{(£2) [8].

Theorem 3.1 Let o and 3 be fixed real numbers such that 2¢ > o > 0, 3 > 1. Then

|||e|||/\7}‘ S na,ﬁ(%y,v,ﬁ) ) (32)

where A = ¢ — %a, w=1-=1/8, and v, y and v are arbitrary quantities.

For proof, see [8].
Remark 3.1 The estimate (3.2) can be optimized if we choose proper parameters «,
B, 7, y, and v. For example, putting

y=¢eVu, v=u—1u

yields
llell?.p < ma,s(vseVu,u —a,a) < [lellz,-

where v =e — 1o, p=1-1/B8,0 =2(1 +7)e*/a —¢, and 7 =  — 1.
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Remark 3.2 There is a realiable estimate for the constant C'q [9],

-1
1 1
CQ§<7T a—%+~~~+g> )

if the domain {2 is enclosed in a rectangular box of dimensions a1, ..., ax.

3.2 Centered mixed finite element error estimation

Let us pose the problem (3.1) in a slightly different formulation [22],

—-V(SVu)+V(ub) +ru=f in £2,
u=0 on I, (3.3)

where u is a scalar function to be found, S an inhomogeneous anisotropic diffusion-
dispersion tensor (a nonconstant full matrix), b a dominating velocity vector field, r
a reaction rate, f a source term, 2 C R", n = 2,3, a polygonal (polyhedral) domain,
and I its boundary.

First, a basic triangulation 7, of £ such that the data of the problem (3.3) is
smooth enough on Ty, is introduced in [22]. In particular, we assume that r is piecewise
constant on 7~'h, b is piecewise linear, and f is piecewise polynomial there. Let us also
assume that S|r is a constant, symmetric, and uniformly positive definite tensor such
that

cs,rv-v < Slpv-v < Cgrv-v
holds for all v € R" and all T € 7;,, where cs,r and Cg, 7 are positive constants.
Further assumptions on the data are stated in [22]. We construct all triangula-
tions 7;, as refinements of 7},.
We put
cr = %Vbh" +4 7‘|T
for all T € 75, since Vb as well as r are constant on each T € 7p. Therefore, cr is

a constant on any grid element (but may depend on b and 7).
Let T € T, and ¢ € H*(T). We then assume the Poincaré inequality in the form

||§0 - L)OTHg;T < Cp,nh%*HVApH(Q),T B
where @7 is the mean of ¢ over T'. For a simplex T, it has been shown that Cp , = n/m,
see [11].
Now the weak solution u and, with the help of the centered mixed finite element
scheme, also the approximate solution @ and the averaged approximate solution u are

defined in [22].
For T € 7}, we introduce the quantity mr,

my = min{Cp ,h%/csT,1/cr}.
Then we can define [22] the residual a posteriori error estimator

ma,r = mrl||f + V(SVur) — V(unb) — runlor -



134 K. Segeth

Further, putting vs, equal to the difference of u;, and the modified Oswald interpolation
of up [22], we introduce the nonconformity a posteriori error estimator nnc,r by

Whor = / SVon - Von + erllon|Zr
T

and the convection a posteriori error estimator

ror — mind 1900) = 5oVl <Op,nh%|\Vvh~b||aT +9||thb||aT)”2
’ er ’ cs,T der ’

The following theorem then holds.

Theorem 3.2 Let u be the weak solution of the problem (3.3) and let @ be the post-
processed solution of the centered mized finite element scheme. Then

1/2
<Z:/va—ava—ayuvm—aﬁj>
TeT, /T

1/2 1/2
g(ZnﬁnT) +<z<nM,T+nC,T>2> |

TET, TET,

For proof, see [22].

4 Stationary incompressible Navier-Stokes equations

Consider the elliptic system of stationary incompressible Navier-Stokes equations [21]

—vAu+ (u-VYu+Vp=f in 2CR",
Vu=0 in £,
u=0 on I, (4.1)

where v and f are vector-valued functions, u is the velocity, p the pressure, and v > 0
the constant viscosity of the fluid.
We put

M=(uel @ lu=0onr},  Q={rem@|[ -0}
(]
and define
X=Y=MxQ,

1/2
s llx =1y = (- E+ 1 118)

(F([u,p]),[v,q])*V/QVqu—i—/Q(u~V)u~v—/anv+/0un—/Qf~v,
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where [u, p] and [v, q] are (n+ 1)-component vector-valued functions. We then say that
[u,p] € X is the weak solution of the problem (4.1) if the identity

(F([u,p]), [v,q]) = 0

is satisfied for all test functions [v,q] € Y.

Let My € M and Qp C Q@ be two finite element spaces corresponding to the
triangulation 7; consisting of affine equivalent elements in the sense of [5]. Let us put

Xn=Yn=MnxQn,

(Fn([wn, prl)s [on, anl) = (F'([un, prl), [vn; gnl)

+6 Z h3 / (—vhupn + (un - V)un + Vpr — f) - ((un - V)or + Var)

TET, T

+6 Z he /E[ph]E[Qh]Eﬁ-a5/QVuthh, (4.2)

E€éy o

where @ > 0 and 6 > 0 are stability parameters. If &« > 0 and § > 0 the above
discretization is capable of stabilizing both the influence of the convection term and
the divergence constraint without any conditions on the spaces M; and @}, or the
Péclet number hr /v [16]. The case a = § = 0 corresponds to the standard mixed finite
element discretization of the problem (4.1).

We say that [us,pr] € X is the approximate solution of the problem (4.1) if the
identity
(Fn([un, prl)s v, qn]) = 0

holds for all [vs, gn] € Yi, where F}, is given by the equation (4.2).
Let us introduce the error estimator [21]

nr = <h2T| —vQAup + (up - V)up + Vo — 7T0,Tf||g;T

1/2
+ > hEII[(VUh)VnE—phnE]Elﬁ;E+IVUhI3;T> s (43)
E€E(T)NE o

where Iy, k > 0, is the space of polynomials of degree at most k and 7y, 5, S € 7, U,
is the Lo projection of L1(S) onto ITjs.

Theorem 4.1 Let [u,p] be a reqular weak solution of the problem (4.1), see [21], and
let [un,pr] € Xn be its approzimate solution. Then the following a posteriori estimates
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hold.

1/2

(lu = unllllp = pall)? < CL(1+ (14 @)1+ [Junll1)) | D n7
TET),
1/2

+Co | D BEllf = morflEr ;

TeTy

nr < Cs(llu = unlfwr + Ip = pallfr)

1/2

+C4 Z h%"/ Hf - 7Z—O,T/f”g;T’ )

T'Cwp

where nr s given by (4.3) and the positive constants Ci,...,Cys depend only on the
polynomial degrees of the spaces My and Qn, and on the ratio hr/pr.

For proof, see, e.g., [21].

Remark 4.1 Theorem 4.1 can be extended to the case of the slip boundary condition
as well as to non-Newtonian fluids [21].

5 Adaptivity and related problems

Usually, the aim of adaptive computation is to minimize the energy norm of error
of the approximate solution. The general experience shows that, among various adap-
tive strategies for finite elements, the best results can be achieved by the goal-oriented
hp-adaptivity. Goal-oriented adaptivity is based on adaptation of the finite element
mesh with the aim of improving the resolution of a specific quantity of interest (in-
stead of minimizing the error of the approximation in some global norm). The quantities
may be various functionals, say the integral average of the scalar solution in a selected
subdomain {25 C (2, integral average of a selected solution component in a subdomain
2 C {2, or flux of the solution through the boundary of a subdomain 2, C (2.

Let 7h,;, be a mesh characterized by maximum mesh size A and maximum piece-
wise polynomial degree p. The automatic hp-adaptivity can be shown in the following
flowchart. Its aim is to provide an efficient computational error estimate or reference
solution.

. Put k := 0 and consider an initial mesh 7, ., = Th’fp.
. Compute approximation u®,, .. = Uup,p on the current mesh TE o

. Construct a uniformly refined mesh 7%, = Thk/2,p+1.

. Compute approximation uf,, = Up/2,p+1 ON the fine mesh T . and put teer = uk, ..
(Two-grid method can be used.)

Replace the exact solution u by the reference solution yef.

If the approximate discretization error lies within a given tolerance, stop.

g. Minimize elementwise contributions to the error. (Determine elements of TE e
to be refined. Determine the way of refinement (h, p, or hp) individually using
projection-based interpolation error [15]. Refine the elements chosen.)

Qo T W

- @
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h. In this way, construct the new coarse mesh 7% = Thk::l.
i. Put k:= k+ 1 and continue on the second row above marked by letter b.

Automatic hp-adaptivity belongs to the most advanced topics in the higher-order
finite element technology and it is subject to active research. We refer to, e.g., [6, 7,
13, 15] and references therein.

6 Conclusion

We have met, in the individual sections of the paper, several analytical a posteriori
error estimators whose quality and applicability are measured by inequalities, usually
with some unknown constants or functions on the right-hand part. The estimators are
computable from the approximate solution only and their computation is usually fast,
but their quantitative properties cannot be easily assessed. We then are in a position
similar to that with a priori estimators. We get a single number on each triangle to con-
trol the strategy of further computation. The use of a posteriori estimators mentioned
can fit the h-adaptivity process. Moreover, most error estimators are constructed only
for the lowest-order polynomial approximation.

We mentioned in the introduction that the best situation occurs if the estimator is
asymptotically exact. However, the asymptotic exactness of estimator may be of little
practical advantage. Fortunately enough, many asymptotically exact estimators behave
on many classes of problems very properly: they give sharp estimates not only in the
limit as h — 0, but for particular finite h, too.

The automatic hp-adaptivity gives many h as well p possibilities for the next step
of the solution process [6, 13]. A single number provided by the analytical a posteriori
error estimator for each mesh element may not be enough information for the decision.
This is the reason for using computational error estimates (reference solutions). Ref-
erence solutions provide more complex information on the behavior of the error. The
computation of such a reference solution is undoubtedly time-consuming. We use ref-
erence solutions as means for obtaining universal and robust error estimators to guide
the adaptive strategies.

Reference solutions have been a standard tool for adaptive computation in solving
ODE’s for many years. They are also often used in constructing multilevel solution
procedures, e.g., in the multigrid method.

There are many other problems equipped with analytical a posteriori error estima-
tors, see, e.g., [10, 14, 17, 22].
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Abstrakt Clanek se zabjva problematikou vystavby modelovych siti od poc¢ate¢nich
dat (napf.: vrty, hranice lokality), az po modelovou geometrii a modelovou sit. Uvedeny
jsou nékteré pouzivané nastroje, metody a systémy, které mohou byt vyuzity pfi vytva-
feni modeli a popsan je i souCasny stav Feseni vystavby modelové sité, ktery zahrnuje
manualni prevod z GIS do formatu geo. Dale je v ¢lanku popsdn navrh automati-
zovaného feseni vystavby modelovych siti. Automatizované feSeni realizuje vystavbu
modelové geometrie na zakladé predzpracovani dat v GIS a jejich automatizovaného
prevodu z GIS do formatu geo. Teoretické feseni prace obsahuje prehled pouzitych po-
stuptt a metod (Delaunayova triangulace, interpolace povrchu), které vedou k tspésné
vystavbé modelové sité. Praktické feseni presnéji specifikuje pozadavky na pfipravu
dat v GIS, tak aby byla akceptovatelnd vytvorenou aplikaci CONVERT2GEQ, ktera
automatizovany prevod uskutecnuje. Na zavér je v ¢lanku uvedeno zhodnoceni a pri-
nosy aplikace, kterad provadi automatizovany pfevod dat z GIS do GMSH a névrhy na
vylepseni této aplikace.

1 Uvod

Stava se samoziejmosti, Ze je snaha témér vSe automatizovat, predevsim v oblasti vy-
pocetni techniky. To plati i pro obor geoinformatického modelovani za tGcelem simulace
proudéni podzemnich vod v horninach. Pro potfeby modelovani zajmovych oblasti
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je dilezité umét automatizované vytvorit modelové sité zajmovych oblasti [3]. Snaha
automatizovat vystavbu modelové sité je predevsim v piipadé, ze je zdjmova oblast
rozlehla, ¢lenita nebo je potfeba zdjmovou oblast modelovat pfilis podrobné na to, aby
bylo v lidskych silach modelovou sit vytvorit manualné.

2 Vystavba modelové sité

Tvorba modelové sité zahrnuje pfedzpracovani po¢atecnich dat v GIS [2]. GIS je uni-
verzalni systém pro praci s daty a disponuje mnoha nastroji, které predzpracovani
usnadiiuji a automatizuji (napf. interpolace povrchu, Delaunayova triangulace). Je-
likoz by modelova sit méla byt plnohodnotné prostorové, nelze ji vytvofit pouze za
pomoci GIS, ktery pracuje v tzv. 2.5D prostoru (2.5D prostor je ve své podstaté 2D
prostor s tim, Ze jednotlivd data nesou i svou vyskovou hodnotu). Z tohoto diivodu
bylo nutné pouzit i jiny software, ktery dokaze zobrazit model v 3D prostoru. Jedna
se o software GMSH [1], ktery pozadovana kriteria spliiuje a je $ifen pod licenci GNU
General Public License (GPL). Nyni nastdvd problém v pievoditelnosti dat mezi GIS
a GMSH. Tento problém lze fesit manualnim prevodem dat, nebo lze vytvorit aplikaci,
ktera tento prevod uskutecni.

Manualni prevod dat je zpusob, ktery je nendro¢ny na strukturu a format predzpra-
covanych dat v GIS a jejich umisténi. Uzivatel si data v GIS muze ulozit jakkoliv bude
chtit, dilezité je pro néj, aby se v téchto datech sam vyznal, nebo aby byl schopen
strukturu popsat a vysvétlit pro nékoho jiného. Bohuzel tento zpiisob mtze byt velice
¢asové naro¢ny a tim padem i neefektivni, protoZe nez se modelova sit manudlné vy-
tvori, muze byt zastaralad. Mezitim miuze byt dana lokalita zménéna nebo mize dojit
ke zménam v pozadavcich modelu a to je pak nutné zacit znovu od zacatku. Z tohoto
davodu vznikla potfeba vytvorit néjaké automatizované feseni prevodu dat z GIS do
GMSH. Pro funkci automatizovaného prevodu dat z GIS do GMSH byla vytvorena
aplikace, kterd nese jméno CONVERT2GEOQO a ktera do procesu prevodu dat vnesla
pozadovanou automatizaci. V aplikaci dochazi ke zpracovani ptredzpracovanych dat
z GIS a vytvoreni souboru typu geo a to vSe v kratkém c¢ase. Soubor typu geo je zdro-
jovy soubor aplikace GMSH, ve kterém je popsana a uloZena geometrie modelu, z této
geometrie modelu lze v GMSH snadno vygenerovat modelovou sit.

Do aplikace CONVERT2GEOQO vstupuji data, kterd byla predzpracovana v GIS.
V GIS jsou data uloZena v relacni databazi, kde kazda relace predstavuje jednu vrstvu.
Data vrstvy v GIS lze zobrazit a editovat v takzvané atributové tabulce (obr. 2.1),
avSak fyzicky jsou data ulozena ve formétu dbf. Pravé soubor typu dbf je vstupni
forméat do aplikace CONVERT2GEO.

Attributes of usekD =R EoR(E)
Shape *|_Id Vlastnosti X X Z -
(] Point ZM o 2| -6B7355,556476 | -1101445 54714 | 3457528
1 [PointzM| 1 2| 687159,556476 | 110144954714 | 34771219
2 | Point ZM 2 2| -6DB5955 556476 | -110144554714 | 34 580015 =
3 [PointzW| 3 2| 687259,556476 | 110124954714 | 34738877
4 | Point ZM 4 2| -BB7050,556478 | -1101245,54714 | 34 528427
5 [PointzW|_ 5 2| 687359,556476 | -1101049,54714 | 34723056
A | Print 7M 3 el JRATACO CCRATR ~1401N4AG C4AT714 | 24 202700

Obrazek 2.1 Atributova tabulka v GIS.
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Tato tabulka je vSsak vysledek piedzpracovani dat v GIS. Dopracovat se k témto
datim znamend ovlddat alespon nékteré potiebné nastroje v GIS, které predstavuji
jen maly zlomek toho, co ve skutec¢nosti GIS umi. Postup ptredzpracovani dat v GIS je
nasledujici. V potfebném rozsahu a rozliSeni se vytvori bodova vrstva kopirujici tvar
zajmové oblasti a jeji pukliny (obr. 2.2(a)). Bodova vrstva je vytvofena pouze jednou,
ale pokud mé modelova lokalita vice hladin, je pro kazdou hladinu tato bodova vrstva
zkopirovana a jednotlivym bodum jsou pfifazeny informace o hloubce bodu.

Y.

&

--lll."-.-

ceocoPeoeceo oo
XY EEEEREEEX)

T \

(a) (b)

Obrazek 2.2 (a) bodova vrstva slouzici pro popis hladin; (b) trojuhelnikova vrstva.

Z bodové vrstvy se v GIS pomoci néastroje ,Delaunayova triangulace® vytvori troju-
helnikova vrstva (obr. 2.2(b)), ktera slouzi jako pomocna pro pozdéjsi stavbu modelové
geometrie zajmové oblasti.

Nezbytnou soucasti predzpracovani dat v GIS je interpolace hladiny geologické
vrstvy, v pripadé vice vrstev modelové lokality se provede interpolace hladiny pro
kazdou vrstvu. Interpolovany povrch je poté vyuzit pro prifazeni vyskové informace
jednotlivym bodtm té konkrétni hladiny, tzn. ze kazdy bod v bodové vrstvé se stane
tzv. 2.5D.

Potiebné vystupy z GIS jsou tedy soubory typu dbf, vrstev hladin horizontalniho
prubéhu. Tyto soubory predstavujici relace obsahujici atributy jako napf. identifika¢ni
¢isla bodu a soufadnice X, Y, Z bodi. Pocet hladin horizontalniho pribéhu miize
byt libovolny, proto je libovolny i pocet vystupnich souboru predstavujicich bodové
vrstvy hladin. Dalsim a poslednim vystupnim souborem z GIS typu dbf jsou data
trojuhelnikové vrstvy. Tato vrstva je pouze jedna a pfi transformaci dat z GIS do
GMSH slouzi jako vzor pro sestaveni trojuhelniku kazdé hladiny.

2.1 Automatizovany prevod dat mezi GIS a GMSH

Automatizovat prevod dat z GIS do GMSH znamenalo vytvorit software, ktery prevod
uskutecni. K tomuto ucelu byla v programovacim jazyce JAVA vytvofena aplikace,
ktera nese jméno CONVERT2GEO (obr. 2.3). Tato aplikace, jak jiz napovid4 jeji nazev,
prevadi predzpracovana data z GIS do forméatu geo, ze kterého je dale mozné v aplikaci
GMSH automatizované vygenerovat pozadovanou modelovou sif.

V prvnim kroku CONVERT2GEO se zadévaji vrstvy hladin horizontalniho pruabéhu.
Kazd4a hladina nebo spiSe soubor typu dbf, ktery hladinu predstavuje, je slozen z né-
kolika atributt a tyto atributy musi byt spravné zvoleny napravo od seznamu hladin.
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| %] Convert2GEO [o] = =

Aplikace MNastaveni

1. Zadejte hladiny (v pofadi v jakém lezi na sob&, prvni bude ta nejvyssi).
Pridat Id: b v

Osaf: ¥ -
Osa Z: z -
Vlastnosti: :\ﬂasmosﬁ b4

2. Zadejte plochy trojihelnikd po tri

usek_sum.dbf Id: :FID_usek_t -
1. bod: :1 -
2. bod: :2 -
3. bod: :3 -
Wlastnosti: -

3. Vystupni soubor.

Covovice

Délka elementu sité: 50

Hotovo

Obrazek 2.3 Aplikace CONVERT2GEO.

Druhym krokem je zadani trojihelnikové vrstvy, zde je opét potieba spravné zvolit atri-
buty. Nakonec je zadana cesta a jméno vystupniho souboru typu geo a délka elementu
sité, kterd urcuje hustotu vygenerované modelové sité.

Jak jiz bylo feCeno, vystupem aplikace CONVERT2GEO je soubor typu geo, tento
format slouzi v aplikaci GMSH jako zdrojovy soubor pro uloZeni nejen geometrie mo-
delu, ale i vlastnosti elementt geometrie. Soubor geo je slozen ze specialnich textovych
prikazu, které vypadaji nasledovné.

Ze vseho nejdiive jsou vytvoreny body geometrie (obr. 2.4(a)), ty lze vytvofit pfi-
kazem:

Point(i) = {X, Y, Z};

Nasledné jsou body spojeny liniemi (obr. 2.4(b)), které jsou chapany jako orientované
a jejichz smér urcuje poradi bodu vlozenych do prikazu:

Line(i) = {Point(k), Point(j)};

Linie jsou spojeny tak, aby vytvorily smycku, a tato smycka predstavuje hranice plochy.
Cyklus je vytvoren prikazem:

Line Loop(i) = {Line(j), Line(k), Line(1)};

Dulezité je v tomto pripadé dodrzet pravidlo, které fika, ze pokud si predstavime
smycku jako orientovany graf, tak do kazdého vrcholu musi pravé jedna hrana vstupovat
a pravé jedna hrana musi z tohoto vrcholu vystupovat. Z cyklu lze pak jednoduse
vytvotit plochu (obr. 2.4(c)). Plocha geometrie je vyznacena ¢arkované a je vytvofena
prikazem:

Plane Surface(i+1) = {Line Loop(i)};
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Do kompletni geometrie modelu zbyva jen doplnit objem geometrie (obr. 2.4(d)). Ob-
jem geometrie je vytvoren spojenim vSech ploch tvoricich plast objemu do jedné smycky
a z této smycky lze jednoduse vytvorit objem geometrie. Objem je tedy vytvoren dvojici
prikazu:
Surface Loop(i) = {Plane Surface(j), Plane Surface(k), ...};
Volume(i+1) = {Surface Loop(i)};

- - -
(a) (b) (c)

Obréazek 2.4 Geometrie modelu (a) body; (b) linie; (c) plochy; (d) objem.

2.2 Parametr hustoty modelové sité

Parametr hustoty modelové sité urcuje délku elementu sité a tim ovliviiuje hustotu vy-
sledné modelové sité. Tento parametr je vlozen do zdrojového kédu souboru geo jako
konstantni proménna, ktera je vlozena do ptrikazu Point. Plati zde nepfimé tmérnost,
tzn. Ze ¢im je parametr hustoty mensi, tim je modelova sif hustsi. Piiklad dvou mode-
lovych siti s riznymi parametry hustoty a jejich rozdilnymi hustotami je mozné vidét
na obréazcich (obr. 2.5(a) a obr. 2.5(b)).

(a) (b)

Obrazek 2.5 Modelova sit (a) parametr hustoty = 0.8; (b) parametr hustoty = 0.3.

3 Vysledni modelova sit

7 automatizované vytvorené geometrie ulozené ve forméatu geo lze nyni jednoduse vy-
tvorit modelovou sit zajmové oblasti. Staéi soubor geo oteviit v aplikaci GMSH, kde se
néasledné zobrazi vytvorena geometrie a jednoduse vygenerovat modelovou sit (obr. 3.1).
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Néstroj na generovani modelové sité ma aplikace GMSH integrovan a generovani pro-
biha zcela automatizované, proto zde jiz neni potifeba zadnych podrobnych znalosti
aplikace GMSH.

Obrazek 3.1 Modelova sit v aplikaci GMSH.

4 Zavér

Automatizované feSeni vystavby modelové sité se ukazalo jako efektivni, protoze pie-
vod dat z GIS do GMSH je proveden ve velmi kratkém case za pomoci aplikace CON-
VERT2GEOQO. Oproti manualnimu prevodu dat je zde nékolika hodinova az denni tispora
Casu (v zavislosti na podrobnosti a velikosti modelu). V pfipadé potifeby zmény nékte-
rych ¢asti modelu lze provedeni téchto zmén provést opét snadno a pohodlné v kratkém
case. Automatizaci prevodu dat z GIS do GMSH nedochéazi k chybam a preklepum,
které mohly pfi manualnim prevodu nastat vlivem lidského Cinitele. Déle je zde moznost
aplikaci CONVERT2GEO vyuzit na vice projektech, coz je do budoucna perspektivni.
Avsak je potieba Fici, Ze aplikace zatim neni zcela dokoncenad, je zde nékolik véci, které
by vyuzitelnost aplikace opét o néco vice zlepsily a to identifikace fyzikalnich skupin
v modelu a moznost, aby vertikalni linie pfedstavujici pukliny propojovaly i body, které
nelezi na stejnych souradnicich X a Y.
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Abstrakt Citatela oboznamujeme s metédou vyuzivajicou pohyblivé body. Apliku-
jeme ju na rovnice transportu kontaminantu s adsorpsiou v neekvilibriu. Dvojdimenzi-
onalny problém dvoch studni transformujeme bipoldrnou transforméaciou. Po transfor-
mécii rieSime tlohu iba na prudniciach, teda rieSime vela jednodimenzionalnych tloh.

Metodu aplikujeme aj na rieSenie inverznej tlohy. RieSenie invernej ulohy vyza-
duje viacnasobné riesenie priamej ulohy. Pouzivame dobre znamu a modernt metédu
Levenberg-Marquardt.

1 Model dvoch studni

Znidmym modelom popisujucim transport, adsorpciu a diftiziu kontaminantu je model
dvoch studni. Tento model vhodne popisuje realnu situaciu. Mnohé detaily popistce
volbu modelu mézeme néjst v [1, 5]. Model ma tvar

heaG
o

et <C +4 z—e’(/)e(C)) + diV(hefoC) — diV(heffDVC) +4 heffz—n 0:S = s (1.1)
0 0

05 = k(Y (C) — ), (1.2)

kde G je generdtor kontaminantu v prostredi.

Model dvoch studni vieme transformovat na ohranicenti oblast v rovine. V hore
uvedenom systéme totiz oblast, na ktorej sa transport kontaminantu odohrava, je ne-
ohranicend. Vdaka tomu, Ze problém je symetricky vzhladom na z-ovii 0s, mdzeme
rieSenie hladat iba v niektorej z dvoch polrovin uréenych touto osou. Velmi podstatna
pre doteraj$iu pracu bola transformécia problému na obdlznikovi oblast.
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Majme dve studne s polomermi 1,72 a umiestnené v bodoch (d,0), (—d,0) v neo-
hrani¢enej rovine. Po pouziti vhodnej bipolarnej transformécie [3] danej vztahmi

1) sinh v
= 1.3
v 2 coshv — cosu (1.3)
7§ sinu
Y= 5 coshv—cosu’

\/rf + 262 + \/rg + 262 =2d (1.5)

sa tloha transformuje na obdlZnikovt oblast 2, = (0,7) x (vi,v2). Pritom plati, Ze
krivky s konstantnou hodnotou w alebo v st kruznice s réznymi polomermi v ro-
vine (z,y). Konstantnd hodnota u popisuje pradnicu, konstantnd hodnota v ekvipo-
tencidlu. Hranice v, v2 st uréené vztahmi:

(1.4)

. 6

sinhv; = oT (1.6)

sinh vy = _0 (1.7)
2= 27‘2 '

() A
Yy
E
C
=>
0 ™
B A

D C E D

V1 B

Obrazek 1.1 Transport na ohrani¢entu oblast.

Jednou z dalsich vyhod tejto transformécie je to, Ze potencidl @ v novej oblasti
zévisi len od premennej v. Vdaka tomu moézeme popisat priebeh potencidlu na celej
oblasti (charakterizovany Laplaceovou rovnicou a okrajovymi podmienkami) ako

d(v) = Av+ B, (1.8)

kde konstanty A, B uré¢ime z okrajovych podmienok pre &1, $> nameranych na stud-
niach. Po transformécii dostdvame v novych suradniciach u, v model (bez adsorpcie
v ekvilibriu)

0C — FO,C — g(8u(aduC) + 0, (adsC)) + Z—"ats 0,
0

S = k(Yn(C) — 5)
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pre (u,v) € 2, t > 0, kde g, F, a, b st zname funkcie premennych w, v dané vztahmi

4(coshwv — cosu)?

N . F(u,v) = Adg,

g(uv ’U) =

a(u,v) = Dobohesd + 2Aar(coshv — cosu) ,
b(u,v) = Dobohesd + 2Aar (coshv — cosu) .

Okrajové podmienky na oblasti si

C((U,UQ),t) = Co(t)7 u € <07 71'>,
9.C((0,v),t) = 0.C((m,v),t) =0, v € (v1,v2),
0vC((u,v1),t) =0, ue (0,7).
Model je doplneny pociatoénymi podmienkami C((u,v),0) = Ci(u,v), S((u,v),0) =
Si(u,v).
Oznacme y; = C(zi(t),t), wi = S(xi(t),t), kde z;(t) oznacuje polohu uzla x;
v Case t. Po integracii rovnic vo vhodnych hraniciach a zvazeni toho, Ze pohyblivé
body su zavislé od casu dostavame pre kazdy pohyblivy uzol z; rovnicu tvaru:

2

(yz - aTyz(l’z)) = m g(l’z) (bi_amyi—l/Q - bj_amyu—l/z + 514(%—1/2 - yi—l/Z))
On
~ % K(Un (yi) — wi) (1.9)
wi — 89;11)1(231) = n(z/)n(yl) — wi) . (1.10)

2 Pohyblivé body

Fixujme konkrétny ¢as ¢ a v nasledujucich vztahoch vynechajme index t. Na urce-
nie uzlov doplnime systém (1.9), (1.10) o N — 1 diferencidlnych rovnic (poz. [2]). Pre
kazdy z uzlov dodame osobitnt diferencialnu rovnicu. Pri vytvarani tychto diferencial-
nych rovnic budeme pracovat s monitorovacou funkciou, ktortt v nasom pripade volime

m(z,C) = |y + %(310)2 .

Pri vypoctoch pouzijeme diskrétnu aproximéciu monitorovacej funkcie. Priblizna hod-
nota monitorovacej funkcie m v uzle z; je dana vztahom

2
mi—m(xi,yi)—\/'y+%(w) , i=1,...,N—1.

Ti+1 — Ti—1

v tvare

Pohyblivé body, v ktorych chceme najst rieSenie, si rozmiestnené na intervale kon-
krétnej pevnej dIiky L = va —v1. Ak oznadime a; = x;,-1 —x; prei = 1,..., N, tak
zlomky n; tvaru n; = ai vyjadruju istym spoésobom hustotu tychto bodov. Definujme
nové hustoty 7; vztahmi

ﬁ1 =Nni — M(’I’LQ — ’I’L1)7 (2.1)

n; =n; — p(nig1 + ni—1 — 2n;), pre i=2,...,N—1, (2.2)

nN =nn —M(TLN—I —nN)7 (2'3)



148 E. Trojakova

kde p je konStanta z intervalu (%, %) Za, predpokladu, Ze budeme volit vektor n tak,
aby platila rovnost
Rict Mo 9 N, (2.4)

mi—1  m
zabezpecéime, Ze delenie n vyhovujice (2.2) bude spliiaf

ni—1 a1 _ 1
p< — == <=,
n; (67 1%
To je presne podmienka lokdlnej ohranicenosti siete. Kvoli hladkému priebehu delenia,
pozmenime (2.4) na tvar
Ni—1+TNi—1 _ i +Tmn; ’ (2.5)

mi—1 m;

kde 7 je kladna konstanta. Rovnice (2.5) dodame k systému (1.9), (1.10) a ziskavame
mohutnejsi systém diferencidlnych rovnic, ktorého riesenie hladame. Predtym vSak po-
uzijeme vztahy medzi n, 77, o, ¢im systém prejde na ekvivalentny tvar. Potrebné vztahy
su )
(673

& = Ti—1 — T4, n; = . (2.6)
&%)

Dosadenim a tpravou dostavame rovnice

[ . 1+2 .
T ,u2 ] Ti—2 — T |: K’ 5 + 5 + ,u2 :| Ti—1
RUZIS T miy105 miog miQg_y
[ 142 142 .
s N } i
_mi+1ai mi+1()éi+1 miai M1
[ 142 . .
-7 K 3 5 + ,u2 ] Tit1+T {%} Tit2
[Mit1Q3 o Map1QG MGGy mit10i + 2

_ 1 [_ m +1+2u_ﬂ}_i[_ I Jr1Jr2u_ ,u] @7)

mMi+1 Q42 Q41 (673 myg Q41 (o7} Q-1

kde2 <t < N —2ax9=0, 2y = 0. Este doplinme rovnice pre uzol x:

1+p  14+2p m I . u 1+2u I .
T > 2 2 5| T1—T 2 p) 5 | T2
m1Oé1 ’I’VLQOCQ m1Oé2 mgal m1a2 m2a2 m2a3
. 1 1+2 1 |1
T R ) ey ) P
maag mao %] 2 a3 m1 a1 Q2

a pre uzol xn_1:

. 142 .
T{7M2 :|wN—3_T|: K’ + t o + K’ :|wN—2

2 2 2
MN-1QN_o  MNQN_;  MNQAN_4

142 1 .
+T{ + 2 + L +,u+ K :|fo1

2 2 2 2
MN-1Qy_, MNQY_; MNQAy  MN-1Q%

L[lﬂi_ p ]_ml {1+M_L_1+_”}_ (2.9)

anN aN-—1 N—-1 [ON-1 anN AN-—-2

Systém (1.9), (1.10), (2.7)—(2.9) aproximuje dany ODE systém a pri oznadeni z(t) =
(y(t),w(t), z(t)) sa d& schematicky napisat v tvare

M(t,2(t))2 = g(2(t), 1),



Metéda pohyblivych bodov pre tlohu transportu kontaminantu 149

kde M je matica a vektor g je jednoznacne urceny pociatoénymi a okrajovymi pod-
mienkami. Vektor zp, najmé jeho zlozku zo, volime tak, aby zodpovedala myslienke
metédy pohyblivych bodov — teda v miestach velkych zmien yo volime pociatoéné roz-
loZenie uzlov hustejsie. Okrem toho v praxi volime niekolko prvych zloziek vektora yo
kladnych.

3 Numerické experimenty

V nasom experimente berieme model transportu kontaminantu transformovany na ob-
dlznik v rovine, hodnoty potencialov na hraniciach studni @;, ®» st pevne dané, pri¢om
@1 < Ps. Takisto polomery r1, r2 studni a parameter d uréujuci ich vzdialenost st dané.
V neekvilibriu je adsorpcia 1, (C) = C. Okrajova podmienka Co(t) na jednom okraji
obdlznika je rovna 1. Na druhom okraji mame nulovii Neumanovu podmienku. Neo-
hrani¢end oblast sa transformovala na obdlznik (—5.3,5.3) x (0, 7). Ulohu sme riesili na
stripe u = w. Vypoc¢ty sme realizovali vo softwary MATLAB 7.0, pricom sme pouzivali
ODE-solver ODE15S.

time evolution of concentrations

Obrazek 3.1 Riesenie a pohyblivé body, T' = 5.

4 Inverzna uloha

Snazime sa urcif parametre izoterm tak, aby rieSenie tlohy pri uréenych paramet-
roch zodpovedalo nameranym hodnotdm. Predpokladali sme pritom, Ze nami name-
rané data st hodnoty takzvanej breaktrough krivky, teda krivky, ktora popisuje zmenu

koncentracie v ¢ase v studni B. Na obrazku mozeme vidiet breaktrough krivky pre
c

T

zafneme pociatoénym vektorom po. ZlepSenie tejto pociatocnej volby realizujeme tak,

Ze minimalizujeme problém najmensich stvorcov P(p,Cp) = >0 fi(p)?, kde fi(p) =

rozne parametre a, b; Langmuir ¢(C) = Parametre hladdme iteracne, pricom

Cp(ti) — Cn(ti). Pouzivame pri tom Levenberg—Marquardt metédu. Ozna¢me f/(p)
Jacobian funckie f. Potom pix41 = pr + di, kde dj, je rieSenim systému

(f (o)™ f (o) + ML) = —f (p) f(0r) »

pricom od volby parametru A zavisi, akd metdda je vlastne pouzita. Ak je parameter \

nulovy, tak sa jedna o Newton—Gauss metddu, ak je velky, dostavame metédu najvic-
’

sieho spadu. Mozeme si v8imnut, ze pri vypocte Jacobidnu (f (pr) pocitame velakrat
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0.025

o0ms

0.008

Obréazek 4.1 Breaktroughkrivka pre parametre (4,5), (5,5), (6,5).

priamu tulohu, takze ¢im rychlej$iu metédu mame na riesenie priamej tlohy, tym mame

Na zaver uvadzame dva vysledky pri rieseni inverznej tlohy:

,Namerand® krivka C; vypoéitand s parametrami (5, 7); po¢iatoéna hodnota parame-
trov po = (6,6); Langmuirova izoterma: ¢ (C) = 11%; vektor ps = (5.0047,7.0082).

Tabulka 4.1 Riesenie inverznej tlohy, 50 stripov.

Iteration

Func. count

f(=z)

Norm of steps

0

CUB W N~

1.11488 x 10~ %
3.89615 x 10~
3.71852 x 10~ 7
1.31010 x 10—8
3.75936 x 109
3.72659 x 10~ 11

1.91446
0.20183
0.926933
0.0964689
0.0974189

,Namerand“ krivka Cas vypoéitana s parametrami (1, 0.75); poéiatoénd hodnota para-
metrov po = (1.2,0.6); Freundlichova izoterma: ¢(C) = aC”?; vektor pg = (0.94,0.72).

Tabulka 4.2 Riesenie inverznej tlohy, 50 stripov.

Iteration

Func. count

f(=z)

Norm of steps

o

© 00O Uik W

3

6

9

12
15
18
21
24
27
30

9.15665 x 109
9.15665 x 109
7.25577 x 1079
4.72236 x 10~9
2.28552 x 1079
1.6316 x 10~°
1.6316 x 1079
1.6316 x 109
1.6316 x 109
1.6316 x 10~Y

0.538454
0.134614
0.269227
0.312678
0.158495
0.113385
0.0280174
0.007004 36
0.00175109
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Abstract The report deals with the issue of simulating numerically a surface sealing
system of landfills—a capillary barrier. A capillary barrier is a kind of landfill closing
consisting of two soil layers: the fine-grained capillary layer overlying the course-grained
capillary block.Water enters the barrier from above and, under conditions of sufficiently
low pressure head, flows along the capillary layer rather than across into the capillary
block.

In this study, a numerical model is introduced based on hydraulic characteristics
obtained by means of measurements of samples [1] of capillary barrier materials. To
make a comparison possible, samples of a laboratory investigated barrier were mea-
sured [7]. Two laboratory experiments testing a simple and a combined capillary barrier
were repeated numerically and a good agreement of computed and measured results
was found. These results suggest that the laboratory investigation of a capillary bar-
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1 Introduction

A capillary barrier is a method of landfill closing consisting of the placing of a fine-
grained soil layer, the capillary layer (CL), over a coarse-grained soil layer, the capillary
block (CB). Under conditions of sufficiently low pressure head, the hydraulic conduc-
tivity of the capillary layer is much higher than that of the capillary block. Water
enters the barrier from above and occupies the capillary layer. The capillary barrier is
inclined, which allows for water flow along the capillary layer rather than through it
and into the capillary block. The design where the capillary layer lies in direct contact
with the capillary block is denoted as simple capillary barrier in this article.

For covering landfills of municipal waste, the European regulations require that
surface sealing for waste class II be made up of two independent components. In most
cases, this is satisfied by the combination of an artificial and a mineral sealing. A com-
bined capillary barrier is intended as an alternative to conventional combined sealing.
There are several designs combining a capillary barrier and artificial sealing. The ar-
tificial sealing can be under or above the capillary barrier. TASi however recommends
a design where the impermeable sheeting is located between the capillary layer and
the capillary block. This acts as the best substitute for a conventional combined seal-
ing (Sehrbrock [6]).

Recently, a set of laboratory experiments on combined capillary barriers have been
carried out at Ruhr University Bochum. The methodological approach applied in
the laboratory simulations and a detailed description of the settings of the experi-
ments is provided by Wohnlich [12]. The latest data obtained are the subject of an
article being prepared for publication by Prof. S. Wohnlich and Kathrin Bitomsky.
A part of the obtained results is utilized in this report in order to check the agreement
of laboratory measurements with the corresponding results of numerical modelling.

The aim of this report was to check the reliability of a numerical model of a capillary
barrier based on hydraulic characteristics measured in samples of the applied materials.

2 The large scale tipping trough simulation

The scheme of the large scale tipping trough is shown in Fig. 2.1. The length of the
trough was 6 m, the height 1 m and the width 0.6 m. The thicknesses of the cap-
illary layer (CL) and the capillary block (CB) were 0.4 m and 0.2 m, respectively.
The capillary block was divided by five insulating screens into six separate areas in
the axial direction. These insulating screens made it possible to localise and measure
the breakthrough discharge from the capillary layer into the capillary block. The height
of the screens was 15 cm. The trough was, moreover, divided by an axially oriented in-
sulating screen into two separate sections so that two sets of experiments using the full
length of the tipping trough could be carried out simultaneously.

The inflow into the capillary layer was made by pumping water from a tank and us-
ing sprinklers made by Gardena Company. The sprinklers were placed on a horizontal
plastic plate situated 20 cm above the upper end of the capillary layer. The runoff oc-
curred through outlets in the lower part of the tipping trough. Twelve drain tubes
drained away water from the capillary block; two did so from the capillary layer
(Fig. 2.1). Drain tubes from the capillary layer and half of those from the capillary
block conveyed the water through a tipping scale, where the amount of water was
measured continuously and recorded every fifteen minutes. The remainder of the drain
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Fig. 2.1 Geometry of the tipping trough (domain) and locations of different kinds of boundary
conditions. The lengths are in centimetres. The solid line describes part of boundary I7,
the dashed line describes part of boundary I, and the rings describe parts of boundary I3.

tubes led to a collective reservoir, where the water level was recorded at least twice per
day. All the inflows and outflows were measured separately for each section of the trough
over a period of 43 days.

3 Physical characteristics of investigated materials

Several physical characteristics of the materials used during the laboratory experiments
with capillary barriers were determined in Bochum (Wohnlich [12]).

Material CL (the capillary layer): is a product of the German company Tecklenborg.
It is a heterogeneous material originating in a river bed from which the rough grains and
calcareous layers have been removed. According to Powers’ [5] classification, the sand
belongs to the category ‘rounded’; both the apices and edges of grains are well rounded.
The grain size curve is shown in Fig. 3.1.

Material CB (the capillary block): is a product of the German company G2. It is a
homogeneous material of a grain size of from 2 mm to 8 mm. According to Powers’ [5]
classification it belongs to the category ‘sub-rounded’; the apices of grains are well
rounded, the edges are partly rounded. The grain size curve is shown in Fig. 3.1.

4 Determination of hydraulic characteristics

Numerical modelling of water flow within a capillary barrier requires the solving of dif-
ferential equations describing flow in variably saturated soils. In this study, the capacity
form of the Richards equation was used for this purpose

Culh) 5t = o (K(h)g—az b K(h)) , (4.1)
where x1, x2, and z3 are the space coordinates with the x3 axis oriented vertically
upwards, t is time, h is pressure head, Cy, (h) is water capacity, K is hydraulic conduc-
tivity, and d;,; is the Kronecker delta. The summation rule is utilized.

In order to make use of equation (4.1), the hydraulic characteristics Cy(h) and
K (h) have to be determined and to do so, the retention curve of the applied materials
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Fig. 3.1 Grading curves of used materials CL and CB (results were taken from Wohnlich [12]).

must be defined. The van Genuchten [9] equation

@s _@r

(4.2)
was used to define the retention curves of measured materials of the simulated capillary
barrier, where h < 0, 6 is water content, 6, and 0 are its residual and the saturated
values, respectively, and a, m, and n are parameters: « > 0, n > 1, and m = 1 —
1/n. The van Genuchten equation was chosen because it is commonly utilized for
both numerical simulations and retention curve constructions. The statistical pore-
size distribution model (Mualem, [4]) was further chosen to define the unsaturated
hydraulic conductivity K. Using equation (4.2) once more, it reads

where K is saturated hydraulic conductivity.

The last two equations reduce the problem to the determination of parameters
0., 0s, n, o, and K of both materials of the simulated capillary barrier. The tension
apparatus was chosen to measure the main drying and wetting branches of the retention
curve of each sample. The design of the apparatus used was that of Havlicek and
Myslivec [1] (Fig. 4.1). Retention data were measured on 100 cm® samples: four samples
of the capillary layer and six samples of the capillary block. For each sample, both
the main drying branch and the main wetting branch of the retention curves were
measured.

The numerical code RETC (van Genuchten et al., [10]) was used to determine
the parameters 0., 65, o, and n (equation 4.2) for every sample and both main branches.
The results are listed in Tab. 4.1. A more detailed description of the measurements
and a discussion of obtained results are presented in Trpkosové and Mls [7].
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Fig. 4.1 Apparatus made according to Havlicek and Myslivec [1].

The saturated hydraulic conductivity of the soils was measured by permeameter.
Due to their grain size, the tested materials induce conditions for flow with Reynolds
number close to the limit value of the range of the Darcy law validity. Hence, the mea-
surements were carried out at low gradients of hydraulic head. The results of saturated
hydraulic conductivity measurements are listed in Tab. 4.1.

Table 4.1 van Genuchten fitting parameters of examined materials.

0S4rain.  05ins O0r  Qdrain.  Mdrain.  Qnf.  Minf. K
(-] (-] (-] [em™'] (-] [em™'] -] [m-s']
Material CL 0.35 0.31 0.04 0.03 7.39 0.04 5.24 1.18 x 102
Material CB 0.41 0.41 0.07 0.29 4.56 0.32 4.17 2.25 x 1073

5 Description of numerical simulations

The laboratory experiments in the tipping trough were carried out in order to study
the behaviour and the efficiency of the combined capillary barrier. The aim of the study
we present was to investigate the possibility of testing the hydraulic barrier by means
of measurements of samples of capillary barrier materials and subsequent numerical
modelling. Making use of material data presented in Table 4.1, the trough experiments
were repeated numerically in order to check the agreement. Subsequently, the numerical
modelling of the effect of sheeting-faults distribution of the studied combined capillary
barrier was carried out, [8].
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The simulated processes were formulated mathematically as two-dimensional initial
boundary value problems with equation (4.1) for z € 2 and ¢t € (0,7, where T" denotes
the period of simulation and the domain (2 is defined as the projection of the trough
into the vertical plane containing the axis of the trough. The program S2D_DUAL [11]
was chosen for the numerical solution of the problems. The program solves the Richards
equation in two space dimensions using the finite element method.

Homogeneity of the materials and isotropy of the hydraulic characteristics within
each layer were assumed. The hysteresis of the soil water retention curves was neglected
and the main wetting branches were used. The finite element mesh was created using
the GS v 01 code of the Menhart package [2]. For each simulation, a special mesh
was generated reflecting the changes in boundary conditions due to different lengths
and positions of the faults in the impermeable sheeting. The applied meshes had over
1780 nodes and over 3030 triangular elements. The distance between nodes was under
5 cm on average. The meshes were denser in regions of significant change of pressure
head and along the capillary boundary, where the distance between nodes shrank down
to 1 mm.

The initial condition. According to our knowledge of initial conditions of the tipping
trough experiments, and according to known water retention curves of the barrier,
the value —40 cm was prescribed as the initial value of pressure head.

The boundary conditions. Three different kinds of boundary conditions were pre-
scribed at the boundary of the domain.

Let It denote the impervious part of the boundary. Iy consists of the insulating
screens dividing the trough into sectors, catch area of drains, the undisturbed impervi-
ous sheeting, and, soil evaporation being neglected, of the nonirrigated upper surface
of the capillary layer.

During the laboratory experiments, the total value of the imposed recharge, as a
function of time, was known. The recharge was supposed to be uniformly distributed
over the irrigated part of the capillary layer surface. Hence, the flux density r(¢)
([r] = length/time) of the recharge was determined. If I'> denotes the irrigated part
of the boundary, the general form of the Neumann boundary condition prescribed upon
I'; simulates the recharge

K(h(z,t)) (683?1 (z,t) vi(x) + vg(w)) =r(t) on Is,t >0, (5.1)

while the Neumann boundary condition with » = 0 imposed upon I'1 models the above
described impervious part of the boundary.

The remaining parts of the boundary are composed of the segments, where the
outflow from the capillary layer or the capillary block was enabled. These segments
build free surface at the boundary of the layer and make the existence of the seepage face
possible. Such segments serve as the capillary layer drainage, when the capillary barrier
is utilized as a landfill closing. Let I3 denote this part of the boundary. No recharge
is possible through I3 and discharge needs saturation at I'3. During the computation,
these requirements were satisfied by prescribing the following combination of Dirichlet’s
and Neumann’s conditions

oh
8a:i

(z,t) vi(z) +v3(z) =0 while h(z,t) <0 (5.2)
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and

oh
B, (@ 1) vil@) +vs(z) <0 (5.3)

for (z,t) € I's x (0,T).

h(z,t) =0 while

Figure 5.1 shows the location of the presented boundary conditions.

1 T
capillary layer ‘

impermeable sheeting

||
impermeable sheeting

/ / capillary block Vs P / p

4 A L / / /

Fig. 5.1 Borders of the sheeting represent an inner boundary of the model, where Neu-
mann’s boundary condition of zero discharge applies. Thus the sheeting forms a sort of hole in
the model area; it is not part of the model. Vertical hatch represents the material of the capil-
lary layer, slanted hatch the material of the capillary block. Thick lines represent the boundary
part I'1. The entire system is tilted in the model, data are in millimetres. The letter X repre-
sents the length of failure which depends on Simulation number.

Numerical revisiting of the laboratory experiments. Two different laboratory ex-
periments testing a simple capillary barrier and the effect of holes in the impermeable
sheeting of a combined capillary barrier were repeated numerically. The experiments
differed firstly in the presence of the impermeable sheeting and secondly in volume
of irrigation. The holes in the impervious interface should simulate the cracking or
ripping of the artificial sheeting. The exact location of holes in the sheeting is shown
in Fig. 5.2. Here, the described experiments and simulations are denoted as Simulation
1 (combined capillary barrier) and Simulation 2 (simple capillary barrier).

Simulation 1 209 _____________ M2s . 200
- [
187 cm to beginning of tipping trough
Simulation 2 | 276.0 ,
f==nsmeeid I
200 cm to beginning of tipping trough

Fig. 5.2 Interface in individual simulations. The lengths are in centimetres. The solid lines
mark the impermeable sheeting (inner boundary, I'1); the voids in solid lines mark the ruptures
(no boundary I'1). In Simulation 3, the length of voids is 0.1 cm. The distance of the beginning
of the first hole from the beginning of the barrier was 187 cm for all the simulations except
Simulation 2, where it was 200 cm. The sloping lines represent the drainage channel where
the boundary part I's was imposed in Simulations 7-9. Group A was used for evaluation
of the effect of rate of failure, Group B for relationship between locations of failure and drainage
channel.

The two experiments were repeated by means of numerical modelling quite indepen-
dently of the results of the tipping trough experiments. The comparison of the numerical
results with the tipping trough measurements is presented and discussed below.
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6 Results and discussion

The parameters presented in Table 4.1 were used for numerical simulations of the bar-
rier. The two solved problems were formulated in correspondence with two laboratory
experiments carried out in the tipping trough. The results of the simulation are pre-
sented in Figs. 6.1 and 6.2 together with the rate of irrigation. As the laboratory
measurements were known, it was possible to compare both sets of results. Figures 6.1
and 6.2 make this comparison visible.

500 —
. — Irrigation _
————— CL model
00 — [—==-= CB model
CL measured
CB measured
7
© 300
E
IS
L
=
(=]
= 200
=
O
100
0
|

20
Time (days)

Fig. 6.1 The comparison of model results with measured data (Simulation 1).

The numerical results are in good agreement with the corresponding laboratory
measurements. The numerical simulation shows the higher sensitivity to change of com-
puted outflow to changes of the infiltration rate than was found for the laboratory
data. The differences at the beginning of simulations, particularly of Simulation 1,
were caused by the applied initial conditions. A significant disagreement was found in
the period from the 15th to the 27th day of Simulation 2. It should be noted that in
this period, the laboratory data shows a higher discharge from the capillary layer than
the infiltration.

In the numerical simulations, the main wetting branches of the retention curves were
utilized (Table 4.1). This is in accordance with Morris, Stormont [3] and TrpkoSov4,
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Fig. 6.2 The comparison of model results with measured data (Simulation 2).

Mls [7], where it is suggested, that the function of capillary barrier may be overesti-
mated when using the drying branch of the retention curve.

The model parameters had not been calibrated to the trough results. The final
agreement was achieved using parameters measured in the tension apparatus. The pa-
rameters are therefore independent of the given structure of the trough. This provides
the option of using numerical model for investigations of the combined barrier be-
haviour. The obtained results show not only the mutual agreement between the tipping
trough measurements and the numerical simulation but also the reliability of the ap-
plied hydraulic characteristics.

7 Conclusion

The possibility of using a numerical model as a tool for investigating the behaviour
of a combined capillary barrier under variable conditions was studied.

Making use of laboratory results measured in tipping trough, it was possible to for-
mulate the following important conclusion. In the case of soils usable for capillary barri-
ers, the hydraulic characteristics determined by the method made according to Havlicek
and Myslivec are applicable for numerical modelling with sufficient accuracy. This result
suggests that the laboratory testing of a capillary barrier could be replaced by numer-
ical modelling.
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Expertomica metabolomics profilling: Using probabilistic
system approach to gather more information from LC-MS

Jan Urban - Jan Vanék - Dalibor Stys

Abstract Mass spectrometers are sophisticated, fine instruments which are essential
in many applications. However, their results are usually interpreted in a rather primitive
way, without knowing the errors of the results we get. We divide the output of the LC-
MS into three parts: (a) useful output, (b) random noise (c) systematic noise of the
instrument related to the particular experiment. The characteristics of the systematic
noise change in time and depend on the analyzed substance. This allows us to quantify
the probability of error and, at the same time, retrieve some peaks which get lost in the
noise when using the existing methods. There are no user-defined parameters. Our
software tool, Expertomica [1], automatically evaluates the given instrument, detects
compounds and calculates the probability of individual peaks.

1 Introduction

Liquid chromatography with mass spectrometry (LC-MS) detection is one of the ma-
jor tools in proteomics and metabolomics. Metabolite transformation by protein en-
zymes and protein- and lipid-mediated signal transduction are elements of the path-
ways responsible for the non-linear dynamics of living cells. The goal of experiments
in metabolomics and proteomics is to identify the molecule (or its fragment) and quan-
tify its amount, at the best inside the cell or in a representative sample of the culture.
In LC-MS the compounds are chromatographically separated on the basis of their
physico-chemical interactions with the chromatographic column material in particular
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solvent system. All separated compounds come to the ion source and where they are
ionized. Resulting ions are resolved by (various types) of interactions with electromag-
netic field. The signal is then detected by detectors of various constructions. Naturally,
the various technical setups give rise to various detailed relations between the nature
of the analysed compound—analyte, ultimately its chemical structure, and the signal
measured at the detector. Yet, the application of general systems theory enable to
analyse this, in fact, whole class of experiments, in one natural generic way. The gen-
eral stochastic systems theory (GSST) was introduced by Zampa (2004). Here we just
briefly outline the major features. GSST characterizes system by a set of attributes A

A=A{aili € I}, (1.1)
whose realizations are system variables
v, €V, 1el. (1.2)
System time is defined as ordered series of time instants
ty €T. (1.3)

In contrast to the standard assumption of continuous time. We may then define causal
relations where C} ; is the complete and immediate cause for a trajectory element D; ;
and probabilities P; ; for realization of this causal relation. System may also be split
into elements

T = (T"/;vci)v (14)

which interact only by non-energetic, information, bonds
ci(ty) = (Criy Diy) . (1.5)
The whole system PCS then may be described by
PSC = (II,C,P). (1.6)

Where IT is the set of all elements, C' is the set of all information bonds and P is
the set of all probabilities. In this paper we describe how we utilized this theoretical
framework for detailed analysis of the LC-MS experiment and how this approach helped
to improve the experiment diagnostics.

2 Results: Analysis of the LC-MS experiment
2.1 Operational definitions and implementation

The experiment on determination of protein or metabolite concentration in the sample
consist in most cases of steps: 1) of sample collection, 2) set of physico-chemical and
mechanical operation such as filtration, extraction etc., 3) chemical or biochemical op-
erations such as chemical modification or enzyme cleavage, 4) separation of chemical
entities by chromatography, various electrochemical methods etc. and detection. In this
article we discuss the information content of LC-MS measurement which combines chro-
matographic separation and detection of the compound identity and quantity. Various
experimental protocols were developed to retrieve quantitatively proteins and diverse
metabolite classes from different kind of samples. It remains clear that there is no
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general relationship between the attribute protein or metabolite concentration with the
meaning, for example, average concentration in the cell interior and variable measured
by, let us say, LC-MS. Further in the text we shall concentrate on the measurement
of the variable denoted protein or metabolite concentration by LC-MS.

In LC-MS the compounds are chromatographically separated on the basis of their
physico-chemical interactions with the chromatographic column material in particular
solvent system. All separated compounds come to the ion source and where they are
ionized. Resulting ions are resolved by (various types) of interactions with electromag-
netic field. The signal is then detected by detectors of various constructions. Naturally,
the various technical setups give rise to various detailed relations between the nature
of the analysed compound—analyte, ultimately its chemical structure, and the signal
measured at the detector. Yet, the application of general systems theory enable to
analyse this, in fact, whole class of experiments, in one natural generic way.

The LC-MS experimentalist naturally divides the source of measured signal into
three origins, sub-systems, namely signal S (of the compound), random R and sys-
tematic noise @. Individual signals in the MS spectrum occur at discrete m/z values
separated by large areas containing only random noise. Clearly, the three types of sig-
nal origin are seen and for total signal intensity y(¢,m) at particular time ¢ and m/z
m value we may write

y(t,m) = s(t,m) +r(t,m) + q(t,m), (2.1)

where s(t,m) is the contribution of the analyte signal, (¢, m) is the contribution of the
random noise and ¢(¢,m) is the contribution of the systematic noise. Values of y(t,m)
are determined with certain precision at certain value of m determined with certain
resolution and at certain time instant ¢. The delay between the time instants is generally
uneven and the integration time preceeding the time instant ¢ arbitrarily chosen. For
each of the types of contributions we may propose probabilistic rules how to distinguish
them from each other.

Analyte signal should behave as peak, it means that it should rise at certain ¢, m;
point and should not drop to zero at any tx+;, m; for certain period of time (tg;tx4n).
Random noise should have (certain) noise distribution and systematic noise should
not drop to zero for, in principle, any time between its first occurrence until the end
of the experiment. Systematic noise forms ridges, deviations from the random noise
distribution at certain m value at most of the time instants in the measurement.

2.2 Random noise

The above mentioned definitions may be transformed into algorithmised rules. The
simplest is the definitions of random noise R. The fact that the measurement contains
sometimes 98% of the noise allows comparison of the signal to standard noise distribu-
tion function. The distribution of random noise in the m/r is highly uneven and depend
namely on the tuning of the detector. In certain types of experiments, namely so-called
high resolution experiments with large number of signals, one must also consider local
precision in signal intensity y(¢,m) and m/z detection which are not independent. This
is now under consideration.
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2.3 Systematic noise

In a strict sense of the world, systematic noise is a sum of all contributions originating
from the experimental procedure. In practice we observe ridges, series of subsequent
y(t,m) which exceed the noise value at most of the time instants, and compounds
which are present both in the empty run and in the experiment containing the ana-
Iyte. The former case, ridges, will be discussed here and are, for the purpose of this
analysis, forming the systematic noise sub-system @riage. The later case, contaminant
compounds Qcomp, are analysed in the same way as the analyte and are removed in the
final stage of the analysis by removing them from the analyte signal S.

The sub-system Qriqge splits into elementary sub-systems Qridge,1, @ridge,2s- - - »
Qridge,i, where ¢ is the number of detected ridges. Appropriate setup of rules for peak
definition is based on separation of time instants ¢; € T" and on the appropriate inte-
gration time, let us denote it 6; € @. The ridge is defined as probability that at most
time ¢; € T instants and at small m/z interval (m;;m;+¢) there is significant deviation
from the probability that y(¢,m) = r(¢,m). The Value of ¢ is generally given by instru-
ment precision which may either be pre-defined, or calculated from the experimental
data. The later is the problem per se and will be discussed separately, so far it is not
implemented in the EMP software.

2.4 The analyte

The analyte sub-system S splits into signals of individual compounds S1,S2, ..., Sh,
where n is number of compounds which are composed of peaks Si1,...,51 k5.,
Snly- s Onk, . First we define peak S; j,. Appropriate setup of rules for peak defi-
nition is again based on separation of time instants ¢; € T and on the appropriate
integration time, let us denote it 6; € ©. In our experience, there are many widespread
experiments such a MS? in which the interval between ¢; is not even. The integration
time o; has so far been always identical within on experiment and is thus not consid-
ered. Precise definition of peaks is then that it is a series of y(¢,m) which in certain
interval (mki‘j ; mlm) deviates from the random noise distribution at the time interval
(tr; ;5tm, ;) for more that given number of time instants.

The m/z interval (myg, ;;my, ;) is ultimately defined by measured precision of the
m/z value estimation. Exact discussion of this feature and its possible implementation
will be given in a forthcoming paper and has not yet been implemented in the EMP
software.

Length of the time interval (t,, ;;tm, ;) is treated in two ways. First, we must
estimate separately each of the peaks S; ;. In the existent implementation the minimal
number of consequent time instants at the interval (t,, ;;tm, ;) is which do not fit the
signal rule is given by certain (small) number, i.e. 3. But it may also calculated from
experimental data from which the sensitivity for given instrument and experiment may
be estimated. This is at the moment not implemented into the EMP software and will
be discussed in detail elsewhere. The length of (L, ;;tm, ;) is estimated experimentally,
it is the set of consequent time instants fulfilling the peak rule. The difference between
the peak S; ;, and ridge @Q); deserves special discussion which is beyond the scope of this
article. However, the implementation in the EMP software at the moment seems to be
highly robust and allows proper identification of peaks with probability less than 20%.
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The whole calculation is probabilistic, so we may also estimate probability p; j,
that a given peak is a peak. So the elementary sub-system is described by triple

Sig; = (<tri,j > tmi,j>7 <mk” ) mli.j)?piyji) . (2'2)
Found peaks may be composed into the compound. We start with peak with longest

time interval 7 = max(tm, ; —tr, ;) and set (t,, ;;tm, ;). In the next step we search for
all peaks whose time intervals are fulfilling the rule

<tri.j#1 2 tri,j;tmi.j#l S tmi,j) N (23)
By this we obtain sub system
S1=(511,512,--,51:) (2.4)

where b; is the maximal number of sub-systems fulfilling the rule (2.3) for given i. Next
we take the peak with longest time interval from those not fulfilling the rule (2.3) and
obtain the sub-system Sz = (S2,1,52,2,...,52,) and so forth until there is no peak
left. By this we get number of compounds n = max(¢) and number of peaks for each
compound b;. The later defines for each compound the set

M; = (<mk7’,,1;mli,1>7 <mki,2; mli,2>7 AR <"nk¢b1 ) mli,bi>) . (2'5)

We may also define probability for each compound, for practical reasons (and for ex-
ample) to be equivalent to probability of its most probable peak. We may write

S; = (<tr7’,,1§tm1‘,1>7Mi7max(piyji)) . (2'6)

In reality, the ordering of compounds is presented differently, usually the compound
number 1 is the compound with lowest ¢,,,1 or that with lowest—or highest max(p;j, ).
Here also comes the subtraction of the second part of systematic noise, Qcomp. The
blank or empty run, experiment not containing any analyte, is analysed in the same
way as full experiment. Sub system Qcomp then, similarly as S, may be described as

Qcomp == (Qcompl, Qcome, ey Qcompw) ) (27)

where w is number of compounds detected in the blank measurement. Again, each

Qcompz = (Qcompz,h Qcompz,27 sy Qcompz,() ) (28)

where ¢ is number of peaks found in the compound Qcomp-. We may then define
probability that

Pi,compz = p(Sz = Qcompz) 5 (29)

as a function

Pi,compz = f((tm.l ; tmi,1 >7 M;, <tTcom,pz,1 5 tCOmPZi,1 >) ) (2'10)

which completes the discussion.
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2.5 Implementation

The discussions, despite to its theoretical extensiveness, is only an outline of a highly
complex problem. The implementation in EMP program represents perhaps one possi-
ble, but sufficiently general and stable solution for whole range of concrete experiments.
After adoption of the non-standard point of view of the stochastic systems theory, re-
sults of the analysis represents very practical and rich source of information which
significantly simplifies the analysis.

Based on definitions we may set probabilistic rules using which we may for each
point (¢,m) determine probability that the value y(t,m) is signal of the analyte

s(t,m) : ps(t,m) = p(y(t,m) € S), (2.11)
similarly we may define
pr(t,m) = p(y(t,m) € R) ) (2'12)
and
pq(t,m) =p(y(t,m) € Q). (2.13)

For the purpose of the “real life” analysis we instead of value estimation of analyte
signal, intensity s(¢,m) which is misleading, we introduce probability factor pr(t,m)
that the measurement data output y(¢,m) is analyte intensity s(t,m):

pr(t,m) = ply(t,m) = s(t,m)|Ag, A\r], (2.14)

where Ag and Ar are estimated characteristic of mapping q(¢,m) and mapping r(t,m)
respectively. It should be noted here that up to 98% of measured information is random
noise. The probability factor pr(¢,m) means probability that analyte with molecular
mass m in retention time ¢ has intensity y(¢,m). Probability pr(t,m) is multiplication
of two independent probabilities. The first one is probability p;.(¢,m) that measurement
data output y(¢,m) is not produced by random noise r(t,m):

pr(t,m) = ply(t,m) = s(t,m) + q(t, m)|Ar]. (2.15)

The second probability is probability p;,(¢,m) that measurement data output y(¢,m)
is not produced by systematic noise q(t, m):

pq(t,m) = ply(t,m) = s(t,m) + r(t,m)|Aq] (2.16)
and the final probability pr(t,m) is
pr(t,m) = p;(t,m)p;(t,m) . (2.17)

Using probability factor pr(t,m) which can be evaluated precisely with well noise char-
acteristics, the error ratio can be tuned directly for any task. Subsequent filtration
and/or analyzing steps can utilise this probability in their outputs via probability the-
ory formulas. Details of the procedure are again implemented in Expertomica metabo-
lite profiling program. The sub-systems affect each other, namely the random noise
increases and systematic noise decreases when signal of the analyte is present. The
implementation into software tool has hit the capacity of standard programming tools
such as MATLAB. The introduction of high performance computing is a must.
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2.6 Analysis of available information content of the LC-MS experiment

There are numerous features which may be extracted from the data. We demonstrate
two features which are in close connection to the theoretical analysis. Obviously there
is no relation between the reliability of the signal and its intensity. But, manual find-
ing of the “best” spectrum is still the main way by which LC-MS operators analyze
their results. Some of the signals in these spectra may be attributed to adducts, frag-
menst isotope satellites and other features which are observed in ms spectra. In most
spectra we, however, observe other peaks. In other similar examples were found signal
which could not be explained by any known chemical rules. Sometimes similar signals
occurred in several subsequently eluted compounds. Most probably a compound was
eluted from the column which represents additional source of systematic noise ) not
implemented in current algorithms. From the theoretical point of view, the signal in-
tensity of the analyte is the dominating factor determining the exact shape of peaks
and levels of random and systematic noises. We believe that sum of analyte signal
intensity and average random noise distributions will be sufficient as complete and im-
mediate cause C(t) to allow prediction of the value of sub-systems R and Q,iqgc at any
time instants t. The length of the system trajectory needed for determination of the
complete and immediate cause is one time instant.

For prediction of behavior of peaks one has to consider, in fact all peaks and their
position in the preceeding chromatogram (and in a sense also of the subsequent ones).
Quite likely, however, the contribution of compounds with distant chemical proper-
ties (eluting at higly different retention times) will be lower. Compounds not arriving
to the detector simultaenously will not affect the ionization property, electromagnetic
separation or detector behavior. In any case, for each of the sub-systems S;; and
Qcompz.jeomp- the complete and immediate cause should be sought separately. We
may find that in the LC-MS dataset the information collected at the whole trajec-
tory preceeding the particular time instant does not contain complete information to
allow construction of the complete immediate cause C(t,m) predicting the probabil-
ity of assignment of the signal y(t, m) to signal of the analyte signal s(¢,m) or signal
q(t,m|q € Qcompz.jeomp-)- This feature requires additional extensive discussion.

2.7 Software tool

We developed a software tool with simple Graphical User Interface in MATLAB 7.7.0
(R2008b) for loading the measurements and/or blank (if available for discarding peaks
presented in blank) and estimate the noise PDFs. Since there are no user-defined
parameters or controls to play, the program runs completely automatically. It reads the
results of the measurement and the results of the empty run. You specify the confidence
level (probability) with which you want to detect peaks, and the program derives the
peaks. The results are shown either as standard graphs table of compounds, peaks and
their probabilities—possibly as a 3D diagram. These results are highly encouraging,
exceeding the ability of the operator who performed the manual interpretation. The
software is still being continuously adapted to different types of data and instruments.
The presented method is based on a physical model of what happens within the LC-
MS instrument, and is therefore superior to other existing methods usually based on
general heuristic rules. The software may be used for multiple purposes: for expert data
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assessment, automated generation of the compound databases, performance analysis
of the instrument, for validity assessment of biological models etc.

Gtz tirme

Fig. 2.1 Original measurement (left), and filtered (right).
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Entropy fluxes in cell culture and its paralell
implementation on GPU

Jan Urban - Jan Vanék - Dalibor Stys

Abstract This document presents a novel method of entropy fluxes as the evaluation
of changes between images based on Shannon’s entropy [11]. The method is developed
specially for microscopy images captured in phase-contrast mode [13]. But it can be
used in many others applications. Illustrative description of using entropy is proposed
in the paper and advantages are discussed. This method simply shows the amount
of observable information transferred in discrete time period from/to the location rep-
resented by current pixel, for all pixels in the images. This transfer corresponds to the
matter exchanges, shape development and intracellular mobling. The noise contribution
is significantly decreased and details, even the non-conspicuous are preserved. Finally,
implementation on graphics cards to overpass higher computation requirements of the
algorithm is described.

1 Introduction

In physical chemistry, Gibbs (1876) [4] or Helmholtz (1882) [6] energy (later free energy)
is the potential that characterizes the thermodynamic equilibrium. After recognition
of quantum mechanics, this potential has been identified by maximum Boltzmann (or
Gibbs) entropy (Boltzmann 1896) [1], which is the true beginning of statistical physics.
This was eventually generalized as Maximum entropy principle (Jaynes 1957) [10] who
proposed identification of Gibbs-Boltzmann entropy and statistical entropy.
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In experimental practice of chemistry—and in Physical chemistry textbooks—the free
energy is often approximated by logarithm of concentration. This approximation—from
experimental chemist point of view—comes from ideal gas equation and brings about
endless problems in any system obeying generals state equations. For this reason, ac-
tivity and activity coefficient were introduced. In the field of statistical thermody-
namics the use of Gibbs-Boltzmann-Shannon entropy is based on several assumptions
on equality of probability distribution of individual states and is not general. Details
of mathematical approaches and terminology should be sought in Renyi [10], Havrda
and Charvat [5], Tsallis [12] and Jizba and Arimitsu [8]. Discussion of the equiv-
alency of the experimentally measured data and underlying principles of statistical
physics/information theory is very lively.

In experimental practice of biology, but also meteorology, economy etc., we deal
with time development of asymptotically stable objects. We build models of dynamic
behavior of these objects. In biology the models are based on multitude of observation
from biochemistry and molecular biology. The metabolic and signal pathways substan-
tiate the non-linear dynamic processes [9] which are responsible for asymptotic stability
of biological systems.

Metabolic pathways are often constructed from biochemical data in which some
standard enzyme reaction mechanism is assumed. Knowledge of signal pathways is
based on molecular biology data which are often relatively non-quantitative and some-
times fuzzy due to existence of conflicting processes. These models aim to explain
molecular data but do not aim to implicate any information about cellular, multicellu-
lar or sub-cellular structures. These spatial objects, non-stable pathways (apart from
fundamental pathways such as energetic metabolism) are the essence of biology, the
elementary asymptotically stable objects to be studied.

Equilibrium objects closest to biological structures are lipid vesicles. The cellu-
lar membranes and intracellular structures are traditionally expected to be “complex
lipid vesicles” in which lateral domains are formed by “immiscible” mixtures of lipids
and proteins eventually forming complicated structures which are observed by the
microscope. However, formation of complicated three-dimensional structures of vari-
ous shapes was also obtained using a relatively simple pseudo-chemical agent-based
non-equilibrium model [2]. Not surprisingly, these structures are formed under the
conditions of maximization of Renyi entropy [3].

After all, various intracellular pathways and formation of three-dimensional struc-
tures should be two faces of the same process. In analogy to equilibrium thermodynam-
ics we may say that pathways are analogues to concentrations while the spatial objects
are analogues to phases. Phase equilibrium is the most typical case for equilibrium
based on Gibbs energy identity in each of the components.

In this article we deal mainly with information content of data obtained from ex-
periments relevant to systems biology. These are various -omic data of which most
relevant are metabolomic and proteomic sets and cell biology—time-lapse experiments.
For metabolomics and proteomics the most specific, comprehensive and in the same
time reasonably quantitative, datasets are obtained by liquid chromatography com-
bined with mass spectrometry. The time lapse microscopy has got major branches
in fluorescence microscopy which intents to follow a singular process in the cell (intra-
cellular biochemistry) and contrast enhancement based observation of cell fates [15, 16].

In this article we summarise results of the objective analysis of critical steps in both
above mentioned types of experiments and propose generic approach and presents
a novel method of entropy fluxes as the evaluation of changes between images based
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on entropy contribution [13]. The method is developed a specially for microscopy images
captured in phase-contrast mode. But it can be used in many others applications.
Illustrative description of using entropy is proposed in the paper and advantages are
discussed. This method simply shows the amount of observable information transferred
in discrete time period from/to the location represented by current pixel, for all pixels
in the images. This transfer corresponds to the matter exchanges, shape development
and intracellular mobling. The noise contribution is significantly decreased and details,
even the non-conspicuous are preserved. Finally, implementation on graphics cards to
overpass higher computation requirements of the algorithm is described.

2 Human cell monolayer

Monolayer of human cells—often vaguely referred as tissue culture—is the simplest ap-
proximation to model of an organ from which the cells originate. From a small number
of cells the culture is allowed to develop into monolayer and this process is observed
under the microscope by a series of camera shots, confocal microscope fluorescence
readouts etc. We discuss results of time-lapse microscopy in which phase-contrast im-
ages [15, 16] of tissue culture are recorded by camera at certain time instants.

As argued in the introduction, it is rather probable that the structures observe din
microscope their shape and size are the representative parameter characterizing cell
behavior. In another words, it is probably the shape and size of the cell compartment
which defines the state. Unfortunately, the automated detection tools are capable to
detect only simplest cell shapes, work robust in unicellular microorganism like yeast.
Complex cell shapes of human tissue cultures represent incomparably more complicated
problem. Some of the shapes have names assigned in biological terminology, they may
be classifed as phenomenological attributes and variables as,; resp. vy ;. The analysis
of these complex samples thus relies in most cases on work of human operator.

The simplest, and most obvious, trajectory, is the cell cycle, which may be char-
acterized by time between cell divisions. Many other features may be observed but
are not recorded. The phenomenological analysis give conclusion that there is much
more information in the dataset than skilled operator may register. There is clear need
for automated tools. For the analysis of experiment may be naturally used the gener-
alized stochastic systems theory developed for cybernetic purposes by Zampa (2004)
[17]. There is apparently no more instructive model for the probabilistic causal system
in the nature than cell monolayer. The universum of the system is formed by cells,
information bonds are various forms of intracellular communication, i.e. information
exchange in direct contact, information send by communication metabolites and other
forms of medium-range communication such as pseudopodia in Hel.a cell cultures.

2.1 Probabilities and entropy calculation

In practice of the biological experiments we would to gain adequate information, to be
able to define objectively the cell state and predict its behavior. In the most striking
example of medicine this is exact definition of objective diagnosis. To achieve this we
need a criterion how to infer the trajectory elements, trajectories and their probabilities
from a real experiment. In Cybulski et al. 2006 it was shown, that in a pseudo-chemical
process, the stability of structures was achieved under the criterion of maximization
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of Renyi entropy flux. Stability of biological structures also means maximal generalized
entropy flux in the system. And this is reflected in our experimental results. We propose
that steady behavior (i.e. increase or decrease) of Renyi entropy as the rule which allows
us to infer causal relations in the system from observed data.

A real problem is that ergodicity assumption is (most probably) not satisfied. This
is not a problem for stochastic systems theory but it may be problem if we want to use
inferred probabilities for entropy calculation and draw generalized conclusions. The
assumption that the underlying process in biology is a continuous chaotic attractor
justifies the use of the recipe proposed by Vattay [14]. The derivation is based on the
fact that trajectories in the dynamical system may be characterized by a set of sym-
bolic sequences indicating the asymptotically stable regions of the state space which
are visited in the particular trajectory. These symbols define the generating Markov
partition. Each causal relation, i.e each of the observed tuples of complete immediate
cause and its consequence, is classifyable cells state and candidate for asymptotically
stable state in the cell chaotic attractor trajectory and (b) probabilities of transitions
between individual state constiute symbolic trajectory to which probability may be
attributed. Thus event does have its precise meaning in the nonlinear dynamic theory
terminology. In practice of the experiment we usually do not have ultimate criterion
for construction of trajectories whose probabilities we search. We stop the analysis
when we are not able to dissect the state trajectory any further. We identify observed
probabilities transfer of the system from one identifiable state to the next one

P ;eP

with probabilities for the generating set. The above mentioned analysis thus gives
us complete apparatus for definition of state changes—or, in our terminology, event,
probability P, given by
P = H P
i=0

From which we may directly derive any form of entropy, for example the Shannon
entropy

S = ZTPllnPl

where n is number of distinct events.

The assumption is that there is a steady behavior of the flux of appropriate in-
formation entropy. But it is computationally extremely intensive in itself and, mainly,
highly dependent on proper experiment technical analysis.

3 Entropy flux

In the image analysis, we are able to measure the information as Shannon’s entropy
where instead of unknown probability distribution is used normalised histogram func-
tion H (v). Therefore, probability p, of event v means amount of pixels in the image (or
selected part of the image) with intensity value assigned to the event v. This amount
is divided by the total amount of pixel in the image (or selected part of the image) to
fulfil the condition ) p, = 1.

In the pixel contribution to the information content [13] is computed individual
Shannon’s entropy for each pixel f(i,7) in the image. Cross of the whole row ¢ and
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whole column j in the image, where the current pixel position is located, was chosen
as part of the image. But, there should be any type and size of selected part for pixel
contribution computation, depended somehow on the objects in the image(s). The value
of pixel f(i,7) is counted only once.

During evaluation of pixel contribution is counted difference between entropy of se-
lected part with current pixel and entropy of the same selected part without current
pixel. Resulted value is the measure of current pixel contribution to the entropy of se-
lected part of image. The histogram function for the cross with centre pixel is

H(v)) = H(v)i + Hw);h(v) .5 -
And the histogram function without the center pixel is
H(v)g ) = H(v)i + H(v);2h(v) .5

where H(v); and H(v); are precomputed histograms of row i and column j, respectively.
For computation of changes between two images, we propose computation of two
entropy values, based on entropy contribution evaulation [13]. Entropy flux on the
current pixel position (z,7) is the difference between entropy of selected part with
current pixel and entropy of the same selected part where current pixel value f(4, 7, t)
is replaced by value in the next image f(i,7,¢t+ 1). It computes, how important was
the change of this pixel for the selected part of the image. The entropy flux we define
as
EF;; = (- Z [ho logy hyl) — (— Z [hwlogy huw ), (3.1)
where the first part means the entropy with current pixel and the second part means
the entropy where the center pixel was replaced by value from the next image.

4 Results

Evaluation of equation (3.1) for every pixel in the image will produce the 3D map
of entropy fluxes, where positive values mean information transferred from the posi-
tion (with these positive values) in the image and negative values mean information
transfered to the position. The sum of negative and positive values is not necessary
zero, because of cell growth, move out of focus, discrete time of image capturing or
noise.

Produced 3D map should be normalized to grayscale image, where the previous zero
level is approximately in the middle of gray range (see Fig. 4.1). Output image repre-
sents entropy flux for each pixels between two images. The entropy flows from the light
pixels to the the darks and nothing changed on the gray pixels (mostly background).

For better visualization should be image also shown in false colors with morpho-
logical reconstruction [16]. This method comes from simple idea to examine one pixel
importance, but it is very useful to locate the area of image(s) where ‘something’
happened.

Entropy fluxes computed for large set of images may select (with chosen threshold)
the subset of images worth for further analysis, especially in biological microphotog-
raphy (thousand of images per one experiment). Disadvantage of the approach lies
only in extremely huge amount of computation. It requires histogram functions for
each row and each column, and two sums of logarithms for each pixel. Fortunately, the
calculations are semi-independent.
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5 Optimisation of implementation on GPU

The algorithm described above gives a very good results but its time-consumption is
huge. Computation of a series of logarithms for all combinations of rows and columns
is the main cause. Some much faster implementation was needed for practical us-
ability of our algorithm. With the increasing programmability of commodity graphics
processing units (GPUs), these chips are capable of performing more than the spe-
cific graphics computations for which they were designed. In our task—entropy flux
calculation—the data parallelisation is strait-forward as well as in other image process-
ing tasks where pixels can be evaluated independently. If the histograms for all rows
and all columns are precomputed, the algorithm for single pixel is following:

— Load and add the histograms of row ¢ and column j.

— Normalise histogram.

— Compute entropy value with current pixel.

— Load pixel values from the current as well as the next-image pixel.

— Subtract the current pixel values and add the next-image pixel values from the his-
togram.

— Compute entropy value with next-image pixel.

— Store the resulted entropy difference into device memory.

Before entropy computation itself, the histograms are pre-computed. Each pixel of the
image represents one block of the grid. In each grid 128 threads are executed. The his-
togram vectors are 256 long, therefore the entropy intra-sum-values are computed
in two steps. The sum itself is calculated in semi-parallel manner in seven steps. The op-
timization of implementation in CUDA is not trivial but the performance could be
highly affected by non-optimal implementation.

Times of processing 2Mpix and 6Mpix images and cumulative speed-ups for all
implementations are shown in Table 1. All tests were done on computer with INTEL
Core2DuUO 2.4GHz CPU and NVIDIA GEFoRCE 9800GTX+ GPU. CPU times as-
sume single-core versions. The total speed-up of the processing is about 3600 x with this
configuration. So what used to take hours before, now cause come in matter of seconds.

O

Fig. 4.1 Entropy flux on cell small motion.
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Fig. 4.2 Entropy flux in false colours, red for entropy decrease, green for entropy increase,
blue for no change.

6 Conclusion

Useful extension of pixel contribution based on Shannon’s entropy was described for
purpose of human cell monolayer state description. Our approach of entropy fluxes

all

ows to identify the location in the image set with relevant changes of information

content. Used equation is very simple, but computational time for each pixel is time-

consuming. The refore, we propose to using parallelisation on graphics cards. Finally,

op

timization of the algorithm was described and enormous speed-up was achieved.

The alghorithm should be used for other images with objects on moreless simple back-
ground.

References

—_

10.

. L. Boltzmann: Vorlesungen tiber Gastheorie, 2. Volumes, Leipzig 1895/98. 170

. O. Cybulski, R. Holyst: Three-dimensional space partition based on the first Lapla-
cian eigenvalues in cells, Physical Rev. E., 77, 05601 (2008). 171

O. Cybulski, D. Matysiak, V. Babin and R. Holyst: Pattern formation in nonexten-
sive thermodynamics: Selection criterion based on the Renyi entropy production,
J. Chem. Phys., 122, 174105 (2008). 171

W. Gibbs: On the Equilibrium of Heterogeneous Substances, Transactions of the
Connecticut Academy, III. pp. 108-248, Oct., 1875-May, 1876, and pp. 343-524,
May, 1877-July, 1878. 170

J. Havrda, P. Charvat: Quantification method of classification processes: Concept
of structural a-entropy, Kybernetica, 1 (1967) 30-35. 171

H. V. Helmholtz: Wissenschaftliche Abhandlungen, Vol. I. Leipzig, 1882. 170

E. T. Jaynes: Information The ory and Statistical Mechanics, Physical Review,
Volume 106, 4 (May 1957), pp. 620-630.

P. Jizba, T. Arimitsu: The world according to Renyi: The rmodynamics of multi-
fractal systems, Ann. Phys., 312 (2004), pp. 17-59. 171

K. Kaneko: Life: An Introduction to Complex Systems Biology, Springer, 2006. 171
A. Rényi: On measures of information and entropy, Proceedings of the 4th Berkeley
Symposium on Mathematics, Statistics and Probability (1960) pp. 547-561. 170,
171



Entropy fluxes in cell culture and its paralell implementation on GPU 177

11.

12.

13.

14.

15.

16.

17.

C. E. Shannon: A mathematical theory of communication, Bell System Technical
Journal, vol. 27, pp.379-423 and 623-656, July and October, 1948. 170

C. Tsallis: Possible generalization of Boltzmann-Gibbs statistics, Journal of Sta-
tistical Physics, vol. 52 (1988), pp. 479-487. 171

J. Urban, J. Vanek, D. Stys: Preprocessing of microscopy images via Shannon’s
entropy, Pattern Recognition and Information Processing, Minsk, Belarus, 2009.
170, 172, 173, 174

G. Vattay: The rmodynamic formalism in. P. Cvitannovi¢, R. Artuso, R. Mainieri,
G. Tanner and G. Vattay, Chaos: Classical and Quantum, Niels Bohr Institute,
Copenhagen, 2008, http://chaosbook.org/versionl2. 173

F. Zernike: Phase-contrast a new method for microscopic observation of transparent
objects, Part 1., Physica: 9 (1942) pp. 686-698. 171, 172

F. Zernike: Phase-contrast, a new method for microscopic observation of transpar-
ent objects, Part II., Physica: 9 (1942) pp. 974-986. 171, 172, 174

P. Zampa: The principle and the law of causality in a new approach to system the-
ory, Cybernetics and Systems, Vienna: Austrian Society for Cybernetics Studies,
pp- 3-8, 2004. 172


http://chaosbook.org/version12

SIMONA 2009 — Simulace modelovani a nejriznéjsi aplikace
Seminaf vyzkumného centra ARTEC

A

Fakulta mechatroniky, informatiky a mezioborovych studii, TUL

Metody a nastroje hodnoceni vlivu inZenyrskych bariér na
vzdalené interakce v prostifedi hlubinného ulozZisté

Michal Vanééek - Martin Milicky - Jifi Zaruba

Abstrakt The project arises from a social need for a safe and long-term solution
of the disposal of radioactive waste in the geological environment. Aside from ensuring
the fixation of radionuclides, the security of the deposit is secured by engineering and
natural barriers. They represent both the applied sealants infilling the handling and
technological space of the underground structure, and the properties of the geological
environment. In the Czech Republic only the geological environment, the homogeneity
of which is violated by fracture flow systems, comes into consideration as the host en-
vironment. When evaluating the secure function of barrier systems it will be necessary
to use mathematical modeling, using specialized software and experts on modeling.
The research project co-financed by the Ministry of Industry and Trade of the Czech
Republic aims to evaluate the ability of modeling experts to capture the hydrodyna-
mic and hydrogeochemical reality of a chosen environment through a model solution.
To fulfill the set objective it was necessary to implement a wide range of geological-
prospecting methods. Hydrogeological conditions and selected hydrogeochemical pa-
rameters of the sight of interest are treated by long-proven software tools used for
the evaluation of deep structures in granite formations in Sweden by the SKB com-
pany.

Prace byla podpofena Ministerstvem primyslu a obchodu Ceské Republiky v ramci pro-
jektu 1H-PK/31.

M. Vanécek

ISATech, s. r. 0., S. K. Neumanna 1316, 532 07 Pardubice,
Ceska republika

e-mail: vanecek@isatech.cz

M. Milicky
ProGeo, s. r. o., Tiché udoli 113, 252 63 Roztoky u Prahy,
Ceska republika

J. Zaruba
ARCADIS Geotechnika, Geologicka 988, 152 00 Praha 5,
Ceska republika

D. Trpkosové ()
e-mail: dtrpkosova@isatech.cz


mailto:vanecek@isatech.cz
mailto:dtrpkosova@isatech.cz

Metody hodnoceni vlivu inzenyrskych bariér na vzdalené interakce v prostredi ... 179

The work was carried out both in laboratory conditions, and in the field scale.
The aim of the laboratory tests was to prepare and verify the method of monitoring
the required parameters before the execution of the more time-consuming and econo-
mically challenging field test. Each test, whether laboratory or field, was implemented
in the hydrodynamic model of a fracture flow environment. During the field work a test
site has been selected and the fracture flow system defined as accurately as possible.
In the context of the laboratory tests various grout mixtures and sealants were tested
as engineering barriers. Along with the field pumping and trace tests the hydraulic
and migration characteristics of the fracture flow system were calculated. The change
of the environment’s migration parameters due to the application of selected enginee-
ring barriers was examined in the final tracing test. The results obtained were used
to calibrate the “basic” numerical model. Experience and information obtained during
the calibration of the basic numerical model has been the springboard for setting a new
“prediction” numerical model using a professional estimate for some input parame-
ters. The results of the prediction model are compared with the parameters measured
in the field.

1 Uvod

Procesy proudéni podzemni vody a transportu kontaminanti podzemni vodou v pro-
stfedi krystalinickych horninovych formaci se svym charakterem vyrazné odlisuji od
procesu probihajicich v prostorech sedimentarnich panvi. Horninové prostiedi hydroge-
ologickych masivt se z hlediska proudéni a transportu projevuje jako silné heterogenni
a anisotropni. Znalosti, prostfedky a metodické postupy pro feseni hydrogeologické pro-
blematiky prosttedi puklinovych formaci dosud nejsou na trovni analytickych nastroju
bézné uzivanych pro hydrogeologické interpretace v prostiedi s prulinovou propust-
nosti.

Téma projektu vyplyva ze spolecenské potieby reseni bezpecného a dlouhodobého
ulozeni radioaktivniho odpadu v horninovém prostredi. Hydrogeologicky masiv spliuje
velmi dobfe naroky na bezpec¢nost zasobnikii plynu, paliv a soudasné i tlozist odpadi
véetné vysoce aktivniho vyhotelého jaderného paliva. Pravé generelné nizka propust-
nost masivi je idedlni vlastnosti pro jejich budovani. Vyznamnym limitujicim faktorem
v tomto sméru je tektonické poruseni hornin masivi, které predstavuje hlavni rizikovy
faktor pro realizaci takovych tlozist. Jednim z analytickych néstroji pro syntetické
hodnoceni hydrogeologickych vlastnosti puklinovych siti a zén je matematické mode-
lovani.

Pro potieby popisu vlastnosti puklinového prostfedi a moznosti predikce vyvoje
hydraulickych procest bylo nutné vyvinout aplikace a postupy postavené na odlisném
zékladé€, nez tomu je v prostfedi s dominantni prialinovou porozitou. Jednim z hlavnich
cilt tohoto projektu je najit a optimalizovat pracovni postup pro modelové simulace
puklinového prostiedi a ovérit schopnost predikovat vliv aplikovanych inzenyrskych ba-
riér na migracni parametry zvodnélych puklinovych systémt nesedimentarnich hornin
pomoci numerického modelovéni. Piedlozeny ptispévek se zabyva definovanim mate-
matického modelu prostiedi s vyvinutym rozsahlym puklinovym systémem.

2 Popis lokality

Na zakladé geologického a strukturné-geologického mapovani byl vymezen zajmovy
polygon v zulovém lomu v katastru obce Panské Dubénky. Obec Panské Dubénky
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lezi v jihozdpadni casti okresu Jihlava, v kraji Vysocina. Zajmové tizemi je budovano
stfedné zrnitym dvojslidnym granitem s proménlivym obsahem vyrostlic zivet. Do vy-
braného polygonu o rozmérech cca 10 x 10 m byla situovana vétsina terénnich zkousek.

3 Geometricky model puklinové sité

Prvni tdaje o rozpukanosti horninového prostiedi v lomu na lokalité Panské Dubénky
poskytla geofyzikalni méfeni. Geofyzikalni méfeni provedend mélkou seismikou a ge-
ofyzikalnim radarem identifikovala dvé hlavni zény zeslabeni v hloubkach cca 4 a 8
metru pod povrchem s vertikalnim posunem na jedné vertikalni tektonické linii.

V pribéhu ptipravnych terénnich praci bylo provedeno strukturné-geologické ma-
povéani tektonickych linii na celé lomové sténé tézebny [3]. V. doméné modelového
polygonu byly detekovany ¢tyfi soubory extenznich puklin, jeden subhorizontalni, je-
den uklonény a dva subvertikalni. Pro sestaveni geometrického modelu puklinové sité
v zdjmovém polygonu bylo nezbytné provést dalsi zaméfeni vyznamnych konkrétnich
tektonickych linii patrnych na povrchu vymezeného tzemi. Kromé témér horizontal-
nich puklin bylo na obnazeném povrchu terénu mozné bezpecné identifikovat 8 tek-
tonickych subvertikalnich linii. Z analogie puklin stejnych sméri a skloni na lomové
sténé ve vyssich i nizsich etdzich lomu bylo mozné vytvorit predpoklad, ze tyto pukliny
prochézeni celou mocnosti horninového bloku vymezeného hloubkovym dosahem vrti.
Tyto pukliny byly pti sestaveni geometrického modelu vyuzity pro rozdéleni sité sub-
horizontalnich puklin do jednotlivych bloki.

V ramci terénnich praci bylo v zdjmovém polygonu odvrtano 14 vrti s hloubkami
2.9 az 8.55 m. Dva vrty byly odvrtany rotacné piiklepovym systémem bez stativu
a zbylych dvanact rotacnim vrtanim na jadro. Primér vrtani byl stanoven na hodnotu
76 mm tak, aby bylo mozné vrty instrumentovat méricimi sondami pi#i hydraulickych
a migracnich testech. Jedna z analyz zajmového puklinového prostoru je zalozena na
popisu vrtnych jader. Tyto jadra davaji urcitou predstavu o lokalizaci puklinovych
ploch v jednotlivych vrtech a jejich pfipadné vyplni.

Za ucelem méfeni rozevienosti puklin byla jedna ze specialné zkonstruovanych ka-
mer doplnéna zrcadlovym hranolem, ktery umoznuje kontrastni pohled na sténu vrtu.
Jelikoz pohled je vzdy ze stejné vzdalenosti je mozné zmérit relativné presné roze-
vienost pukliny a déle sledovat pfipadné vyrony hydrooxidu zeleza (limonitu) a ve
vzéacnéjsich pripadech i mineralni vypln.

Provedené terénni testy, méreni a pozorovani poskytly dostatecné mnozstvi vstup-
nich informaci pro sestaveni podrobného diskrétniho geometrického modelu determi-
nistickych puklin v testovaném polygonu. Vysledny geometricky model je tvoren 12
subhorizontdlnimi (mirné uklonénymi) a 10 subvertikalnimi a uklonénymi plochami
(obr. 3.1). V geometrickém modelu jsou jednotlivé pukliny interpretovany jako obecné
plochy. Pti dalsim zpracovéani problematiky do formy hydrogeologickych modelt bude
nezbytné tuto sit dale upravit.

4 Hydrogeologicky model
V geometrickém modelu maji vSechny pukliny konstantni hydraulické rozevieni, pro

jeho prevedeni na model hydrogeologicky je nutné vhodné doplnit hydraulické a trans-
portni parametry k jednotlivym puklinam.



Metody hodnoceni vlivu inzenyrskych bariér na vzdalené interakce v prostredi ... 181

Obrazek 3.1 Geometricky model diskrétni puklinové sité.

4.1 Plochy poruseni v aplikaci NAPSAC

Jako program pro numerické modelovani byl zvolen program NAPSAC. NAPSAC je so-
fistikovana modelova aplikace, ktera je specialné navrzena pro feseni proudéni a trans-
portu v diskrétnich puklinovych sitich.

Program NAPSAC umoziiuje zadavat hydraulicky vodivé plochy do simulace dvéma
zpusoby. Prvnim z nich je moznost zadavani obecnych ploch, které jsou zadavany po-
moci sjednoceni urcitého poctu rovinnych ploch trojihelnikového tvaru. To umoznuje
tem. Proto byl pouzit druhy zptsob, ktery vyzaduje vétsi konceptualizaci problému, ale
je efektivnéjsi. V tomto pripadé se zadavaji diskrétni puklinové plochy pomoci ¢tverco-
vych nebo obdélnikovych obecné orientovanych rovin. Nevyhodou této metody je jeji
mensi presnost ve smyslu striktniho dodrzeni lokalizace priuseciku puklinové sité s vrty.
Predpoklada se ale, Ze nepfesnost tohoto typu mé maly vliv na presnost vysledku
hydrogeologického modelu.

4.2 Principy proudéni v puklinovém prostiedi

Proudéni nestlacitelné Newtonovské kapaliny v pukliné je popsano nelinearnimi Navier-
Stokesovymi rovnicemi. Navier-Stokesovy rovnice lze v kartezianském souradnicovém
systému zapsat

Ou; > Ou; \ _ Op > 0%u,
p(at +;“Jax]-)_a_xi+“j;—ax§ + fi (4.1)

kde i = 1,2, 3, p je hustota kapaliny, u = (u1,uz,us) je vektor rychlosti proudéni, ¢ je
Cas, p je tlak, u je prvni koeficient viskozity a f je hustota objemovych sil. Resit tuto
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rovnici ve slozité geometrii puklin se ukazalo jako prakticky nemozné, a proto je tieba
ji pro praktické pouziti zjednodusit. Vysledkem tohoto zjednoduseni je takzvany Poi-
seuilletiv vzorec, ktery charakterizuje specificky prutok puklinou, coz znamena priatok
prickou pukliny kolmou ke sméru proudéni v pukliné. Tento vzorec je ¢asto oznacovan
jako kubicky zakon a lze jej zapsat

3

d
= —_— 4.2
1= 1, (Vp+pgVz) , (4.2)

kde d je rozevteni pukliny (délka pficky, pies kterou se po¢ita prutok), p je dynamickd
viskozita tekutiny, p je tlak tekutiny uvniti pukliny, p je hustota proudici tekutiny, g
je gravitacni zrychleni a z je svisle vzhuru orientovand soutradnice. Tato rovnice se fesi
v kombinaci s rovnici kontinuity, kterou lze v pripadé nestlacitelné kapaliny napsat
jako

V.qg=0. (4.3)

Rovnice vznikld kombinaci pfedeslych rovnic (4.2) a (4.3) predstavuje zakladni Fidici
rovnici pro proudéni v prostiedi puklin a Ize ji napsat ve tvaru

0 d? dp 0z
_8_13.(@ <8—xl—|—pgaxl))—0 (44)

Numerické reseni hydrodynamickych procesii v programech vychéazejicich z konceptu
diskrétni puklinové sité (napt. program NAPSAC) je zalozeno na predpokladu, ze ves-
keré proudéni se odehrava v puklinové siti. Pérové prostfedi horniny neni v tomto
pripadé uvazovano.

4.3 Koncep¢ni model
Definovani modelové oblasti

V pripadé terénnich praci je testovand oblast vymezena pomoci polygonu. VSechna
méfeni (s vyjimkou uvodnich popisnych praci) byla soustfedéna do prostoru tohoto
polygonu. Na zakladé vysledki hydraulickych testid na dvojicich vrt je mozné se do-
mnivat, ze omezeni obsahu modelu na zkoumany polygon a jeho bezprostfedni okoli
(cca 3-4 m za hranici polygonu) je dostatecné.

Limitujicim faktorem pro moznost potencidlniho rozsiteni modelové domény je ne-
dostatek dat tykajicich se vnéjsich (povrch) a hlavné vnitinich (puklinova sif) geo-
metrickych parametri. Vzhledem k nedostatku tdaji o puklinové siti nad hladinou
podzemni vody a pod trovni hloubkového dosahu vrt byla modelova doména verti-
kélné omezena na 13 m (v rozsahu 87-100 m v relativnim vyskovém soufadnicovém
systému). Plosné byla modelové oblast rozsifena tak, aby bylo mozné zadat okrajové
podminky v hydrogeologickém modelu v dostate¢né vzdalenosti od krajnich testova-
nych vrti v polygonu. Plosny rozsah méa modelova doména 22 x 22 m a vymezeny
polygon je v jejim stfedu. Finalni modelova oblast ma tedy tvar jednoduchého kvadru
se ¢tvercovou podstavou.
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Okrajové podminky

Vzhledem k malému rozsahu testovaciho polygonu vymezeného v zajmovém uzemi
bylo mozné na zdkladé vysledkii terénnich praci dobfe popsat puklinovou sit. Stano-
veni okrajovych podminek pro malou oblast, kterad je soucasti vétsiho celku, je vSak
pomérné problematické. Nebylo mozné provést zadny test, ktery by pomohl specifiko-
vat okrajové podminky na hranicich testovaciho polygonu, nebo kterym by bylo mozné
stanovit vodni bilanci zajmové domény. Hlavnim voditkem pro stanoveni okrajovych
podminek byly jednak méfené hladiny ve vrtech v pfirozeném rezimu a jednak casovy
prubéh hladin podzemni vody v jednotlivych vrtech pri cerpaci zkousce. Z téchto mé-
feni bylo mozné do urcité miry stanovit, ptibliznou troven hladiny podzemni vody
na jednotlivych ¢astech hranice modelové oblasti, pii zjednodusujicim predpokladu, ze
aroven hydraulické vysky je stejnd v celém vertikalnim profilu urc¢itého tseku hranice
polygonu.

Na vertikalni hranice modelové domény byla aplikovana Neumanova okrajova pod-
minka konstantniho priitoku. Tato okrajova podminka zajistuje pfitok podzemni vody
do modelové domény. Jedna se o urcité zjednoduseni problematiky, protoze nelze pred-
pokladat, ze by pritok ptes hranici ztstaval po celou dobu hydraulickych zkousek zcela
konstantni. Vzhledem k tomu, Ze ¢erpané a vtla¢ené mnozstvi pfi provadéni C-H testu
(kapitola 4.4.) nebylo pfilis vysoké, lze viak predpokladat, ze zména priitoku pres hra-
nice oblasti nebyla prili§ vyznamna. Mira velikosti pritoku pres jednotlivé ¢asti hranice
modelové oblasti byla stanovena s respektovanim trovné hladiny podzemni vody ve
vrtech v pfirozeném rezimu proudéni.

Odtok podzemni vody z modelové domény je zajistén Dirichletovou okrajovou pod-
minku konstantni tlakové vysky umisténou na pozici vrtu €. 7 (pfiblizné stfed polygonu,
obr. 5.1), kde je zjisténa trvale nejnizsi hladina podzemni vody v testovacim polygonu.
Pritoky pres jednotlivé ¢asti hranice modelu byly kalibrovany tak, aby hladiny v ostat-
nich vrtech v simulaci co nejlépe odpovidaly méfenym hodnotam hladiny podzemni
vody.

Pii modelové simulaci v programu NAPSAC jsou vrty simulovany pomoci inZenyr-
skych objektt typu studna. Modelové souradnice vrtl jsou zadany na zakladé geode-
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Obrazek 4.1 Schéma instrumentace C-H testi.
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tickych métreni a hloubka vrtt podle idaji ziskanych pri jejich realizaci.

Okrajové podminky [2] byly nastaveny stejné pro vSechny simulace C-H testu.
V pripadé dalsich simulaci, jako je simulace pfirozeného rezimu nebo simulace ¢erpaci
zkousky, je tfeba na zdkladé vysledku kalibrace hydraulického rozevieni puklinové sité
stanovit nové okrajové podminky odpovidajici danému hydraulickému stavu systému.

Stanoveni okrajovych podminek touto metodou je zatizené chybou, ktera byla zpu-
sobena neznalosti hydraulického rozevieni jednotlivych puklin v této fazi sestaveni
hydrogeologického modelu. Rozevieni vsech subhorizontalnich puklin modelu bylo na-
staveno na konstantni hodnotu 1 mm a u subvertikalnich byla nastavena hodnota
rozevieni 0.5 mm. Kalibrované hodnoty rozevieni pti simulaci C-H testu jsou tedy
vztazeny k témto okrajovym podminkam. Okrajové podminky stanovené na hranici
modelové domény maji ale mensi vliv na vysledky simulaci, nez okrajové podminky
dané instrumentaci jednotlivych testu. Stanovené velikosti pritokt do modelové oblasti
tedy nemusi zcela odpovidat realité, jsou ale dostacujici pro dalsi kalibraci puklinové
sité podle vysledka C-H testu.

4.4 Cross-hole testy

Velmi diulezité informace o geometrii a hydraulickych a transportnich vlastnostech
puklinové sité v zdjmovém polygonu byly poskytnuty pii testech na dvojicich vrta [1, 2].
Tyto testy oznacované jako cross-hole testy (C-H testy) byly provedeny pfi umélém
konstantnim hydraulickém gradientu. Vzhledem k relativné velkému pratoku vody
puklinami pfi umélém gradientu bylo tfeba zvolit instrumentaci testu tak, aby bylo
mozné vyuzivat podzemni vodu ¢erpanou pirimo z analyzovaného puklinového systému.
Schéma a instrumentace C-H testu s ¢astecné uzavienym obéhem podzemni vody, ob-
turatorem a detekénimi kamerami je uvedeno na obr. 4.1.

Pri C-H testech bylo nejprve zahdjeno ¢erpani podzemni vody z pozorovaciho vrtu
a jeji soucasné vtlaceni do tiseku vymezeného obturatorem v injekénim vrtu. Po usta-
leni hladiny podzemni vody v obou objektech (které bylo ovéfeno pomoci instalova-
nych tlakovych ¢idel) byl do injektované vody vstiiknut omezeny objem stopovace
(Na-fluorescein). Vymyvani barviva v injekénim vrtu bylo sledovdno a zaznamena-
vano pomoci kamery pracujici v UV spektru svétla. Zaroven bylo provadéno sledovani
a zaznam signalu tii kamer instalovanych v ¢erpacim vrtu. Tyto kamery zaznamenaly
lokalizaci a okamzik pfitoku stopovace do pozorovaciho vrtu. Tak bylo mozné identifi-
kovat hydraulické propojeni testované dvojice vrtia konkrétni puklinou v podminkach
stacionarniho rezimu proudéni. Diky kalibraci kamer vzhledem ke koncentraci barviva
je navic mozné do urcité miry bilan¢né analyzovat ziskanou prinikovou kiivku.

4.5 Kalibrace puklinové sité

Pro kalibraci parametru puklinové sité byly vyuzity vysledky C-H testi jednotlivych
dvojic vrtl. Vzhledem k rozsahu puklinové sité, jejimu propojeni a charakteru vysledkt
testi nebylo mozné kalibrovat celou puklinovou sin najednou v jednom kroku. Proto
byla zvolena metoda, kdy byly postupné ladény parametry urcité ¢asti sité (jednot-
livé pukliny, jejich dvojice, nebo trojice) na zakladé vysledkt konkrétniho C-H testu
v kontextu celé puklinové sité bez ohledu na parametry puklin mimo vymezenou ¢ast.
Protoze hydraulické parametry puklinové sité mimo vymezenou oblast znac¢né ovliviiuji
hydraulické a transportni procesy v aktualné ladéné oblasti, je tfeba proces kalibrace
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v kazdé dilci ¢asti sité nekolikrat opakovat v zavislosti na zménach parametrt v ostat-
nich ¢astech domény kalibrovanych postupné a na zakladé vysledka ostatnich C-H
testi. Schéma postupu kalibrace sité je uvedeno na obr. 4.2.

A\ > ) \ > Kalibra&ni
— —— krok 1
\ \
|
\Z
—* — T
=y By
|
A
— L A |
kalibrace oblasti 1 Kkalibrace oblasti 2 kalibrace oblasti 3
modra gervend zelena

Obrazek 4.2 Schéma postupu kalibrace puklinové sité.

Kalibrace modelu pomoci tohoto cyklického zptisobu je zaloZena na predpokladu,
ze se rozdil hodnoty kalibrovaného parametru soucasného a predchoziho kalibra¢niho
kroku pro jednotlivé dil¢i oblasti neustéale snizuje. Po urc¢itém poctu kalibra¢nich kroku
je zména kalibrovaného parametru dostatecné maléd, aby mohl byt proces oznaceny
za ,zkonvergovany“. Podminkou bylo zachovani stejnych okrajovych podminek pro
vS8echny kalibra¢ni kroky. V prfipadé kalibrace modelu testovaci domény pomoci vy-
sledkt C-H testt byla puklinova sit rozdélena do 18 podoblasti. K naladéni hydraulic-
kych parametrt sité bylo nezbytné provést 5 kalibrac¢nich krokt. Pro kalibraci hydrau-
lického modelu bylo tedy tifeba provést 90 dil¢ich simulaci.

Pri kalibraci modelové sité byla na zakladé vysledku testt ladéna hodnota stied-
niho hydraulického rozevieni (nebyly data pro pfedstavu o variabilité rozevieni) kazdé
z puklin zadanych do modelu. Kazda puklina byla pro potiebu lepsi stability a vyssi
presnosti vypoctu diskretizovana na urcity pocet nizsich puklinovych ploch s rozmérem
0.5 x 0.5 m.

Stfedni hodnota hydraulického rozevieni pukliny byla kalibrovana na zakladé po-
rovnavani modelového a méfeného prutoku pii ustaleném rezimu proudéni (konstantni
hydraulicky gradient p¥i konkrétnim C-H testu). Dalsim kalibraénim parametrem,
ktery byl bran v tuvahu, byl ¢as prutoku stopovace mezi testovanymi vrty. Porov-
nani méfeného a modelového prunikového ¢asu stopovace vsak bylo (vzhledem k vyse
uvedenym nedostatkiim FeSeni transportu pfi pouzité koncepci) vyuzito spise jako po-
mocného parametru, ktery dopliioval a ovéroval kalibraci rozevieni podle prutokt. Pri
kalibraci byly dale sledovany trajektorie ¢astic, predevsim misto jejich odtoku okrajo-
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vou podminkou (priseéik pukliny a ¢erpaného vrtu), které bylo porovnavano s vysledky
barvicich pokust pfi C-H testech (detekce stopovace kamerou v pukling éerpaného
vrtu).

Pro kalibrace puklinové sité bylo pouzito osmnact C-H testi, ¢tyii C-H testy byly
pouzity pro jeji verifikaci. Na nésledujicim prikladu je ukadzana shoda mezi mérenym
a modelovanym stavem mezi vrty 5 a 12 (tab. 4.1).

Pti tomto testu je predpoklddéna vzajemnda hydraulickd komunikace vrtt 12 a 5
v ramci jedné subhorizontalni pukliny. Kalibraci numerického modelu na pritok méreny
pti hydrodynamickém testu byla stanovena hodnota hydraulického rozevieni pukliny
0.84 mm. Rozdil hladin mezi vtlacecim a Cerpanym vrtem byl 0.15 m. Simulovany
prinik stopovace kalibrovanou puklinou s konstantnim rozevienim odpovida méfenym
hodnotam.

Tabulka 4.1 Prehled C-H testu 23 — vysledna kalibrovana hodnota hydraulického rozevieni
a porovnani méfenych a kalibrovanych hodnot prutoku a prinikové doby stopovace.

C-H test 23

Z vrtu (pukliny) — do vrtu (pukliny) 12 (90.74) — 5 (91.01)

Kalibrovana hodnota rozevfeni pukliny [mm)] 0.84

Prutok [1/s] Kalibrace 0.0558
Hydrodynamicky test | 0.0558

Cas prittoku stopovace do pukliny | Kalibrace 0.3

[min] C-H test 0.28

5 Vysledky a diskuze

Opakovanymi simulacemi C-H testi bylo stanoveno rozevieni jednotlivych puklin mo-
delové sité, které se podili, podle prijaté predpokladané koncepce proudéni podzemni
vody v puklinové siti zdjmového tzemi, na vedeni vody a transportu stopovace mezi
testovanymi dvojicemi vrtt [2]. Souéasti simulované puklinové sité je nékolik puklin,
které se patrné vyznamnéjsim zptisobem nepodili na proudéni vody a transportu indi-
kacniho barviva v ramci provedenych C-H testtu. Tento predpoklad je zalozen na domi-
nantnim uplatnéni nejkratsi transportni drahy mezi puklinovymi priseciky ve vrtech,
mezi kterymi byla zjisténa konektivita. Takovy predpoklad je v ramci dostupnych dat
a prijaté konceptualizace feseného problému pfijatelny. Rozevieni téchto puklin proto
nebylo mozné kalibrovat pomoci vysledkt C-H testi. Témto puklindm byly ptirazeny
hodnoty hydraulického rozevieni tak, aby odpovidaly celkové koncepci feseni (subho-
rizontalni pukliny maji generelné vétsi rozevieni nez pukliny vertikalni a uklonéné)
a aby pritomnost téchto puklin vyrazné neovliviiovala vysledky simulaci jednotlivych
C-H testu pfi zachovani jejich potencialni hydraulické a transportni funkce.

Pti prevedeni geometrického modelu na model hydrogeologicky bylo tfeba zvysit
pocet subhorizontalnich puklin z ptivodnich 12 na 20. Nékteré pukliny z geometrického
modelu byly rozdéleny pri prevedeni obecnych ploch na roviny a dalsi pukliny musely
byt rozdéleny a upraveny béhem kalibrace hydrogeologického modelu pfi simulacich
jednotlivych C-H testi. Pocet subvertikalnich puklinovych ploch v hydrogeologickém
modelu zustal stejny jako v modelu geometrickém, tzn. 10 puklin. Pukliny oznacené
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jako V2a, V2b a V2c byly v hydrogeologickém modelu nejprve simulovany jako jedna
puklina, ale v pribéhu kalibrace bylo nezbytné tuto puklinu rozdélit na t¥i casti s riz-
nymi hydraulickymi vlastnostmi (obr. 5.1).

LOMOVA STENA

Obrazek 5.1 Vertikdlni a uklonéné pukliny v hydrogeologickém modelu v programu NA-
PSAC.

6 Zavér

Sestaveny geometricky model reprezentuje s jistou mirou generalizace redlnou pukli-
novou sit v zdjmovém tzemi a stupen dosazené vérnosti povaZujeme za velmi dobry.
Realizace a zakladni vyhodnoceni C-H testii umoznilo analyzovat konektivitu vrtiu
v zdjmovém tzemi. Provedeni téchto testti umoznilo, spolu s analyzou sméru a sklonu
puklinovych ploch v zadjmové oblasti, sestaveni deterministické puklinové sité tak, aby
v co nevétsi mife odpovidala realné puklinové siti.

Vysledny hydrogeologicky model bude pouzit pro jeden z hlavnich cili projektu,
kterym je ovéreni schopnosti predikovat vliv aplikovanych inzenyrskych bariér na mi-
gracni parametry zvodnélych puklinovych systému nesedimentarnich hornin pomoci
numerického modelovani.
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Pouziti analyzy hlavnich komponent pro redukci dimenze
reakéné-transportniho modelu
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Abstrakt Tento ¢lanek se zabyva netradi¢nim pouzitim v fadé obora hojné pouzivané
analyzy hlavnich komponent (PCA — Principal Component Analysis). PCA jsme vyuzili
pro redukci dimenze problému modelovani reakéniho transportu znecisténi podzemni
vodou. Tento prispévek popisuje nejprve vektorovou interpretaci vysledku chemickych
analyz. Nasleduje popis postupu analyzy hlavnich komponent a jejich moznych modi-
fikaci. V posledni kapitole je popsana prumyslova aplikace popsaného pouziti analyzy
hlavnich komponent.

1 Uvod

Predmétem naseho zajmu je pocitacova simulace reakéné-transportnich jevi souviseji-
cich s kontaminaci pudy a podzemni vody chemikéliemi. Jednim z nejvétsich problémii,
které se tykaji simulace podzemniho proudéni, je jeji vypocetni a z toho plynouci casova
naroc¢nost. Efektivita vypoctt muze byt zvysSena napiiklad vyuzitim vhodnych vypo-
Cetnich algoritmu, vhodné zvolenych numerickych metod nebo zjednodusenim matema-
tického popisu problému. Tento prispévek popisuje moznost zrychleni transportni ¢asti
simulace prostiednictvim takového zjednoduseni modelu, které zohledni pozadavky pro
reakéni ¢ast modelu.

Cas vypoctu transportni ¢asti tilohy zalezi na mnozstvi sledovanych chemickych
latek znecistujicich podzemni vodu. Pokud trva vypocet pfilis dlouho, jednou z moz-
nosti jak cas vypoctu zkratit je redukce dimenze modelovaného problému, tj. v na-
Sem pripadé napf. snizeni poc¢tu sledovanych chemickych latek. Protoze pri transportu
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chemickych latek podzemni vodou muze dochéazet k chemickym reakcim, je dtlezité
provadét redukei s ohledem na reakéni ¢ast modelu.

Standardné pouzivany postup spociva v roztrazeni slozek rozotku do dvou skupin.
Prvni ze skupin nese oznaceni primarni slozky a druha potom slozky marginalni. Latky
v prvni skupiné maji ¥idici vliv na pribéh chemickych reakci, zatimco latky ze skupiny
druhé maji na vysledek reakci vliv pouze zanedbatelny. T¥idéni latek do obou zminé-
nych skupin musi provadét chemik, ktery je dobfe obeznamen s hydrogeochemickou
situaci na modelem popisované lokalité. Z divodu rtizné miry vlivu primarnich a mar-
ginalnich latek na pribéh reakci je vypocet modelu s redukovanou dimenzi provadény
pouze s primarnimi latkami. Koncentrace marginalnich latek mohou byt vypocteny
z vysledkt zminénym postupem zjednoduseného modelu. V pfipadé, ze vybrané mar-
ginalni latky nejsou nebezpecné nebo modelafe prosté nezajimaji, potom neni nutné
jejich koncentrace zpétné dopocitavat a informace o nich nemusi byt viibec uchovéavana.

V [5] jsme navrhli odli$ny postup zjednoduseni transportni ¢asti problému. Tento
postup vychazi z odlisného pohledu na véc. Provedli jsme redukci dimenze problému
zaloZenou na postupu z linedrni algebry. Prvni vyhodou této metody redukce dimenze
problému je moznost minimalizovat ztratu informace redukci vyvolanou. Druhé vyhoda
spociva v tom, ze chemik, ktery u dfive predstaveného postupu musel dohlizet na cely
proces simulace, od urceni primarnich chemikalii po verifikaci vysledkd, je tfeba praveé
a jenom v zavérecné fazi modelovani, tj. vyhodnoceni a ovétreni vysledki. Nevyhodou
navrzeného postupu je pozadavek na velké mnozstvi analyzovanych dat, kterd musi
navic spliovat nize zminéné pozadavky.

Klicova myslenka navrzeného postupu je popsana v kap. 2. Dulezité informace pro
chemickou interpretaci vysledkti obsahuje druhé c¢ast kap. 4. Kapitola 5 predstavuje
ukazku primyslového pouziti navrzeného postupu.

2 Myslenka redukce dimenze

Chemické analyzy ze sledované lokality mohou byt popsany prostfednictvim vektoru
jejichz dimenze odpovida poctu sledovanych chemikalii. Pocet chemikalii ozna¢me n. j-
ta slozka vektoru mé vyznam koncentrace j-té chemické latky obsazené v analyzovaném
roztoku. VSechny vektory popisujici analyzované roztoky maji vyhradné nezaporné
slozky a lezi v n-rozmérném prostoru R™ uréeném standardni ortonormaélni bazi B.

Pri popisu roztoki koncentracemi v nich rozpusténych latek je k ulozeni informace
o kazdé analyze tfeba n redlnych ¢isel. Na roztok se je vSak mozné podivat jako na smés
nékolika jinych tzv. bazovych roztoki. Redukci je potom mozno vnimat jako nalezeni r
(r < n) takovych bazovych roztoku (reprezentovanych linedrné nezavislymi vektory) je-
jichz smési (linedrni kombinace vektord s nezapornymi koeficienty) dovoli s pfijatelnou
presnosti aproximovat koncentrace v analyzovanych roztocich. Obrazek 2.1 ilustruje
rozdily v predstavenych zptusobech popisu a tim redukci dimenze problému ze n = 6
na r = 3.

Zminény zpusob redukce dimenze muze byt uskutecnén transformaci vektora do
r-rozmérného podprostoru pivodniho prostoru R". Pro urceni r-rozmérného podpro-
storu je treba urcit jeho bazi V,:

V1,1 v Ul

Un,1 *** Un,r
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2 3

[1][2[3]4]5]6] =—>

Obrazek 2.1 Dva rozdilné zptisoby popisu roztoku

3 Definice problému

Pro dalsi popis a pouziti popisované metody predpokladame, ze jsou k dispozici vy-
sledky chemickych analyz podzemni vody ze zkoumané lokality. Zpracovavané vysledky
takovychto analyz by mély tvorit reprezentativni statisticky vzorek chemického slozeni
roztokd odebranych v riznych casech a na rtznych mistech lokality. Z vysledki analyz
je sestavena takzvand matice zdrojovych dat (3.1). Matice zdrojovych dat je tvofena
sloupcovymi vektory, jejichz slozky jsou vysledky chemickych analyz podzemni vody
(tj. koncentrace rozpusténych latek). Kazdy fadek matice zdrojovych dat tak odpovida
koncentracim jedné sledované slozky vodného roztoku. Dale predpokladejme, ze anylyz
bylo provedeno m a pocet analyzovanych latek je n;

vrty vrte ... vrty,,—1  vrt,, vrty
1 1] 1 1 kontaminanty
C1,1 C12 ** Clm-—1 C1 — 2—
, , m m S0?2
€21 C22 tc Com—1  Com — NHI (3.1)
A = : : . : : — .
- _
Cn—1,1 Cn—1,2 *** Cn—1,m—1 Cn—1,m Fey
. _
Cn,1 Cn,2 *°° Cnm-—1 Cn,m F

Dilezitym pozadavkem pro ispésnou a smyslupnou aplikaci analyzy hlavnich kom-
ponent je silna linedrni korelace jednotlivych slozek vektoru chemickych analyz. Silna
linearni korelace se projevuje napiiklad pfi zobrazeni dat v grafu jejich rozlozenim
v okoli pfimky. Rozlozeni dat v blizkosti pfimky ndm umoznuje redukovat dimenzi
ortogonalnim promitnutim dat na tuto primku. Pfi silné linearni korelaci dat vyvola
zminénd projekce relativné malou ztratu informace. K nalezeni pfimky, na kterou se
maji data projektovat, je mozné vyuzit napf. iplnou metodu nejmensich ¢tverci.

Opakované pouziti aplné metody nejmensich ¢tverci neni jedinou moznosti, jak
redukovat dimenzi problému z n na r. Prednaska dr. Zbynka Koldovského, ktera po-
pisovala metody analyzy silné korelovanych dat, nas privela na moznost vyuziti jiného
postupu déavajiciho stejné vysledky jako opakované pouziti iplné metody nejmensich
Ctverci nasledované projekci dat na nalezenou primku. Onim jinym postupem je ana-
Iyza hlavnich komponent.

4 Analyza hlavnich komponent a jeji modifikace

Analyza hlavnich komponent (Principal Component Analysis — PCA) je takovou me-
todou pro redukci dimenze dat, kterd zachovd maximalni moznou miru informace [2].
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Metoda analyzy hlavnich komponent je zalozena na transformaci vektori do nové na-
lezené ortonormalni souradné soustavy. Nové nalezené bazové vektory jsou usporadany
do matice v poradi, které odpovidd mife informace nesené do jejich smért provede-
nymi pruméty. Prvni z vektortt ma tak smeér, ktery maximalizuje informaci ziskatelnou
z jednorozmérného primétu a posledni z bazovych vektortt ma smér, ktery minimali-
zuje informaci nesenou pruméty do tohoto sméru.

Standardni postup analyzy hlavnich komponent (viz napf. [3, 1]) pouzity na data
uspoféddana do matice zdrojovych dat A vypada nasledovné:

a. Prvnim krokem je spocteni vektoru priimérnych koncentraci X = (Z1,...,%n)7,

T = % >, ci,; ajeho nasledné odeéteni od kazdého z vektorti chemickych analyz
A=A-x1" kdel=(1,...,1)7.

Poznamka 4.1 Prvni krok pfesouva pocéatek souradné soustavy o vektor prumér-
nych koncentraci. Odec¢teni pruméru vede k potiebé hledani optimalniho linedrniho
podprostoru, do kterého budou centrovanéd data promitana. Optimalni vektorovy
podprostor pro centrovana data odpovida optimalnimu afinnimu podprostoru pro
data necentrovana. V nasem postupu jsme odecitali od vektori analyz i jiné vek-
tory nez vektor prumérnych koncentraci X. Transformace odecitaného vektoru neni
zatizena chybou. Pokud tedy zalezi na zachovani presného popisu urc¢itého roztoku
je mozné odecist od ostatnich dat vektor odpovidajici jeho analyze. Napriklad pro
vymezeni kontaminované oblasti je vhodné odecist vektor odpovidajici slozeni ne-
kontaminované podzemni vody. Zachovani informace o zvoleném roztoku vyvola
pokles presnosti aproximace ostatnich analyzovanych dat v porovnani s presnosti
aproximace s predchézejicim odectenim vektoru primeéru.

b. Naésleduje vypocet kovarianéni matice K = ﬁ AAT.

c. Pokracuje se vypoctem vlastnich ¢isel a vlastnich vektori kovarianéni matice K.
Vlastni vektory jsou usporadany do matice v poradi odpovidajicim poradi veli-
kosti jim piislusejicich vlastnich ¢isel od nejvétsiho k nejmensimu. Sefazené vlastni
vektory matice K tvoii matici, ktera bude dale znacena V € R"*".

Poznamka 4.2 K nalezeni vlastnich ¢&isel a vlastnich vektori muze byt vyuzit
naptiklad standardni QR-algoritmus. Matice K je symetrickd a pozitivné semide-
finitni, vSechna jeji vlastni ¢isla jsou nezaporna a jim prislusejici vlastni vektory
jsou ortonormélni (tj. maji délku rovnu jedné a jsou na sebe navzijem kolmé).
Je-li \ vlastni &islo matice K a w odpovidajici vlastni vektor, potom ||ATw]|? =
wlTAATw = (m—1)wTKw = (m—1)X||w||?. Vlastni vektory matice K se nazjvaji
hlavni komponenty.

d. Z prvnich r hlavnich komponent je sestavena tzv. transforma¢ni matice V,, € R™*".
Matici V, pfedstavuje prvnich r sloupci matice V. Redukce dat do podprostoru
generovaného vektory v matici V, vypada nasledovné

A, =VIA.

Poznamka 4.3 Tento krok analyzy hlavnich komponent (transformace dat) zpu-
sobuje chybu.
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e. Po redukci je mozno centrované data rekonstruovat Ac = VTAT, vyhodnotit chybu
a rozhodnout zda je mira redukce tinosna. Ac je matice rekonstruovanych, centro-
vanych dat zatizenych chybou.

f. Nasledujici vzorec ukazuje rekonstrukci ptivodnich dat A¢ = Ac+x17.

Poznamka 4.4 Pokud byl za X zvoleny vektor pruméru slozek sloupcti matice A,
pak matice A° obsahuje ptuvodni data ortogonalné projektovana do takového afin-
niho vektorového prostoru s dimenzi r, ktery je optimalni ve smyslu minimalizace
projekci vyvolané chyby EZ (4.1).

Definujme matici chyb nasledujicim zptsobem:

€ €
C1,1 —C11 " Ciom — Ciym

E=A-A°=
Cn,1 — sz,l cr Cnym T sz,m
Definovani matice chyb E umoznuje vypocitat celou fadu zajimavych charakteristik.
Miutze to byt napiiklad primérna chyba aproximace i-té slozky vektorti analyz, median
z chyb aproximaci i-té slozky nebo to mohou byt maximalni chyby aproximace i-tych
slozek analyz. Stejné druhy chyb je mozno vyhodnotit pro analyzy namisto slozek
(chemickych latek). Vypoétem chyb pro analyzy se daji identifikovat napf. oblasti
s ,,jinymi vlastnostmi“. Celkova chyba projekce (E,) je definovana jako odmocnina z

EY =) lxi — m(Vo)xil, (4.1)
i=1

kde x; je i-ty sloupec matice zdrojovych dat A a 7(V,)x; je ortogondlni projekce
vektoru x; do r-dimenzionalniho podprostoru generovaného bazi V.

Vyhodnocujeme také ztratu informace p, = g—g, kde Ey je maximalni chyba, kterou
muze redukce vyvolat, tj. odmocnina ze souctu kvadratid délek vektori obsazenych
v matici zdrojovych dat A.

Tabulka 4.1 ukazuje chyby vyvolané transformacemi 22-ti rozmérnych dat do pod-
prostortu ruznych dimenzi. Zpracovavana data byla pfedstavovana 90-ti chemickymi
analyzami, které byly casti z vysledki ziskanych béhem 5-ti let na lokalité kde se diive
tézil uran. Za x jsme zvolili nulovy vektor a PCA tak pomohla nalézt optimélni linearni
podprostor. Zpracovana data jsou zretelné silné korelovana. Redukce dimenze z 22 na
3 zptsobila chybu mensi nez 1 %.

Dfive zminéné bazové vektory obsazené v matici V, maji spise statisticky nez
chemicky vyznam. Pouze prvni z vektort v bazi V, mize pfedstavovat urcity roztok.
Pokud budeme interpretovatelnost vektori jako roztokt pozadovat od vSech bazovych
vektor®l, nezbude nez najit jinou bazi optimalniho podprostoru. Vektory této baze
nemusi byt nutné ortogonalni, ale musi spliiovat nasledujici pozadavky:

— mohou mit vyhradné nezaporné slozkys;
— aproximace koncentraci projektovanych do optimalniho podprostoru musi byt vy-
jadritelné jako konvexni linearni kombinace zvolenych bazovych vektoru.

Prvni pozadavek umoznuje prohlasit vektor za algebraicky popis roztoku. Druhy z po-
zadavkl ndm dava moznost prohlasit vSechny roztoky za smési roztoki bazovych. Jeden
z postupil jak najit bazi vyhovujici stanovenym pozadavkim je uvedeny v [5].
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Tabulka 4.1 Chyby E2, E, a p, vyvolané redukci dimenze z 22 na r.

r | 21 " 4 3 2 1 0
E2 | 1.35x1071 ... 1.22x107  3.02x107  4.22x10%  9.04x10%  6.25x10'!
E, | 3.67x10~Y ...  3.49x10% 5.50x10% 2.05x10* 3.01x10*  7.90x10°
Pr 0.00% e 0.44% 0.70% 2.60% 3.81% 100%

5 Prumyslové pouziti predstaveného postupu

Predstaveny postup aplikace analyzy hlavnich komponent byl pouzit Ing. Vladimirem
Wasserbauerem, CSc. ze statniho podniku DIAMO pro popis rozsifeni kontaminace
podzemni vody na lokalité blizké Strazi pod Ralskem (viz [4]). Graficky vystup modelu
ing. Wasserbauera ukazuje obr. 5.1.

Obrazky ukazuji vysledek vyuziti transformace 22-tirozmérnych vektort analyz do
trojrozmérného afinniho podprostoru kde odecitanym vektorem X a tedy jednim z vek-
tord bazovych je cenomanska voda (zde oznacena ,Basis 0“). Dalsi dva bazové roztoky
(,Basis 1 a ,Basis 2¢) byly zvoleny shodné s béhem tézby do podzemi vtld¢enymi roz-
toky technologickymi. Posledni z bazovych roztoki (,Basis 3“) byl vybran uméle tak,
aby spliioval na bazovy vektor stanovené pozadavky. Umeéle zvoleny vektor odpovida
popisu vysledku reakce mezi prvnimi dvéma technologickymi roztoky.

Vsechny obrazky popisuji stejnou oblast a ukazuji izolinie koeficientti prislusejicich
jednotlivym bazovym vektorum (roztokum). Soucet vSech koeficientii pro kazdy vektor
analyz je 1. Obréazek 5.1(a) ukazuje rozsifeni cenomanské vody. Obrazek 5.1(b) popisuje
rozsifeni prvniho techonologického roztoku vtlaceného do podzemi béhem tézby uranu,
obr. 5.1(c) odrazi rozsifeni druhého technologického roztoku a koneéné obr. 5.1(d)
muze byt vniman jako popis rozsifeni produktu chemické reakce mezi technologickymi
roztoky.

6 Zavér

Navrhli jsme postup zjednoduseni transportni ¢asti reakéné-transportniho modelu pro
pripad, kdy méame k dispozici dostateény pocet analyz podzemni vody ze zkoumané lo-
kality. Navrzeny postup je zalozeny na redukci dimenze algebraického popisu problému.
Vyuzili jsme analyzu hlavnich komponent jako nastroj pro nalezeni optimalniho pod-
prostoru pro redukci. Zaroven jsme identifikovali obtize s interpretaci vysledkt pro
chemiky. Navrzeny postup byl Gspésné prumyslové aplikovan.

Predstaveny postup by mél poskytovat dobré vysledky pro kratkodobé predpovédi
a pomalu probihajici chemické reakce. Pro dlouhodobéjsi predpovédi nemusi navrzeny
postup v obecném pripadé dostacovat. Rozsifeni navrzeného postupu tak, aby byl
pouzitelny pro dlouhodobé predikce, bude predmétem dalsiho vyzkumu.
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Obrazek 5.1 Rozsifeni roztoki: (a) cenomanskd voda; (b) technologicky roztok 1; (c) tech-
nologicky roztok 2; (d) produkt reakce mezi 1 a 2.
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