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laskavy a velmi vstiicny pfistup. Ve zdaleka neposledni fadé bych rad podékoval
svym studentim, pFevazné budoucim uéitelim matematiky, zejména Jané Zakové
a své kolegyni Martiné Simunkova, kterd mi s nimi pomsh4, za to, ze jim smim
predavat dlomky toho, co se mi honi hlavou, ze mne zahrnuji otdzkami a nuti mne
premyslet nad vécmi, co se mi zdaji jasné, z novych hla a v novych perspektivach.
Studentum pak zejména za to, Ze jsou ochotni se mnou spolupracovat i na tématech
odbornégjsich nez je jen stiedoskolskd matematika, kterd snad ve vétsiné piipadu
bude jednou jejich dennim chlebem. Samoziejmé bych také rad podékoval vSem
svym byvalym i sou¢asnym nadfizenym a chleboddrcum za shovivavost k mym vr-
tochum a za to, ze jsem diky jejich péci nikdy nemusel jakkoliv stradat.

Rad bych také podékoval své rodiné a piatelim. V prvni fadé své milované
téméf-manzelce Romané Fojtové za jeji lasku, trpélivost a za to, Zze to se mnou
nevzdava. Rad bych podékoval své zesnulé babi¢ce Hané Olze Zrustové a svym
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ale i peclivosti pfi préci, protoze to neni samoziejmé; bratrovi a jeho zené, jakoz i ro-
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Abstrakt

Tato habilitacni prace se zabyva maticovymi a tenzorovymi vypocty aplikované
a numerické linedrni algebry. Sestava ze ¢tyt kapitol vénovanych ¢tyfem vice-c¢i-
méné samostatnym tématum. Prvni kapitola je vénovana linedrnim aproximacnim
tlohdm, konkrétné tzv. problému nejmensich ¢tvercu (TLS). Zabyvé se jednak (kap.
1.2) fesitelnosti tohoto problému v piipadé, Ze pracujeme s tlohou s vice pravymi
stranami, jinak Feeno s maticovou pravou stranou; a jednak (kap. 1.3) tzv. teorif
core problému v linearnich aproximac¢nich lohach a jeho TLS fesitelnosti. Kapitola
také struéné zminuje moznost rozsireni TLS problému na linedrni aproximaéni ilohy
zformulované ve svété tenzoru.

Druhé kapitola se zabyva tzv. ill-posed problémy a regulariza¢nimi metodami,
které se pouzivaji k jejich feSeni. Zabyvame se zejména odhadem velikosti odstupu
signalu od Sumu v datech pomoci Golubovy—Kahanovy bidiagonalizace pro Sumy
s ruznou charakteristikou (barvou) a velikosti, a pro tlohy ruzného ptuvodu. Déle se
zabyvame odhadovanim tzv. filtracnich faktoru regulariza¢nich metod postavenych
na tzv. truncated-TLS.

Ve tteti kapitole se zabyvame tenzorovymi problémy, zejména (hierarchickymi)
rozklady tenzoru a jejich praktickému uziti v tzv. low-rank aritmetice. Ukazu-
jeme, jak lze metodu sdruzenych gradientu pfeformulovat pro symetrikcy pozi-
tivné definitni operdtor zijici na prostoru tenzoru. Ukazujeme, Ze jsou-li navic ten-
zory ulozeny ve tvaru napf. Tuckerova, nebo hierarchického Tuckerova rozkladu
(formatu), muzeme v metodé sdruzenych gradientt snadno uplatnit préavé low-rank
aritmetiku. Na zavér také ukdazeme, Ze existence tenzorovych rozkladu obsahujicich
cyklické souciny pomaha motivovat linedrni aproximacni tulohy zformulované jazy-
kem tenzoru zminénych v prvni kapitole.

Posledni a nejkratsi kapitola se zaméiuje na analyzu krylovovskych metod. Struc-
né zminujeme vysledky, z nichz vétsina byla obsazena jiz v pfedchozich tfech kapi-
tolach: pouziti krylovovskych metod na feseni ill-posed 1loh, numerické vlastnosti
krylovovskych metod s low-rank aritmetikou, vztahy mezi Golubovou-Kahanovou
bidiagonalizaci a Lanczosovou tridiagonalizaci. Navic se zde podrobnéji zabyvame
blokovym, resp. pdsovym zobecnénim dvou posledné jmenovanych algoritmu a je-
jich vztahu; presnéji feceno vénujeme se tzv. wedge-shaped (klinovym) maticim,
které jsou zobecnénim tridiagondlnich Jacobiho matic, a jejich spektrdlnim vlast-
nostem. V8echny ¢asti textu jsou na vhodnych mistech doplnény odkazy na reprinty
puvodnich publikaci, které jsou pfilozeny.

Klicova slova: uplny problém nejmensich ¢tvercu (TLS); TLS algoritmus; orto-
gonalni regrese; modelovani chyb v datech; ndsobnd prava strana; linedrni apro-
ximaén{ problém; unitdrni invariance; core problém; (zobecnénd) Golubova—Kaha-
nova bidiagonalizace; Lanczosova tridiagonalizace; (zobecnénd) Jacobiho matice;
wedge-shaped matice; ill-posed tlohy; image deblurring; regularizace; identifikace
hladiny Sumu; truncated-TLS; filtrovaci faktory; redukce modelu (MOR); ljapu-
novské rovnice, metoda sdruzenych gradientu (CG); predpodmitiovén{; Tuckeruv
rozklad tenzoru; low-rank aritmetika
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Pouzité znaceni a zkratky

V textu se snazime dodrzovat nésledujizi znaceni. Znacime

vektory pomoci malych pismen
Uy, U2, Ur, V1, V2, Uy, T, atda
matice pomoci velkych pismen (latinskych i feckych)

A B, C,D,E F,U,V, 3%, atd,;

pomoci velkych pismen psanych kaligraficky

A B,C,D,EF,T,S, atd,;

pomoci velkych pismen psanych Scriptem

2,7, T, Z;, atd.

Pomoci malych pismen (latinskych i feckych) také znac¢ime prvky matic a tenzoru a
také skalary. Specidlni vyznam pak maji pismena 4, j, ¢, jimiz zpravidla indexujeme
prvky matic a tenzoru, a k, m, n, r, kterd pouzivame k oznaceni fadu tenzoru,
dimenze matice nebo tenzoru, resp. hodnosti (ranku) matice nebo tenzoru, atp.

tenzory fadu k, k>3

mnoziny

Ciselné mnoziny a prostory

Znaceni

R, C
re(y), im(y)

Vyznam

pole redlnych, resp. komplexnich ¢isel;
imaginérni jednotka komplexnich éfsel, i = -1;
redlnd a imagindrn{ ¢dst komp. ¢isla, v = re(y) + iim(~);

5 komplexné sdruzené ¢islo, 7 = re(y) —iim(7y);

Fe{R,C} obecné, ale pevné zvolené pole realnych, nebo komp. ¢isel;
F prostor sloupcovych vektoru (délky m) nad polem F;
Frvxn prostor matic (s m Fadky a n) sloupci nad polem F;

Frmaxexmy

prostor tenzoru fadu k (s vldkny délky m; v médu j) nad F;

0, Oy Oy - - nula ¢ nulovy prvek prostoru, nulovy prvek F F™* ™ atd.;

dim(7) dimenze prostoru ¥;

span{vy,...,ve} linedrni obal vektoru vy, ..., vs;

Ve direktni soucet podprostora ¥ a #;

VLW (V [L#) podprostory ¥ a # (ne)jsou ortogondlni;

(A, v) (-ty krylovovsky prostor, J#;(A,v) = span{v, Av, ..., A“ v},
Vektory

Znaceni Vyznam

v=[v1,...,vm]T  sloupcovy vektor s prvky v;;

[v]l2 euklidovskd norma vektoru, |v]s = (2 [14]?)?;

(v, w) standardni skaldrn{ soucin vektoru v a w, (v,w) = ¥, w;v;;

viw (v/Lw) vektory v a w (ne)jsou ortogonalni, v Lw < (v, w) = 0;

viW (v [LH) vektor v je (neni) ortogondlni na podprostor #;

vl projekce vektoru v na podprostor #'.

xi



Matice

Znaceni

A= (ai,j)
A= |:Cl,17 cee
AT

AR = AT = AT
Z(A)

A (A)

| All2

|AllF
rank(A)
trace(A)

A—l

AT

Ia Ina €4, 51’,]’
diag(A, B)
A®B

san]

Tenzory

Znaceni

A= (ai11i27i3)
A= (ailgu-yilc)
ag) e Fu
vec(A) e RM
A(Z) c ]F’UL@XM@
rank,(A)
rank(A)
Ax, W
[A| W, ...
-AT—core
AxB

A Xe,s B

A X(1,€2),(s1,82) B

7Wkﬂ

Vyznam

matice s prvky a; ;;

matice se sloupci a;;

tranpozice matice A;

Hermitovské sdruzeni matice A;

obor hodnot matice A;

jadro (nulovy prostor) matice A;

spektralni norma matice, | A2 = max),|,-1 |Av]2;
Frobeniova norma matice, |Alr = (¥; X, \ai’j|2)%;
hodnost matice A

stopa Ctvercové matice, Y ; a; ;;

inverze ¢tvercové reguldrni matice A;
Mooreova—Penroseova pseudoinverze matice A;
jednotkovd matice fadu n, I = [e1,...,en] = (8 ;);
blokové diagondalni matice, direktni souc¢et matic A a B;
Kroneckeruv sou¢in dvou matic.

Vyznam

tenzor trettho fddu o rozmeérech s prvky a;, i, ,is;
tenzor fadu k s prvky a;, .., , ATF™CXTE

F-té vlakno ¢-tého médu tenzoru A;

vektorizace tenzoru, M = []; m;;

rozvoj tenzoru do matice v ¢-tém médu, My, = M [my;
(-rank tenzoru, 7 = rank,(A) = rank(A®));

vektorovd hodnost tenzoru, rank(A) = (r1,...,7%);
ndsobeni{ tenzoru matici v f-tém modu, (A x, W)(Z) = WAW®;
nasobeni tenzoru maticemi W, v médech ¢, £ =1,...,k;

Tuckerovo jadro tenzoru A;

souc¢in (uzeni) tenzoru bez uddni médu ndsobent;

souc¢in (uzeni) tenzoru v médech £ a s;

souéin (uzeni) tenzoru ve dvojici médu;

blokové diagonalni tenzor, direktni tenzoru A a B fadu k.

Nejpouzivanéjsi zkratky a akronymy

Zkratka

SVD
ESVD
HOSVD
OLS, LS
TLS

CP
T-SVD, T-LS
T-TLS
SNR
CG

TT

TC

xii

Vyznam

singuldrn{ rozklad matice (singular value decomposition);
ekonomicky singuldrni rozklad matice (economy-size SVD);
Tuckeruv rozklad tenzoru (higher-order SVD);

oby¢ejny problém nejmensich ¢tvercu ((ordinary) least squares);
uplny problém nejmensich ¢tvercu (total least squares);
core problém,;

truncated-SVD, truncated-LS;

truncated-TLS;

odstup signédlu od sumu (signal-to-noise ratio);

metoda sdruzenych gradientu (conjugate gradients);
tenzorovy vlacek (tensor train decomposition);

tenzorovy fetizek (tensor chain decomposition).
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Kapitola 1

Problém nejmensich ¢tvercu

1.1 Uvod

Mnoho redlnych problému puvodem ve fyzice, statistice, atp. vede na tlohy, které
1ze formulovat jazykem linearni algebry. Zahrnuji-li tyto problémy data, ktera jsou
zatizend chybami jakéhokoliv puvodu, napi. veli¢iny ziskané pomoci fyzikalnich
méfeni, nemusi byt obecné mozné zapsat feSenou tilohu jako rovnici, viz napf.
[16], [80] a [53]. Méffme-li napifklad proud prochézejici rezistorem (byt idedlnim
s linedrni charakteristikou) pii ruznych napétich, chyby v méfeni zpusobi, ze vysled-
né sada dat nebude linearni rovnici spliovat. Takova tloha pak nema teseni v kla-
sickém slova smyslu a nazyvame ji aprorimacni ilohou. Zpravidla se pak uchylujeme
k formulovani optimalizacniho problému nad danou aproximacni ilohou, ktery ndm
umozni nalézt alespon feSeni ptiblizné. Nejjednodussi linedrni aproximaéni tlohu
muzeme zapsat ve tvaru

Az ~ b, kde AeF™" zeF", beF™, (1.1)
resp. AX~B, kde AeF™" X ecF™ BeFm™d (1.2)

a nazyvame ji ilohou s jednou, resp. vice pravymi stranami. V dalsim textu budeme
navic zpravidla predpokladat:

(i) b¢ Z(A), resp. Z(B) ¢ %(A) protoze v opatném piipadé by existovalo Feseni
v klasickém slova smyslu,

(ii) b L #Z(A), resp. Z(B) L #(A) protoze v opatném piipadé nejsou sloupce
pravé strany korelovany se sloupci systémové matice A a snaha aproximovat
je pomoci linedarnich kombinaci sloupct systémové matice postrada smysl;
presnéji feceno jedind rozumnd linearni kombinace bude trivialni.

Ptipadné vyjimky z téchto dvou pravidel budou vzdy explicitné zminény. V dalsim
textu se budeme zamétrovat prevazné na tlohu s vice pravymi stranami; iilohu s jed-
nou pravou stranou (1.1) ziskdme trividlnim izomorfismem s tlohou (1.2) pro d = 1.

1.1.1 Obycejny problém nejmensich ctverca

Optimalizaénich problémt nad (1.2) lze uvazovat celou fadu. Klasickym postupem
je pouzit metodu nejmensich ctvercu, jinymi slovy, zformulovat nad lohou obycejny
problém nejmensich ctvect, anglicky ordinary least squares problem (OLS), pfipadné
jen least squares (LS); viz napf. klasickou uéebnici [16], piipadné ¢lanky [94], [95].



KAPITOLA 1: PROBLEM NEJMENSICH CTVERCU

Definice 1 (Obycejny problém nejmensich étvercti). Necht AX ~ B je linedrni
aprozimacni dloha (1.2), pak optimalizacni problém

Gmind |Glr tak, Ze Z(B+G)cR(A), (1.3)
eF'I‘n,X
nazyvdme obycejngm problémem nejmensich étvercu.

Libovolnou matici Xors € ™, kterd sphiuje AXoLs = B + G pro (libovolnou)
minimalizujict matici G, nazyvame Tesenim ve smyslu nejmensich ctverc.

Poznamenejme, ze vyse zminény obycejny problém nejmensich ¢tvercu mé feSeni
pro libovolné (A, B). Minimalizujici matice G je navic vzdy ddna jednoznacné.
Oznacime-li B = [b1,...,bs] a G = [g1,...,94]), pak g; € A (A") je zdporné vzata
projekce b; na jadro matice A" a tudiz b; +g; € Z(A) je projekce b; na obor hodnot
matice A; tj. b; = bj|%(A) +bj|JV(AH) = (bj +gj) - gj, Viz [26, kap. 6].

Z (jednoznacné) existence minimalizujici matice G plyne existence feSeni ve
smyslu nejmensich ¢tvercu, tj. matice Xgrs. Toto je jednoznacéné tehdy a jen tehdy,
mé-li matice A € F™*" linearné nezavislé sloupce. V opa¢ném piipadé, tj. pokud
r = rank(A) < n, pak existuje nekonetné mnoho takovych feseni. Zrejmé pokud
AXois = B + G, pak také A(Xos +Y) = B+ G pro libovolné Y = [y1,...,y4],
y; € A (A). Za tcelem zjednozna¢néni feSeni problém nejmensich ¢tverci navic
dopliiujeme pozadavkem na minimalitu Xois = [#1,0Ls,---,%4,0Ls] ve Frobeniové
normé, tj. ekvivalentné pozadavkem x;ors L A (A); viz napf. [26, kap. 6] Takové
reSeni ziskame snadno zndmym vztahem

Xows = A'B, (1.4)

tj. uzitim Mooreovy—Penroseovy pseudoinverze matice A. Ze vztahu (1.4) je ziejmé,
ze v pripadé OLS lze tlohu AX ~ B s d pravymi stranami ekvivalenté nahradit d
zcela nezavislymi dlohami s jednou pravou stranou Axz; ~ bj, j =1,...,d; viz [26,
kap. 6].

V praktickych tdlohdch je mozné do problému (1.3) navic zavést vazeni nebo
skdlovani jednotlivych faddku (rovnic), resp. sloupctu (pozorovéani) pomoci diagonél-
nich matic s kladnymi diagonalnimi prvky; viz [16, kap. 4.4], [37]. Obecnéji feceno,
je mozné uvazovat jinou nez Frobeniovu normu jak pti hledani minimalizujiciho G,
tak pfi hleddn{ minimélniho FeSenf; viz [16, kap. 4.5], [129]. Déle je mozné problém
dopliiovat dalsimi omezujicimi pfedpoklady; viz [16, kap. 5], piipadné [38, kap. 5 a
6], atd.

1.1.2 ijlny problém nejmensich ¢tverci

Dalsim z blizce pifbuznych optimaliza¢nich problému nad (1.2) je tzv. dpiny problém
nejmengdich ctverci, anglicky total least squares (TLS), ktery je ustfednim bodem
prvni ¢asti této prace.

Definice 2 (ijlny problém nejmensich &tvercti). Necht AX ~ B je linedrni apro-
ximacéni dloha (1.2), pak optimalizacni problém

min |G, E|r tak, ze Z(B+G) < R(A+E), (1.5)
GE]med

nazyvdme uplngm problémem nejmensich ctverci.
Libovolnou matici X5 € ™9, kterd spliuje (A+ E)Xtis = B+ G pro libovolny
minimalizujici pdr (E,G), nazjvdme tesenim ve smyslu TLS.

Analyza existence a jednoznacénosti minimalizujic{ korekce (F,G) a feseni X1is
neni zdaleka tak jednoduchd, jako v pfipadé OLS. Nyni neupravujeme jen pravou
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stranu B = [by,...,bq], ale i matici zobrazeni A. Thned si vS§imneme, Ze nyni nenf
mozné ulohu s d pravymi stranami ekvivaletné nahradit d nezavislymi ilohami pravée
proto, ze vSechny musi sdilet stejnou korekci £ matice zobrazeni. Navic TLS feseni
obecné, tj. pro libovolné (A, B), nemusi existovat, narozdil od OLS feSent; viz [37],
[15], [99, Example 1.1, str. 7], piipadné [126, Example 2.2, str. 38].

1.2 Resitelnost TLS problému

Pro dalsi vyklad bude vhodné zavést nasledujici singuldrni rozklady (SVD). Uva-
zujme pro jednoduchost m > n +d (v opaéném piipadé rozsiiime tlohu AX ~ B o
vhodny pocet nulovych fadki, tj. prejdeme k [ ]X ~ [ ]). Necht
A=U'SVH kde U™ =U" U =[u},...,u,] = (u}),
V=V V= ol ] = (u)),

(1.6)
3 ! !
Z, _ [ dlag(odl,..-,o'") ] ERmxn, 0_1 > Ué S>> O_;L >0
je SVD systémové matice A a
[B,A]=UXVH kde U=U", U=[ur,...,umn]=(ui,),
V71 = VH? V= [Uh' . 'avn+d:| = (vi,j)a (17)

. [ diag(o1,...,0n+d) ] CR™CH) o s oS s g 30

0m—(n+d),n+d

je SVD rozsitené matice [B, A].

1.2.1 Ijlohy s jednou pravou stranou

TLS problém s jednou pravou stranou (d = 1) byl analyzovén nejprve v ¢lanku [37],
ktery se zabyva zejména situaci, kdy ma matice A linedrné nezavislé sloupce. Je
zde zformulovéna nutnd (nikoliv vSak postacujici) podminka existence TLS FesSeni.
Gene H. Golub a Charles F. Van Loan ukézali, ze plati

V2 n+1
i . -1
Op>0ps1 = XT1is=- : (v1,n+1) (1.8)
Un+1,n+1
pficemz pro minimalizujici korekci plati [G,E] = ~tn+10m410ns1; TLS feSeni i

minimalizujici korekce jsou dany jednoznacné.

Tento vysledek byl rozsifen v knize [126], kde je zformulovdna nutné a postacujic
podminka pro existenci TLS feSeni tlohy s jednou pravou stranou. Uvazujme p,
0 < p < n takové, ze

Op > Opsl = = Onsl, (1.9)

kde formélné og = o0; tj. (n+1) — p je ndsobnost signuldrniho ¢isla oy,41. Uvazujme
déle odpovidajici déleni matice V, tj.

Vi Via 3
V= ; 1.10
[ Va1 Vao ] tn (1.10)

—_—— N ——
p (n+1)-p
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zfejmé libovolna linedrni kombinace sloupcit vp+1,...,Un+1 je opét pravym sin-
guldrnim vektorem matice [ B, A] (analogicky pro levé singuldrn{ vekotry). Podminka
(1.8) lze nyni rozsirit. Plati

O, > Ops1 = =0py1 = Xris = ~Vaa Va2, (1.11)

kde Xtis je TLS teseni minimdlni ve Frobeniové normé; viz [126, Corollary 3.4,
str. 65]. Resen{ je jedinym fesenfm tehdy a jen tehdy kdyz p = n. Poznamenejme,
7e zde Via' = V3| V12|72, nebof matice Vis mé jen jeden fadek. Minimalizujici
korekce je opét ve tvaru [G,E] = —uc, 10", kde u = [ups1, .-« Uns1 Vi3] Vi 7
a v = [Upsts---,Uns1 VI3[ Viz| 7 jsou odpovidajici levy a pravy singuldrni vektor
matice [B, A].

Poznamenejme také, ze vyse zminéné TLS feSeni minimalni ve Frobeniové normé
dlohy s jednou pravou stranou (1.11) lze (pokud existuje) vyjadfit v uzavieném
tvaru

XTLS = (AHA—O'n+1In)_1AHB; (1.12)

viz [126, Corollary 3.1, p. 53].

Nutnd a postacujici podminka (1.11) existence TLS feSeni pro tlohy s jednou
pravou stranou neni pfilis piehledna. Vyskytuje se v ni ndsobnost nejmensiho sin-
guldrniho éfsla rozsifené matice [B, A] a feSeni minimdln{ ve Frobeniové norme.
Navic zustava ne zcela vyjasnéné, co to znamend, kdyz TLS problém nemd pro
dané (A, B) feSeni. Sabine Van Huffel a Joos Vandewalle ve své knize (viz [126,
kap. 3.4]) zavadéji v takovém pripadé tzv. negenerické resent, které je viak resenim
jiného optimaliza¢niho problému (s pfidanym omezenim; viz [63, Lemma 6.1, str.
767]), pifpadné TLS feSenim ovéem modifikované linedrni aproximacni tilohy; viz
[63, Lemma 6.2, str. 768]. Jisté vysvétleni vyznamu neexistence feseni v kontextu
puvodnich dat (A, B) ddva tzv. core problém, kterym se budeme zabyvat v kapi-
tole 1.3. Nyni se podivame, jak se situace zméni v piipadé vice pravych stran.

1.2.2 Ijlohy s vice pravymi stranami

TLS problém s vice pravymi stranami (d > 1) byl analyzovdn zejména v knize
[126], ale také v ¢lancich [130], [131]. Analyza prezentovand v téchto pracech pod-
statné sleduje postup pouzity Golubem a Van Loanem v puvodnim ¢lanku [37]. Po-
stup je zobecnény a formulovany jako tzv. klasicky TLS algoritmus; viz [126, kap.
3.6, Algorithm 3.1, str. 87-88], viz také [63, Algorithm 1, str. 767]. Cisté algorit-
micky motivované rozsiteni (viz [122], [123]) je velmi praktické, snadno pochopitelné,
snadno aplikovatelné a davé velmi dobré vysledky v fadé aplikaci; viz sborniky [124],
[125] konferenci zamérenych na terorii a aplikace TLS problému. Je to ddno mimo
jiné tim, ze v praktickych vypoctech je, napt. diky zaokrouhlovacim chybam, velmi
obtizné, ne-li zcena nemozné, urc¢it kupiikladu nasobnost daného singularniho ¢isla.
Klasicky TLS algoritmus navic zcela pfirozené prechazi k negenerickému feSeni u
uloh, které TLS feSeni nemaji. Snadno se tak stane, ze dojde k zdméné optimaliza¢ni
tlohy a na misto puvodné zamysleného TLS problému se fesi jeho regularizovand
varianta truncated-TLS (T-TLS), viz [63, kap. 6] a [69]. Nasim cilem v8ak bude
striktné sledovat fesitelnost TLS problému, tj. optimalizaéniho problému zformulo-
vaného v definici 2.

Sabine Van Huffel a Joos Vandewalle v knize [126] dokazuji, ze TLS problém pro
vice pravych stran ma (za jistych pfedpokladi na hodnosti vybranych bloku ma-
tice V) feSeni ve dvou specidlnich piipadech charakterizovanych dvéma specidlnimi
distribucemi singuldrnich ¢isel matice [B, A]. Jsou to

On > Onsl, (1.13)
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kdy mé problém jednoznacné feSeni, a
Up>ap+1 = =0ptl = = Ontds (114)

kdy méa problém nekonetné mnoho feSeni, mezi kterymi lze snadno nalézt jed-
noznacné dané teSeni s minimélni Frobeniovou a zaroven s minimalni spektralni
normou. D4 se ukdzat (viz [63, kap. 3.1 a 3.2]), ze oba piipady jsou pifmocarym
rozifenim tlohy s jednou pravou stranou dvéma ruznymi zpusoby a Ze oba jsou
jen specialni piipady obecnéjsi tiidy problému. Néznak toho lze vysledovat jiz
v [126, kap. 3.3.2], kde je vSak obecngjsi distribuce singuldrnich ¢isel pro jednodu-
chost povazovana za perturbaci jednoho ze dvou pravé zminénych piipadu. Prvni
kroky analyzy obecného piipadu byly provedeny jiz v dizertaci [99] (z roku 2008) a
v kratkém prispvévku [66] (z roku 2008). Uplné analyza existence a jednoznaénosti
TLS feseni obecného problému vsak byla publikovana az o tii roky pozdéji v nasem
¢lanku [63] (v roce 2011).

Vlastni prinos

V éldnku [63] zavddime, analogicky k (1.9), obecnou distribuci singuldrnich éisel
rozsifené matice [B, A]. Uvazujme p (0<p<n) a e (1 <e<d) takovd, ze

Op > 0pt1 =" = 0p4l =" = Onte > Ontetl, (115)

kde formélné og = 00 a opyg+1 = 0; tj. (n+e€)—p je ndsobnost signuldrniho ¢isla oy, 41.
Opét, analogicky k (1.10), uvazujme odpovidajici délen{ matice V', tj. v clanku jsou
matice pojmenovane jinak

Vin Via Vis | }d
Vai Vaa Vas }n ’

L W S ——
p (n+e)-p d-e

V= (1.16)

Vektory v prvnim, druhém a tietim blokovém sloupci tak odpovidaji singuldrnim
¢islam ostfe vétsim nez, rovnym a ostfe mensim nez oy,41. (Zfejmé, pro d = 1, tj.
v pifpadé jediné pravé strany, je d = e = 1 a tfet{ blokovy sloupec zmizi.) V zdvislosti
na tomto déleni zavadime néasledujici klasifikaci.

Definice 3 (Klasifikace TLS problémt). Necht AX ~ B je linedrni aprozimacni
tloha (1.2), kde rozsifend matice [B, A] md SVD ve tvaru (1.7), (1.15), (1.16).
Rekneme, zZe TLS problém nad dlohou AX ~ B patii do tridy:

F (first class) pokud rank([Vi2, Vi3]) = d, specidiné:

F1 pokud rank(Vi2) =d — e a tudiZ rank(Vi3) = e;
Fo pokud rank(Vi2) > d — e a zdroven rank(Vi3) = e;
F3 pokud rank(Vi3) < e a tudiz rank(Vis) >d —e;

7 (second class) pokud rank([Vi2,Vi3]) < d.

Poznamenejme, ze problémy patiici do prvni (& = U?zlﬂj), resp. druhé (&)
ttidy odpovidaji tzv. generickym, resp. negenerickym problémum v klasické analyze
provedené v [126]. V tomto kontextu je nutné si uvédomit, ze generické problémy,
tj. problémy tiidy % v nasf klasifikaci jsou obecné (v mnoha knihdch a ¢ldncich)
povazované za problémy majici TLS FeSeni; viz napt. schéma v [126, str. 50]. Obecnd
rozsffenost této domnénky je dédna do znatné miry tim, Ze prdve kniha [126] je
prvni (a popravdé Feceno jedind) kniha, kterd se analyze TLS problému vénuje
v dostateéné obecnosti a §ifi. V ¢lanku [63] ale ukazujeme, Ze toto tvrzeni neni
pravdivé. Konkrétné dokazujeme nésledujici tvrzeni:
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Z1: Generické problémy charakterizované distribuci singuldrnich éfsel (1.13) nebo
(1.14), tj. oba ptipady analyzované v knize [126], jsou specidlni piipady prob-
lému t¥idy % .

e Vsechny problémy tiidy .#; maji TLS feSeni. Toto feSeni je ddno jednoznacné
tehdy a jen tehdy, kdyz p = n. Neni-li feSeni jednoznacéné, existuje nekonecné
mnoho Feseni, mezi kterymi lze vybrat jedno, které je minimalni ve Frobeniové
a zaroven ve spektralni normé. Toto jednoznacné minimalni feSeni lze zapsat
ve tvaru

X11s = —[Vaz, Vas][Vi2, Vas]'. (1.17)

e Resenf miniméln{ v obou norméch z piedchoziho kroku lze pro kazdy problém
ti{dy %1 nalézt pomoci klasického TLS algoritmu.

Fo:+ Vechny problémy tiidy %> maji TLS feseni. Toto feSeni nikdy neni jedno-
znacné, vzdy jich existuje nekone¢né mnoho. Mezi vSemi feSenimi 1ze nalézt
feSeni minimalni ve Frobeniové normé i feSeni minimalni ve spektralni normeé.
Tato dvé minimalni{ feSeni nemusi byt identicka.

e TLS feSeni zadného problému tiidy % nelze nalézt pomoci klasického TLS
algoritmu (pfesnéji feCeno varianty prezentované v [63, Algorithm 1, str. 767],
kterd uvazuje presnou aritmetiku a pracuje s celymi bloky matice V od-
povidajicimi ndsobnym singuldrnim ¢fsltim).

F3U.7: Zadny problém tiid .Z3 a . nemé TLS feseni.

e Klasicky TLS algoritmus aplikovany na problém tfidy %2, %3, nebo . vraci
feseni jiného optimalizaéniho problému (s dodateénym omezenim, viz [63,
Lemma 6.1, str. 767]), piipadné TLS feSseni modifikované dlohy (viz [63,
Lemma 6.2, str. 768]), tzv. T-TLS feseni. Pouze v piipadé tiidy % je toto
feSeni v klasické literatufe nazyvano reSenim negenerickym.

Klasifikace samoziejmé zahrnuje i problémy s jednou pravou stranou. Ukazuje, ze
viechny problémy s jednou pravou stranou patif bud’ do tiidy .%#; nebo do tiidy .,
jind moznost nastat nemuze.

Z definice 3 je patrné, ze klasifikace jistym zpusobem odrazi, jak se mnozstvi in-
formace métfené hodnosti matice ,,preléva“ z pravého horniho rohu matice V' smérem
do jejiho levého horniho rohu. V tomto kontexu je dobré si uvédomit, ze se jedna
o matici pravych singuldrnich vektoru rozsifené matice [B, A] a jej{ d x d &tvercovy
blok v pravém hornim rohu realizuje vazbu mezi systémovou matici A a pravou
stranou B (v pfipadé kompatibilnich dat, tj. Z(B) ¢ Z(A) je tento ¢tvercovy blok
reguldrni). Jednotlivd vyse vypsand tvrzeni tento ,presun® informace pii predchodu
od problému tiidy .#; smérem k problémum tiidy . ptirozené reflektuji postupnym
zhorsovanim ruznych aspektu feSitelnosti ve smyslu TLS. Aspekty feSitelnosti lze
také prehledné zobrazit na schématu prezentovananém v [63, str. 769].

V praktickych tlohdch je opét mozné do problému (1.5) navic zavést vazeni nebo
skdlovani jednotlivych fadku (rovnic), resp. sloupctu (pozorovani) pomoci diagonél-
nich matic s kladnymi diagondlnimi prkvy; viz [37]. Také je mozné uvazovat jinou
nez Frobeniovu normu jak pfi hleddn{ minimalizujictho paru (E, G), tak pti hleddn{
minimdlniho FeSeni; viz [129]. Poznamenejme, Ze pravé prace [129] navazuje na nase
vysledky a dovozuje zajimavé dusledky pro obecné unitarné invariantni normy.

Puvodni autorské ¢lanky vztahujici se k tomuto tématu publikované v impakto-
vanych ¢asopisech jsou pfrilozeny, konkrétné:

[63] (2011) jako piiloha A.1 na str. 51.
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1.3 Teorie core problému

TLS problém (1.5) (narozdil od OLS (1.3)) nad linedrni{ aproximaéni ilohou (1.2)
nemd Feseni pro obecnd vstupni data (A, B). Doposud jsme se zabyvali pouze
otazkou resitelnosti, tedy kdy feSeni neexistuje, kdy existuje a zda je jednoznacné.
Zustava vsak oteviend otdzka, co to znamena, ze FeSeni neexistuje, v kontextu vstup-
nich dat. Na tuto otazku ¢astecné odovida tzv. teorie core problému.

1.3.1 Ijlohy s jednou pravou stranou

Opét se nejprve podivame na piipad s jednou pravou stranou (d = 1). Teorii core
problému zavedli a popsali Christopher C. Paige a Zdenék Strakos v sérii ¢lanku [94],
[95] a zejména [96]. Zakladni idea stoji na pozorovani, ze norma, kterou jsme pouzili
v TLS minimializaci (1.5), tj. Frobeniova norma, je ortogondlné (v redlném piipadé),
resp. unitdrné (v nasem piipadé) invariantni. Misto tlohy (1.2) (pfipomenme, Ze
nyni uvazujeme d = 1) a optimaliza¢niho problému (1.5), mtzeme piejit k tiloze

AX = (PPAQ)(Q"X)~ (P"B)=B, kde PH=P1 Q"=Q7! (1.18)
jsou unitarni matice, a k optimaliza¢nimu problému

Jmin | (G E]|r tak,ze Z(B+G)c#(A+E). (1.19)
G‘Emed

Nechf (E,G) je minimalizujici par problému (1.19). Oznacéime-li E = PEQM, G =
PQ@, pak z unitarni invariance Frobeniovy normy, |[E,G]|r = |P[E, @][%H (1)] |r =
I[E,G]|F, plyne, ze (E, G) je minimalizujici p4r problému (1.5) nad puvodni dlohou.
Zacela analogicky transformujeme i TLS FeSeni, existuje-li, tj. Xtis = QXris. Vi-
dime, ze TLS fesitelnost je invariantni vzhledem k unitdrni transformaci (1.18)
vstupnich dat. Poznamenejme, ze transformace predstavuje pouze zménu souradni-
cového systému.

V élénku [96] je pak ukdzano, ze v mnoziné viech transformovanych tloh AX ~ B
existuje podmnozina (v ¢ldnku jsou ukdzany dva konkrétni prvky této mnoziny),
v niz uloha nabyva specidlni tvar

(B, A) :PH[B,A][ @ 0 ];[ B (1.20)

0 1 0

A11 0
0 A22 ’

pricemz matice [ By, A11] ma minimdind a matice Asg mazimdinirozméry mezi viemi
transformacemi vedoucimi na stejnou blokovou strukturu.
Pouzijeme-li odpovidajici blokové déleni vektoru X, dostaneme

~= | A 0 Xi || AuXa || B1 |_ 5
AR AN A
a puvodni uloha se tak rozpadne na dvé zcela nezavislé tlohy

A11X1 x B1 a A22X2 ~ 0, (122)

pricemz druhd z nich ma trividlni feSeni v klasickém slova smyslu, tj. Xs = 0.
Jediné, co zbyva vytesit, je prvni tdloha A1y X; ~ By, nejmensi netrividlni podiloha
v puvodnich datech AX ~ B. S vyuzitim minimality (a pfedpokladt Z(B) ¢ Z(A)
a Z(B) | Z(A)) lze ukdzat fadu dulezitych vlastnosti této tlohy:

Fﬁxﬁ

e matice A € mé linearné nezavislé sloupce;
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e matice A;; ma jednoducha singularni ¢isla;

e necht u; jsou levé singuldrni vektory A;q, pak u;'Bl #0,7=1,...,m;

e matice [By, A1;1] € F™ 1) m3 linedrné nezavislé fadky, tj. m =7 + 1;

e matice [By, A11] mé jednoduchd singuldrn{ ¢isla;
viz [96]. Poznamenejme, Ze tyto vlastnosti nejsou nezdvislé, specidlné posledni dvé
jsou dusledkem piedchozich tii. Dulezité vSak je, ze tyto vlastnosti garantuji, ze
nejmensi singuldrni ¢islo matice A1, je ostfe vétsi nez nejmensi singuldrni Cislo
matice [ By, A11], tj.

Umin(Au) = U,ﬁ > 0Op+1 = Umin([BhAn])- (123)

Vynut{ tedy splnéni Golubovy—Van Loanovy podminky (1.8) a tim i existenci jed-
noznac¢né daného TLS feSeni X Tis.

Definice 4 (Core problém v tilohéch s jednou pravou stranou). Nechf AX ~ B je
linedrni aprozimacni dloha (1.2) a P, Q unitdrni matice realizujici transformaci
(1.18) takovou, Ze

0 1 0

PH[B,A][Q O]E[Bl o

Aqy 0]

kde [ By, A11] md minimdlni rozméry mezi vsemi transformacemi vedoucimi na stej-
nou blokovou strukturu. Pak tlohu

A1 Xy~ By
nazyvdme core problémem uvniti puvodni dlohy AX ~ B.

Fakt, ze core problém ma vzdy jednoznaéné dané TLS feSeni, tj. pro libovolna
vstupni data (A, B), ndm dovoluje revidovat analyzu Fesitelnosti TLS problému nad
puvodnimi vstupnimi daty. Zrejmeé plati

o) = omin(A) = min{omin(A11), Omin (A22) },
Op+1 = Omin ([ B, A]) = min{owmin ([B1, A11]), 0min(A22) }.

Mohou tedy nastat nasledujici situace (viz [63, kap. 3.1, str. 753]); pfipomernme, Ze
navic plat{ (1.23):

(1.24)

® omin(A22) > omin([B1,A11]), tj. nejmensi singuldrni ¢&islo [B, A] je zdroven
singuldrnim ¢islem core problému [Bi1, A11] a je jednoduché. Uzitim nerov-
nosti (1.23) vidime, Ze v tomto piipadé puvodni dloha splituje Golubovu—Van
Loanovu podminku (1.8) a tudiz m& puvodni tuloha jednozna¢né dané TLS
reSeni.

® omin(A22) = omin([B1, A11]), tj. nejmens{ singuldrni éislo [B, A] je opét sin-
guldrnim ¢islem core problému, ale zdroven i matice Aso, kterd neobsahuje
zéadnou smysluplnou informaci pro feseni problému. Nejmen§{ singularni ¢islo
omin([B, A]) puvodnich dat je tedy v matici [B, A] ndsobné. V takovém
pifpadé nemuze byt spléna podminka (1.8), singuldrn{ ¢isla ptivodnich dat
ale spliuj{ podminku Van Huffelové a Wandewalleho (1.11) pro né&jaké p < n.
(Piitomnost nejmenstho singuldrniho &isla [B, A] v bloku Ags zpusobi jeho
piitomnost také v matici A, ovSem s ndsobnost{ pravé o jedna mensi.)

TLS problém nad puavodni tlohou AX ~ B m& nekoneéné mnoho feSeni.
Nalezneme-li mezi nimi feSeni minimélni ve Frobeniové normé, dostaneme

xas-a| M |. (1.25)
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tj. jednoznacné TLS feSeni core problému transformované do puvodnich sou-
radnic.

® omin(A22) < omin([B1,A411]), tj. nejmensi singuldrni ¢islo [B, A] nenf sin-
guldrnim ¢islem core problému, ale jen matice Ass, lhostejno zda jednoduché
¢i ndsobné. Opét s vyuzitim nerovnosti (1.23) vidime, Ze nyni neni{ mozné
splnit ani podminku (1.11).

TLS problém nad puvodni ilohou AX ~ B tedy nemé feSeni. Nalezneme-li
v8ak jednoznac¢né feSeni core problému A1 X, » B a provedeme transformaci
(1.25), dostaneme pravé v euklidovské normé miniméln{ negenerické resend
puvodniho problému; viz [126], [96].

Teorie core problému tak umoziiuje jistym zpusobem nahlédnout do utrob TLS
problému a vysvétlit v kontextu puvodnich dat, pro¢ dand tloha ma, ¢i nema TLS
feSeni. Je to dano pritomnosti — vzhledem k feSeni irelevantnich a nasobnych kopif
(matice core problému maji jednoduchd singuldrn{ ¢isla) dat — reprezentovanych
matici A, uvniti matice [B, A]; a jejich strukturou (nejmensi singuldrn{ &islo
Asg hraje klicovou roli). Rikdme, ze core problém obsahuje informaci nutnou a
postacujici k feSeni puvodni tlohy.

Poznamenejme, ze ¢ldnek [96] odvozuje core problém dvéma zptisoby, jednak
pomoci SVD systémové matice A, a také pomoci tzv. Golubovy—Kahanovy bidia-
gonalizace; viz [35]. Alternativné lze také odvodit pomoci Lanczosovy tridiagona-
lizace s vyuzitim vztaht mezi bidiagonalizaci a tridiagonalizaci, jak jsme ukézali
v kratkém piispévku [65].

1.3.2 [jlohy s vice pravymi stranami

Prekvapivé elegantni vysvétleni neexistence TLS feSeni v piipadé tdloh s jednou
pravou stranou podnitilo snahu rozsitit tento koncept i na tlohy s vice pravymi
stranami (d > 1). Prvn{ pokusy byly provedeny v sérii prednasek Ake Bjorcka [11],
[12], [13] a v jeho nepublikovaném rukopise [14]. V téchto pracech pievazovala snaha
zobecnit pristup zalozeny na Golubové-Kahanové bidiagonalizaci. Dalsi kroky byly
provedeny v dizertacnich pracech [108] (z roku 2006) a [99] (z roku 2008). Rigorozni
definice core problému pro ulohy s vice pravymi stranami a diukaz jeho existence
nicméné prichdzi o pét let pozdéji v ¢ldnku [67] (v roce 2013).

Vlastni prinos

V ¢ldnku [67] zavadime core problém analogicky k postupu uzitém v piipadé jedné
pravé strany. Transformaci (1.18) nyni lze zobecnit na

AX = (PMAQ)(Q"XR) ~ (P"BR) = B,

1.26

kde PH=P Q"=Q', R*=R" (126)
jsou unitarni matice. TLS problémy nad ptuvodni dlohou AX ~ B a transformovanou
tlohou AX »~ B jsou opét ekvivalentni. Ukdzali jsme, Ze pro kazdé (A, B) existuji
takové unitarni matice P, @, R, ze

0 R

[B\,X]:PH[BaA][Q 0] 0 0 A

By 0|41 O
KA

kde A1 € F™™ a By e F™¢, Transformace je pomérné komplikovans a vyuzivé
sekvenci nékolika singuldrnich rozkladua. V ¢lanku jsme navic pomérné technicky
komplikovanym zpusobem dokéazali, ze dimenze 7, m, d jsou minimalni, a tedy,
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7e matice [By, A11] ma minimdlni a matice Asy mazimdlni rozméry mezi vSemi
transformacemi vedoucimi na stejnou blokovou strukturu.
Pouzijeme-li odpovidajici blokové déleni matice X, dostaneme

~ A11 0 X11 X12
AX =
[ 0 AQQ ][ X21 X22 ]

(1.28)

_| AnXn AnXp | | B 0] _ B
A2 X1 AXor 0 0 ’

podobné jako v (1.21) v tloze s jednou pravou stranu. Piuvodn{ tloha se nyni ale

rozpadne na Ctyfi zcela nezdvislé tulohy

AnXi~ By a A1 X127 0, Ao X1 ~ 0, AgpXoo ~0, (1.29)

pficemz posledni tfi z nich maji trivialni feSeni v klasickém slova smyslu a jediné,
co zbyva vyftesit, je prvni tloha A1 X717 » B;. Minimalita sama o sobé je snad
dostateénym ospravedlnénim pro zformulovani definice.

Definice 5 (Core problém v tlohdch s vice pravymi stranami). Nechf AX ~ B je
linedrni aprozimacng dloha (1.2) a P, @, R unitdrni matice realizujici transformaci

(1.26) takovou, Ze

H Q 0 _ By 0 A11 0
P[B’A][o R]:[ 0 0] 0 Azg]’

kde [ By, A11] md minimdind rozméry mezi vems transformacemi vedoucimi na stej-
nou blokovou strukturu. Pak ilohu

A X~ By
nazyvdme core problémem wvnitt puvodni ulohy AX ~ B.

V ¢lanku [67] pak ukazujeme, ze takto zavedeny core problém konzistentné roz-
Sifuje vlastnosti core problému s jednou pravou stranou. Konrétné:

CP1) matice A1 € F™™™ m4 linedrné nezavislé sloupce:
( pee;
(CP2) matice By; € F™d m4 linedrné nezavislé sloupce;
(CP3) necht Ay; ma k ruznych nenulovych singuldrnich ¢isel o(A11) s ndsobnostmi
rj a rpe = dim(A(A));
necht dale U; € F™ "5 jsou matice jejichz sloupce tvoif ortonormalni béze
levych sigularnich podprostoru matice A1 odpovidajicich singuldrnim ¢islim
0;(A11), proj=1,...,k, ajadra 4 (AY)), pro j =k +1;
matice ®; = UH By e F"*? maj linedrné nezavislé fadky, pro j = 1,... .k +1.
nou a postacujic{ podminkou pro minimalitu rozméru matice [ By, A11]. Tyto vlast-
nosti také dale implikuji:
(CP4) matice [B|A11] e F™ ) m3 linesrné nezavislé sloupce (diisledek vlastnosti
(CP1) a (CP3); viz [68, kap. 2.1, str 420]);
CP5) necht [B;]|A11] mé k riznych nenulovych singuldrnich éisel o;([B1|A11]) s na-
J
sobnostmi g; a gg+1 = dim (A ([B1]411]));

necht déle V; € F(+d)xe; jsou matice jejichz sloupce tvofi ortonormélni baze
pravych singuldrnich podprostora matice [ B1|A11] odpovidajicich singuldrnim
¢islum o;([B1]A11]), pro j =1,...,k, a jadra A ([B1|A11]), pro j =k +1;

hlavni vedouci d x 0; podmatice matic V; maji linedrné nezdvislé sloupce, pro
j=1,...,k+1 (viz [68, Corollary 4.7 (b), str. 430-431));

10



TEORIE CORE PROBLEMU

(CP6) necht 0j(A11) jsou ruznd singuldrni ¢isla matice A1 s ndsobnostmi r;, pak
rj <d; navic ¥;r; =7 (disledek vlastnosti (CP3); resp. (CP1));

(CPT7) necht o;([B1]A11]) jsou ruznd singuldrn{ &fsla matice [Bi|A11] s ndsobnostmi
0;, pak o; < d; navic Y; 0j =m (dusledek vlastnosti (CP5); resp. (CP4)).

Porovnanim z predchoziho vy¢tu na str. 7-8 vidime, ze prvni vlastnost je identicka
s (CP1), druhd primo vyplyva z (CP6), treti z (CP3), ¢tvrtd z (CP4), a pata z (CP7).
Naopak vlastnost (CP2) v pfedchozim vy¢tu neni, ale trividlné vyplyvé z faktu, ze
pravé strana je nenulova (tj. nenf ortogonalni na obor hodnot A1;); vlastnost (CP5)
v piedchozim vyétu pouze chybi, nebof neni az tak dileZita.

Dilezité je vsak poznamenat, ze vlastnosti (CP5) a tudiz i (CP7) se ndm ne-
podarilo dokédzat jen uzitim singuldrnich rozkladu bloku vstupnich dat a nejsou tedy
dokdzény v ¢lanku [67], ale az o dva roky pozdéji v ¢lanku [68].

Pfipomertime, ze puvodni ¢lanek [96] odvozuje core problém jednak pomoci sin-
guldrniho rozkladu matice A, ale také pomoci Golubovy—Kahanovy bidiagonalizace,
¢lanek [65] pak pomoci Lanczosovy tridiagonalizace. Nas ¢ldnek [68] pak rozsifuje
pravé tento pifstup, ¢fmz navazuje na zejména na prace Akeho Bjorcka [11]-[14].
Pouzity algoritmus nazyvame pdsové zobecnéni Golubovy—Kahanovy bidiagonali-
zace'. Opét zde vyuzivame vztahu tentokrat mezi pasovym (pifpadné blokovym)
zobecnénim bidiagonalizace obecné a pésovym (piipadné blokovym) zobecnénim
tridiagonalizace hermitovské matice. Z pohledu teorie core problému je ¢ldnek [68]
dulezity zejména proto, Ze explicitné dokazuje, ze cesta naznacend Ake Bjorckem
pfes zobecnéni bidiagonalizace ke core problému skutecné vede. Déle je teprve zde
dokdzéno, ze obecny core problém splituje jiz difve zminéné vlastnosti (CP5) a
(CP7).

Otéazka tesitelnosti samotného core problému ve smyslu TLS kazdopadné nebyla
ani v jednom z ¢lanku [67], [68] oteviena. Vlastnosti (CP5) a (CP7) jsou vsak pro
jeji otevieni nezbytné. Resitelnosti core problému se zabyvé nas clanek [62], ktery
obsahuje tfi dulezité vysledky v tomto sméru. Prvni z nich zobecnuje fakt, ze core
problém s jednou pravou stranou ma vzdy jednoznacné dané TLS feSeni. Vime,
ze kazdy core problém s jednou pravou stranou je problémem t¥idy #; (problémy
s jednou pravou stranou patif bud do tiidy %, pokud maji, nebo do tiidy .7,
pokud nemaji TLS feSeni). V ¢lanku dokazujeme tvrzeni, Ze obecny core problém
je problémem ti{dy %, tehdy a jen tehdy, kdyz m4 jen jediné TLS feSenf; viz [62,
Corolary 2.5, str. 866). Jinymi slovy, v piipadé core problému se uz nemuze stét, ze
by byl tiidy .#; a zaroven mél vice nez jedno feseni. Klicovou ¢asti dukazu je prave
vlastnost (CP5).

Daéle zavadime pojem tzv. sloZeného core problému, konrétné ukazujeme nasle-
dujici ekvivalenci:

data (Agi‘), B{™) splimgi (CP1)-(CP3), proa=1,2,...
0 (1.30)

e O
11 1
data Aﬁ) , B§2) spliuji (CP1)—(CP3),

All Bl

I Ake Bjérck pouziva nazev pdsovy Lanczosiv algorimus, ktery vychazi z faktu, ze Golubové—
Kahanové bidiagonalizaci se nékdy iika Lanczosova, pifipadné Golubova—Kahanova—Lanczosova
bidiagonalizace. Zejména v prvnim piipadé se pak snadno zaméni s Lanczosovou tridiagonalizaci,
obzvl4st jednd-li se o pdsové (piipadné blokové) zobecnéni a misto specifikace poc¢tu diagondl se
pouziva jen slovo ‘algorimtus’. Drobnou terminologickou poznamu k pouzivani jmen Gena H. Go-
luba, Williama Kahana a Cornelia Lanczose v kontextu bidiagonalizace 1ze nalézt v [64, Appendix,
str. 694].

11
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pficemz je formalné piipustné, aby nékteré z matic Aﬁ‘) (nikoliv vSechny) mély
nulovy pocet sloupcti a tedy hodnost nula. Tato ekvivalence umozinuje ,uméle
vytvaret“ vétsi core problémy z mensich vyse naznacenym diagonalnim skladénim,
komponovanim. Takto slozeny core problém by bylo jednoduché opét rozlozit na
jednotlivé komponenty (Ag‘i‘),B§a)). V obecnéjsim piipadé, uvazujeme kompono-
vany problém navic transformovany tak, ze

A = Pllding(A7) A ) Qi e FTT, (1.31)
B - Pf'diag(Bfl)vBP’ y .)R1 ¢ mea’

kde PI' = Prt, QY = Q11, RY = Ri* jsou obecné unitarni matice. Dle nageho nézoru a
dosavadniho poznani nelze obecny komponovany problém (1.31) algoritmicky efek-
tivné zpétné rozlozit na jednotlivé komponenty. Bylo by tfeba identifikovat trojici
unitarnich matic, coz by pravdépodobné vedlo na optimaliza¢ni problém na Liové
grupé SU(m) x SU(7) x SU(d). Otézka rozlozitelnosti p¥ipadného core problému tak
zustavé oteviena.

Lze se v8ak vydat opacnou cestou. V ¢lanku ukazujeme, Ze ze dvou core problému
s jednou pravou stranou (tj. oba tiidy .%; ) lze zkomponovat core problém ti{dy .%;,
Fy a S (viz [62, Example 4.1, 4.2, 4.3, str. 868-869]) a ze ti{ pak core problém
tiidy Z3 (viz [62, Example 4.4, str. 869]); ukazujeme tedy, Ze komponované core
problémy mohou nélezet do jakékoliv t¥idy klasifikace z definice 3.

Vytvareni obtiznéji fesitelnych core problému pomoci skladani by mohlo moti-
vovat domnénku, Ze core problém bud’ patii do t¥{dy %1 nebo je rozlozitleny. Tietim
dulezitym vysledkem tykajicim se FeSitelnosti je vyvraceni této domnénky. V ¢lanku
je prezentovan protiptiklad [62, kap. 4.2, Example 4.5, str. 870-871]. Ten prezentuje
ulohu, kterd (i) patif do tiidy %s, (ii) spliuje podminky (CP1)—(CP3), je tedy core
problémem, a zaroven (iii) se jednd o nerozlozitelny problém. Nerozlozitelnsot je
v tomto (velmi jednoduchém) ptipadé vyfesena vypsdnim vSech piipustnych blo-
kovych diagonalizac{ (1.31) a ndslednou tplnou parametrizaci Liovy grupy.

Na zavér v ¢lanku také ukazujeme nékolik dulezitych pozorovani. Jednak dokazu-
jeme ocekavatelny fakt, ze klasicky TLS algoritmus je invariantni vzhledem k redukci
tlohy na core problém, tj. lhostejno zda pustim klasicky TLS algorimus na ptuvodn{
data [ B, A] nebo na core problém [ By, Aq1] uvnitt [ B, A]. Vystup algoritmu (ktery
ovSem nemus{ mit s TLS FeSenim nic spoleéného; viz [63]) je az na unitdrn{ trans-
formaci stejny. Specialné, pokud vystup ziskany pro core problém transformujeme
zpét do puvodnich soufadnic, dostaneme vystup ziskany pro puvodni data. Mno-
hem zajimavéjsi je chovani klasického TLS algoritmu vzhledem ke komponovani
core problému. Zde je ukdzano, ze klasicky TLS algoritmus se chova k jednotlivym
komponentam slozeného problému ruzné, v zavislosti na distribuci a vzdjemné veli-
kosti singuldrnich ¢isel jednotlivych komponent. Muze nastat situace, kdy vystupem
klasického TLS algoritmu aplikovaného na slozeny problém (1.30) je direktni soucet
vystupt ziskanych nezavisle pro jednotlivé komponenty. Muze vsak nastat i situace,
kdy vystup pro slozeny problém obsahuje pouze vystup ziskany pro jedinou kom-
ponentu a vystupy pro ostatni komponenty jsou odstranény. Tento jev je vysvétlen
jako forma vnitini regularizace TLS algoritmu.

Puvodni autorské ¢lanky vztahujici se k tomuto tématu publikované v impakto-
vanych ¢asopisech jsou prilozeny, konkrétneé:

[67] (2013) jako piiloha A.2 na str. 77;
[68] (2015) jako piiloha A.3 na str. 93;
[62] (2016) jako pifloha A.4 na str. 111.
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Vyhled do budoucna

V soucasné dobé se pokousime celou teorii core problému déale zobecnit pro linearni
aproximac¢ni tlohy pracujici s tenzory. V nejobecnéjsim piipadé tedy uvazujeme
misto matic A, X a B tenzory

Ace X xmuxXnyx-xn, ,

X € Fn1><~--><n,/><d1><---><d57 (132)
MMy XXMMy, Xdp X+ Xd,
BeF™ wxa ’

Fadu p+ v, v+ 9 a p+ 6. Misto maticové linedrni aproximaé¢ni tlohy AX ~ B pak
uvazujeme tenzorovou linearni aproximacéni tlohu

Ax X = ( Z ZV: Qiy iy, g1ydv ‘Ijl,...,jmkl,..-,ks) ~ B (1'33)

Ji=l  ju=1

Jakkoliv se tenzorovy problém zda komplikovanéji, nékteré jeho specidlni varianty
mohou pomoci vyjasnit nékteré otazky tykajici se TLS feSitelnosti (nejen) core
problému s vice pravymi stranami. Toto téma je aktuldlné rozpracované v ruko-
pise [70]. Analyza je postavend na vicerozmérnych analogiich maticovych rozkladu,
zejména na tzv. Tuckerové rozkladu tenzoru; jedna se o vicerozmérnou variantu sin-
guldrniho rozkladu, proto je také nazyvan higher-order SVD (HOSVD); viz napf.
[73, kap. 4.1]; podrobnéji se budeme tenzorovym rozkladim vénovat také v kap. 3.

13
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Kapitola 2

Regulariza¢ni metody

2.1 Uvod

Rada aplikaci vede na tzv. disrkétni ill-posed (nékdy piekldaddme jako nekorektni
(viz [114]), nebo $patné postavené) tlohy. Frank Natterer ve své knize [88, kap. IV.1,
str. 85] zavadi tento pojem s odkazem na Jacquese S. Hadamarda [44] a Fiké:

Necht %, 2 jsou Hilbertovy prostory a necht A je omezeny
linearni operator z 2 do 4. Ulohu, kde je

dédno b € # a hleddme = € 2 tak, aby platilo A(z) =b,  (2.1)

nazyvame dle Hadamarda [44] well-posed (korekini, dobre postave-
nou), pokud mé jednoznaéné feseni pro kazdé b € & a pokud je
Feseni zavisi na b spojité. V opaéném piipadé nazyvéame (2.1) ill-
posed tlohou. To znamen4, ze pro ill-posed tlohy operator A~ bud
neexistuje, nebo neni definovdan na celém %, nebo neni spojity.

Ve svété numerické a vypocetni linearni algebry se vyskytuje fada ill-posed 1loh,
jejichz puvod je v nejruznéjsich aplikacich. Typicky se jednd napiiklad o tomogra-
fické aplikace souvisejici s inverz{ Radonovy transformace (viz [100], [101], [88], [54]);
inverzi ruznych fyzikdlnich potencidli a poli — tzv. potential field inversion (napf.
anomalnii magnetického a gravita¢niho pole zemé pii identifikaci zrudnéni v zemské
kufe, viz [30]); distribuce tepla — tzv. steady-state heat distribution (viz [52]); rekon-
strukce orientace mikrostruktury krystalu na zdkladé Laueho difrakénich diagramu
— tzv. orientation distribution funcion (viz [56]); v dlohdch image deblurring (viz
[57]); a mnoha dalsich; viz napf. [49], [51].

Ve v8ech vyse zminénych piipadech mé zobrazeni A v (2.1) ,zhlazujici* povahu.
Tim mdme na mysli fakt, ze pro obecny, tieba i nespojity vstup z je vystup A(x)
typicky velmi hladky — napf. rozmazani ostrého (ostré hrany obsahujictho) obrazu
v uloze image deblurring. Pravd strana tlohy (2.1) je tedy velmi hladka. Nasim
tkolem tak pfi feseni téchto 1loh je z hladkého vystupu b zrekonstruovat nehladky,
piipadné nespojity vstup x. To je duvodem, proc¢ je feSeni podobnych tloh pfirozené
obtizné. Ijlohy jsou o to obtiznéjsi, kdyz se na pravé strané, tj. ve vystupu — v datech
ziskanych napi. méfenim, objevi navic néjaky parazitni signél, ktery muzeme obecné
povazovat za Sum.

V dalsim textu tedy budem uvazovat tilohu (2.1) diskretizovanou. Budeme pied-
pokladat, ze prava strana je poskozena a obsahuje nejen uzitetna data, ale i neznamy
Sum

Az ~ b =bgata + bnoises, kde A eF™ " a  |batall2 > | bnoisel 2- (2.2)
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Nasim tkolem je najit, resp. aproximovat vektor
Tdata = Adeata- (23)

Protoze presnd prava strana bgaa je vystupem zhlazujictho zobrazeni, plati byais €
Z(A) a tedy také Axgata = bdata-

Zieimé xgata = ATb— ATbpoise, podminka |byatal2 > [bnoise |2 VSak neiikd nic o vzo-
rech téchto vektorti; ukazuje se, ze ¢asto plati |Zqatal2 < |Afbpoise2, tedy uzitecnd
data gata jsou v ATb zcela prekryta invertovanym Sumem, jak si ukdzeme vzapéti.
Toto Feseni se ¢asto nazyva naivnim resenim Tnaive = ATb.

2.2 Vlastnosti ill-posed uloh

Vyse popsané ill-posed tlohy, resp. matice téchto iloh maji fadu zajimavych vlast-
nosti. Uvazujme singulérni rozklad matice A ve tvaru (1.6). Protoze tyto matice jsou
diskretizacemi zhlazujicich integrélnich operdtoru, jejich singularni ¢isla i vektory
vykazuji specifické chovéani:

(i) Singuldrni ¢isla o prudce klesaji s rostoucim indexem j, casto bez snadno
identifikovatelnych skoku, které by nam mohly pomoci pfi uréeni numerické
hodnosti. Navic pfi zjeminovani diskretizace puvodni tlohy se nejmensi sin-
guldrni ¢fsla rychle blizi nule; viz napf. [64, Fig. 1, str. 675].

(ii) Singuldrn{ vektory u a fu} maji tendenci stéle vice oscilovat s rostoucim in-
dexem j. Tim méme na mysli, ze vektory odpovidajici vétsim singularnim
¢islum jsou dominovany nizsimi harmonickymi frekvencemi, zatimco vektory
odpovidajici mensim singuldrnim ¢islim vyssimi frekvencemi. Tento jev lze u
jednoduchych iloh pozorovat piimo nebo po Fourierové transformaci; viz [64,
Fig. 2 a Fig. 4, str. 677-678]. U slozitéjsich dloh je pfi vizualizaci potteba za-
pojit geometrii puvodnich dat; viz také obrazky 2.1 (jednorozmérnd testovact
uloha), 2.2 (dvourozmérna tomografickd tdloha) a 2.3 (dvourozmérnd tloha

image deblurring).

Vime, ze plati AZdata = bdata & ZATOVEDl Tqats = Albgata. Rozepiseme-li pseudoin-
verzi v druhém vztahu s vyuzitim singularniho rozkladu, dostaneme

" <bdatavu;‘> ’
Z ’ “Ujs
=1 9

Tdata = Adeata = V,Z,TU,Hbdata = (24)

kde r = rank(A). Vzhledem k tomu, ze singuldrni ¢isla rapidné klesaji k nule s ros-
toucim j a zaroven se zjemnovanim diskretizace, a vzhledem k tomu, ze vektor Zgata
predstavuje smysluplnd data (vzor, objekt, jez byl zobrazovédn), nutné musi veli-
kosti citatell [(bdata, u})| v zlomcich v (2.4), tj. projekce neposkozené pravé strany
do levych singuldrnich podprostort matice A, klesat k nule v jistém smyslu rychleji,
nez singulérni ¢isla 05». V opacéném piipadé by fada na pravé strané (2.4), kterd se
zde objevi v limité zjemnovani diskretizace, nebyla konvergentni. Tento jev, jehoz
pricinou je skute¢nost, ze pracujeme s daty pochédzejicimi z redlného svéta (je to
tedy piicina ,nematematickd®), se nazyva diskrétni Picardova podminka; viz napf.
[46], [57, kap. 5.6, str. 67-69]. Pro ilustraci splnéni diskétni Picardovy podminky
viz [64, Fig. 1, str. 675].

Komponenta byata mé tedy v bézi u),ub, ... levych singuldrnich vektoru matice
A dominantni komponenty zejména mezi prvnimi vektory. Tedy vektory, které jsou
dominovany nizkymi frekvencemi. Opét se tedy dostavame k jiz diive zminénému
pozorovani, ze neposkozend prava strana bude typicky velmi hladka.
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Obrézek 2.1: Prvnich dvacet levych a pravych singularnich vektort matice jedno-
rozmérné testovaci ill-posed tlohy Shaw; viz [107] a program shaw.m [48], [50].
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Obrézek 2.2: Prvnich Sestnéct levych a pravych singuldrnich vektoru matice dvou-
rozmérné tomografické ulohy; viz program fanbeamtomo.m [54], [55].

Oproti tomu druhd komponenta pravé strany bpese Obsahujici Sum vice-¢i-méné
neznamého puvodu mé vztah k puvodni tloze, resp. k zobrazeni realizovaném ma-
tici A jen minimélni. V fadé praktickych uloh, kde je pravé strana b = bgata + bnoise
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Obrézek 2.3: Prvnich dvacet levych a pravych singuldrnich vektoru matice dvou-
rozmérné dlohy image deblurring; viz napi. [57].

skutecné ziskdvana pozorovanim piipadné méfenim, muze mit bypise ryze ndhodny
charakter. Budeme-li pfedpokladat, ze bpoise S€ chova napt. podobné jako bily sum,
tj. ze vSechny harmonické prispivaji ve Fourierové rozvoji bneise zhruba stejnou
mérou, muzeme ocekavat, ze projekce bpoise do levych singuldrni podprostoru A
zpusobi silné naruseni diskrétni Picardovy podminky. A skutec¢né se ukazuje, ze
hodnoty [(bnoise, u})| jsou zhruba stejné, nezévisle na indexu j. Jejich velikost je
dana velikosti tzv. hladiny Sumu

bnoi
5noise = ” noseHZ, (25)
Hbdata ”2

pifpadné odstupu signdlu od $umu, anglicky signal-to-noise ratio (SNR) 6L .

Protoze ||bgatal2 > |bnoise|2, tak pro malé hodnoty j jsou projekce pravé strany
dominovany uzitecnymi daty [(b,u})| ~ |(bdata; u})| > [(boise, u})|- Pro velké hod-
noty j vSak projekce uziteénych dat klesaji kvuli diskrétni Picardové podmince,
zatimco projekce Sumu zustavaji; projekce pravé strany jako takové jsou pak domi-
novany sumem [(b, u})| # [{bnoise, u})| > [{bdata, u};)|. Pro ilustraci tohoto jevu viz opét
[64, Fig. 1, str. 675]. Diky tomu, ze Sum nespliuje diskrétni Picardovu podminku,
dochazi pfi déleni singuldnirmi ¢isly o7 (viz (2.4)) k dramatickému zesileni sumu,
ktery zcela prekryje uzitecnd data, tj. | Afbnoise|l2 > | Abdata]2. PFfmo spoctené na-
ivni feSeni tedy obsauje v podstaté jen zesileny Sum.

2.3 Regularizace
Regulariza¢ni metody slouzici k feSeni téchto loh vice-¢i-méné implicitné vyuzivaji
praveé faktu, ze lze spektralné oddélit oblasti, kde jsou v tloze dominantni data a

kde sum. Mezi nejbéznéjsi metody patii napt. tzv. truncated-SVD (T-SVD), nékdy
téz nazyvané truncated-LS (T-LS), kdy je vliv nejmensich singuldrnich éisel omezen
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de-facto tim, Zze matici A nahradime jeji nejlepsi aproximaci hodnosti 7, 7 < r =
rank(A) (viz [106], pfipadné [27]), tj. odstranime r — 7 nejmensich singuldrnich ¢isel
a pak teprve provedeme pseudoinverzi; viz [57, p. 11]. Druhou oblibenou metodou
je tzv. tichonovskd regularizace, kdy ulohu (2.2)—(2.3) nahradime optimaliza¢nim
problémem

Ericnonov(A. ) = arg min (b~ Aa3 + 3| L |3). (2.6)

kde se prvni ¢len snazi minimalizovat reziduum a druhy penalizuje napft. velikost
feseni (kdyz L = I), nebo velikost oscilaci Feseni (kdyz je L bidiagonélni s jednickami,
resp. minus jednickami na jedné z diagondl; tj. difereéni operdtor), atp.; viz [57, p.
72], viz také [114].
Obé tyto regularizacni metody, presnéji T-SVD a zakladni tichonovskou regula-
rizaci s L = I je mozné snadno vyjadrit ve tvaru tzv. filtrované pseudoinverze
r b, u’;
Tfiltered = Z "' ( , ,j> "U;, (27)
j=1

9

kde ¢; jsou tzv. filtraénd faktory; srovnej s (2.4). Plati

1 kdyzj<r
27-svD(T) = ZTfiltered pro  @;= { 0 kdiflz ; o (2.8)
o2
xTichonov()\yl) = Tfiltered pro Pj = ﬁ . (29)
A +0

V obou dvou piipadech je ziejmé potieba urcit hodnotu néjakého regularizacniho
parametru. Bud 7 v prvnim, nebo A v druhém piipadé. Existuje celd fada me-
tod slouzicich k uréeni téchto parametri. Jmenujme napi. tzv. princip diskrepance
(discrepancy principle) V. A. Morozova (viz [86], [87]); metodu generalized cross-
validation (GCV) G. H. Goluba (viz [34], [39], [89], [23]); kritéria postavend na
L-kiivee (L-curve) ¢ L-prouzku (L-ribbon) P. C. Hansena (viz [47], [20], [21], [22],
viz také [80, pozn. ke kap. 25 a 26 na str. 292]); nebo metodu uzivajici tzv. kumu-
lativnich periodogrami B. W. Rusta (viz [103]); atd.

Vliastni prinos

V nasem ¢ldnku [64] provddime pomérné detailni analyzu chovdni Golubovy—Ka-
hanovy bidiagonalizace [35], je-li aplikovana na matici A z ill-posed tlohy (2.2) a
nastartovand (normalizovanou) pravou stranou b. Pripomenme, ze bidiagonalizace
je jaddrem tady Krylovovskych metod, které lze téz pouzit jako formu regularizace,
zejména CGNR (CGLS) a LSQR (viz [58], [92], [93]; zkratky odpovidaji mate-
maticky ekvivalentnim metoddm, které se vsak lisi v implementa¢nich detailech),
CGNE (CGME) a Craigova metoda (viz [24], [45], piipadné [105]), nebo neddvno
publikované LSMR (viz [32]), a nékteré dalsi. Provedli jsme pfibliznou analyzu, jak
se algoritmem bidiagonalizace §{t{ sum (vstupujici algoritmu jako bpeise/[0]|2) vzhle-
dem k uzitecné informaci (vstupujici algoritmu jako byata/||b]2); viz [64, kap. 3.2,
str. 679-684].

Bidiagonalizace pracuje se dvéma sadami vektoru, ortonormalnimi bazemi kry-
lovovskych podprostoru

K (AAR ) = span{b, (AAMD, ... (AA™N) b}, (2.10)
H(AR A, AMb) = span{A"b, (A" A)AM, .. (AP A) 1 APy, (2.11)

pro £ = 1,2,.... Protoze matice A zdédila zhlazujici vlastnosti puvodniho zob-
razenf, maji je i matice A", AA" a AHA. Podivame se nejprve na prvni krylo-
vovsky prostor. Prava strana b obsauje sum, ale vektory (AA")7b jsou zhlazené. Pii
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stavbé ortonormaélni béze, tj. odecitdnim projekei (AA")7b do viech jiz difve zkon-
struovanych navzdjem ortonormadlnich sméru, provadime linedrni kombinaci také
s prvnim bdzovym vektorem s; = b/||b|2. Timto mechanizmem se Sum transpor-
tuje algoritmem a ,kontaminuje“ postupné vSechny konstruované bazové vektory
s; (které mizeme pro jednoduchost nazyvat Golubovy vektory) tohoto prostoru.
U druhého krylovovského prostoru (jehoz bézi tvoii Kahanovy vektory w;) tento
jev nenastane, protoze jej zacindme budovat s jiz zhlazenym vektorem AMb.

Tim, Ze pii konstrukei bazovych vektort si,...,s, (#p(AAH b) = span{sy,...,
sey pro£=1,2,...; (s;,8;) = 0; ;) odprojektovavdme pry¢ ¢ast hladké komponenty,
ve vektorech s; postupné klesa SNR, tedy Sum se zesiluje na tkor uzite¢nych dat,
az do okamziku, kdy dosdhne maxima. Tento jev nazyvame noise-revealing iterace a
piislusny vektor s; je zcela dominovan Sumovou komponentou. Pro ilustraci tohoto
jevu viz [64, Fig. 7, 8 a 9 (vektory s;, jejich datové a sumové komponenty), Fig. 4
a 13 (Fourierovy koeficienty vektoru s; v bazi levych singuldrnich vektora matice
A a v trigonometrické bazi)].

Navic jsme ukéazali, Ze jsme-li schopni identifikovat noise-revealing iteraci, pak lze
z bidiagonaliza¢nich (de-facto ortogonaliza¢nich) koeficienti zpétné zrekonstruovat
odstup signélu od sumu v puvodnich datech, tj. ur¢it doposud neznamou veli¢inu
Onoise (2.5). A-priorni znalost odstupu signélu od sumu je klicova pravé napiiklad pii
pouziti Morozovova principu diskrepance, ale je uzite¢nd i pfi pouziti fady jinych
kritérii pouzivanych pro identifikaci parametri regularizacnich metod. Otézkou ale
zustava, zda lze identifikovat onu noise-revealing iteraci.

V ¢ldnku [64] jsme popsali dva ukazatele, kterymi se muzeme pokusit odhado-
vat velikost Sumu ve vektorech s; prubézné, za béhu bidiagonaliza¢niho algoritmu.
Jeden nazyvame kumulativnim pomérem (cumulative ratio; viz [64, rov. (3.9) a Fig.
11]) a je postaven pouze na informaci obsazené v algoritmu bidiagonalizace, druhy
je postaven na vztahu Golubovy—Kahanovy bidiagonalizace, Lanczosovy tridiago-
nalizace a aproximaci tzv. distribuéni funkce (viz [112]) a vyzaduje navic vypocet
singularniho rozkladu vznikajici bidiagondlni matice; viz [64, rov. (4.6) a Fig. 14].
Navic jsme v ¢lanku navrhli velmi primitivni a nedokonaly postup jak cely pro-
ces identifikace noise-revealing iterace zautomatizovat. Tento postup byl navrzen
jen pro ilustraci, pro pouziti numerickych experimentu s jednoduchymi testovacimi
ill-posed tlohami.

Puvodni autorské ¢lanky vztahujici se k tomuto tématu publikované v impakto-
vanych ¢asopisech jsou prilozeny, konkrétné:

[64] (2009) jako piiloha A.5 na str. 131.

Vyhled do budoucna

Clanek [64] vyvolal pomérné velky citacni ohlas. My jsme na néj navézali praci
na tadé slozitéjsich experimentu. V ramci této ¢innosti jsme spolupracovali i s Per
Christianem Hansenem na vyvoji experimentalniho prostiedi AIR ToOLS pro MAT-
LAB (viz [54], [55]), které dokdze simulovat fadu jednoduchych tomografickych loh.
Nedavno jsme formou konferenéniho prispévku publikovali piipadovou studii [59],
kterd se zabyva tuspésnosti identifikace hladiny Sumu v tdlohach image deblurring,
pricemz se soustiedime na ruznou velikost a barevnost Sumu. Podobnou piipadovou
studii zabyvajici se pravé tomografickymi tlohami pfipravujeme; zatim ale neni ani
ve formé rukopisu, mame jen napocitané experimenty.

Dalsi praci, kterou jsme navéazali, je analyza propagace Sumu v reziduich r; =
b— Ax; itera¢nich metod LSQR (viz [92], [93]), Craigovy metody (viz [24]) a také
prévé neddvno publikované LSMR (viz [32]); analyza zatim neni kompletné hotova
a rukopis [60] je zatim stéle rozpracovany.
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V dvodu této kapitoly jsme zminovali, Ze jednou z nejjednodussich regularizac-
nich metod je tzv. truncated-SVD (T-SVD), které je aplikaci metody nejmensich
¢tvercu na tlohu (2.1) s modifikovanou matici; A je nahrazeno nejlepsi rank-7 apro-
ximaci matice A. Regularizace je tedy pirevedena na obycejny problém nejmensich
¢tvercu. Proto se této metodé také nékdy fikd truncated-LS (T-LS). Analogicky je
mozné provést regularizaci pomoci iplnych nejmensich ¢tverci, konkrétné metody
nazyvané truncated-TLS (T-TLS). Podobné jako lze T-SVD interpretovat jako fil-
trovanou pseudoinverzi, viz (2.7)—(2.8), lze jako filtrovanou pseudoinverzi vyjadfit
i T-TLS. Odpovidajici filtrac¢ni faktory odvodili Fierro, Golub, Hansen a O’Leary
v ¢lanku [31]. My jsme na regularizaci pomoci TLS narazili poprvé v nasem ¢lanku
[62, Example 5.4, str. 874-875]; konkrétné viz vysvétlujici komentar za pitkladem
5.4. Ukazujeme zde, ze klasicky TLS algoritmus, ktery ve skute¢nosti misto TLS
feseni hledd préavé T-TLS feSen{ (viz [63, Lemma 6.2, str. 768]), provadi implicitné
jistou formu regularizace na tlohédch s vice pravymi stranami. Zejména v piipadé,
obsahuje-li puvodni tloha slozeny core problém s komponentami s vyrazné ruznymi
singuldrnimi ¢&isly; viz [62, rov. (5.21)].

Podstatny rozdil mezi timto vysledkem a praci Fierra et al. je v tom, ze ¢lanek
[31] uvazuje pouze tlohy s jednou pravou stranou. Pokusili jsme se tedy jejich
piistup zobecnit i na tlohy s d pravymi stranami (1.2). Toto zobecnéni se povedlo
provést a je prezentované v ¢ldnku [69], ktery je odesldn k publikaci, ale zatim pub-
likovan nebyl. Ukazujeme zde, ze v piipadé vice pravych stran je situace podstatné
strany. Filtraén{ faktory (pfipomenme, ze v iloze s jednou pravou stranou jich je
r =rank(A); viz (2.7)) tak tvoif tenzor tfetiho fadu rozmeéra d xd x r. Jeho (4, j, k)-
ty prvek popisuje k-ty filtra¢ni faktor, kterym je filtrovan vliv ¢-tého sloupce pravé
strany na j-ty sloupec feseni.
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Kapitola 3

Tenzorové vypocty

3.1 Uvod

Vypocetni nastroje linedrni algebry, jejich popis a soucasné s tim i implementace
prirozenym historickym vyvojem piechazely od préace s jednotlivymi souradnicemi
pres prici s celymi vektory az po praci s jednotlivymi bloky — de-facto (pod-)ma-
ticemi. Pfikladem druhého jmenovaného piechodu je napi. zobeciiovani diive zmi-
novaného tplného problému nejmensich ¢tverca z tloh s jednou pravou stranou na
tlohy s vice pravymi stranami — tj. s maticovou pravou stranou.

Nésledujicim prirozenym krokem je prechod od blokovych resp. maticovych for-
mulaci k formulacim tenzorovym. Protoze pojem tenzoru se v matematice vyskytuje
v fadé ruznych disciplin jiz dlouho a jeho obsah je vnimén pfi ruznych piilezitostech
nepatrné odlisné, je dobré pojem jasné vymezit. My, v souladu s tim jak s pojmem
pracuje soucasnd numerickd linedrn{ algebra (viz prehledové ¢lanky [73], [41] nebo
knihy [28] a [17]), budeme pod pojmem tenzor (k-tého fddu) rozumét vicerozmérné
(k-rozmérné) pole ¢isel

./4 = (ail,h,_“,ik) € lemeX.“xmk . (31)

Specialné skalary, vektory a matice, tak jak jsme s nimi pracovali doposud, budou
tenzory nultého, prvého, respektive druhého fadu.

P#mé préce s tenzory vyssich f4da muze byt vypocetné velmi narocna ne-li
nemoznd; ¢asto je volné parafrazovana mottem ,curse of dimensionality®. Staci
si uvédomit, kolik slozek bude mit napf. tenzor fddu k£ = 100 s minimalistickymi
rozméry ny = ng = - = ny = 2; totiz 2% ~ 1.27-10%°, pficemz pro ulozeni kazdé
slozky ve standardni dovjité presnosti bychom potiebovali osm bytu. Ustfednim
nastrojem pro préci s takto velkymi daty je tedy komprese, zpravidla postavend na
rozkladu tenzoru (viz napt. [73]) a vyuziti tzv. low-rank aritmetiky; viz napt. [77],
[76], nebo [41].

3.2 Vybrané zakladni operace s tenzory

Jednorozmérné a dvourozmérné podtenzory tenzoru A, které muzeme pomoci tri-
vidlniho izomorfismu zobrazit na sloupcové vektory, resp. matice, zpravidla nazyvame
vldkna a fezy v pfislusnych médech. Konkrétné

© Qi,eyigm1,1 0041500k
) _ . My
aj = : elF (3.2)

Qiy,yigo1, Mg is 1 nsin
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je F-té vldkno £-tého médu tenzoru A, kde & = (i1, ... ,%0-1,%041,- - - ,%k) je multiin-
dex upfesiujici polohu vlgkna v tenzoru. Rezy definujeme obdobné pomoci dvojice
modu. Protoze chceme pii préaci s tenzory vyuzit obvykly maticovy aparat, zavedeme
si dale pojem rozvoje tenzoru do matice v. médu ¢, anglicky ¢-mode matricization
nebo unfolding. Timto rozvojem budeme rozumét matici

M k
AD=[aD)a0) 0, JeFm et e Mo=on M =Tmy,  (33)
: ¢ my j=1

se sloupci tvofenymi vSemi vldkny /¢-tého médu s multiindexy .#, sefazenymi v le-
xikografickém potadi. Rozvoj do matice 1ze snadno zobecnit pro dva a vice médu;
viz [134]. Obzvlst dilezity je rozvoj podle viech médu, nazyvany vektorizace,

a1,...,1

vec(A) = : e FM, (3.4)

anl,mmk

tj. vSechny prvky tenzoru naskladdame do jednoho dlouhého vektoru; prvky opét
fadime tak, aby multiindexy (i1, ...,ix) byly v lexikografickém poradi.

Uvazujme déle matice Wy = (w,, ;,) € F**™ ¢ =1,... k. Soucin tenzoru A e
Froaxmaxexmye (3 1) s matici Wy v £-tém mdédu definujeme analogicky jako v pripadé
soucinu dvou matic vztahem

my

A We = (3 iy, iy Wz, ) € BT Mmoo (3.5

ip=1

Dostaneme tedy tenzor, jehoz vldkna ¢-tého médu jsou vldkna ¢-tého médu ptuvod-
niho tenzoru A vynédsobend matici Wy. S vyuzitim rozvoje tenzoru do matice (3.3)
snadno ovérime, ze plati

(Axe W) =W, 4D ¢ rexMe, (3.6)

Ziejmé také plati
(A Xg W@) xy Wy = (AXSWS)Xg W (3.7)
Souéin tenzoru A se vSemi maticemi W, v odpovidajicich médech ¢, £ = 1,... k,

muzeme tedy z ispornych duvodu psat napf. ve tvaru
[A| Wy, W, ..., W] € Frxmaxxnk (3.8)
S vyuzitim vektorizace (3.4) a analogicky k (3.6) plati

vec([[A|W1,W2, .. ,Wk]]) = (W1 QWr® - ® VVk)vec(A)7 (3.9)

kde ® znaéi Kroneckertiv sou¢in matic; viz [134].
Soucin dvou tenzoru, nékdy téz nazyvany uzZeni tenzoru, opét zavadime analo-
gicky ke klasickému maticovému soucinu. Méjme dva tenzory fadu k a t,

A e Fmyexme - B e e pricemz my = ng (3.10)

pro néjaké £ a s spliujici 1 < ¢ <k, 1 < s <t. Jejich soucin v médech ¢ a s

my
A Xe,s B = ( Z Qi yig1,00041 500k .bjl7"'7j.<—17avjs+1a-~~7jt) (3'11)
a=1

€ X XML XMy 1 X XMy XTUY X X T g1 XM ] X o X
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je tenzor fadu k+¢—2. Obdobné lze tenzory ndsobit ve vice médech soucasné. Necht
plati me, = ns, a me, = ns, pro néjaké £y, £, s1 a so spliujici napt. 1 <0 <¥ly <k,
1 < 81 < 89 <t. Pak soucin tenzoru A a B ve dvojici médu (¢1,42) a (s1,52)

3
3

£y ey

A X(£1,£2),(51,52) B = ( Wiy yoemyipy 1,000, 4155009158800 41,0k (3.12)

a=1

™
Il
[

"Dy 100y 1 ey By et e )

je tenzor Fadu k +t — 4, atd; viz také (1.32)—(1.33) v kap. 1, kde pouzivdme souc¢in
dvou tenzort dokonce v obecné v-tici médu.

3.3 Tenzorové rozklady

Pro kompresi maticovych dat muzeme nejsnaze pouzit singularni rozklad. Pokud
chceme danou matici hodnosti r aproximovat jeji nejlepsi aproximaci hodnosti 7,
7 < r, pouzijeme prave singuldrni rozklad (viz (1.6)) a zanedbdme r — 7 nejmensich
singularnich ¢isel; viz [106] a [27], piipadné [85]; viz také [111]. Chceme-li provést
kompresi, sta¢i misto puvodni matice uklddat pouze prvnich 7 singularnich tripletu
(u},of,v}), i =1,...,7; viz napf. [26, kap. 5.7]. Takto uchovany singuldrni rozklad
se pro svou schopnost zmensit misto na disku potfebné k ulozen{ puvodnich dat (t;j.
schopnost komprese dat) nazyva ekonomicky singuldrni rozklad (ESVD). Analogi{
(ekonomického) singuldrniho rozkladu ve svété tenzoru je tzv. Tuckeriv rozklad,
nékdy téz nazyvany higher-order SVD (HOSVD); viz [117], [118], [119]; piipadné
73, kap. 4.1], [116, kap. 3.1.2], [134], & [71].

Definice 6 (Vektorova hodnost tenzoru, Tuckerovo jadro, Tuckeriiv rozklad). Necht
A e Frxmexxme jo tenzor fddu k (3.1) a necht A e FmeMe kde My = M [my a
M = ]'I?=1 mj, jsou rozvoje tohoto tenzoru do matic pro vSechna £ =1,...,k (3.3).
Uvazujme ddle

ro=rank(AY) o AO =yOn®O O (3.13)

hodnosti téchto rozvoju a jejich singuldrni rozklady, kde
U® =[UO, u)emmeme gl egrexre, (3.14)
Pak vektorovou hodnosti tenzoru nazgvime usporddanou k-tici
rank(A) = (r1,72,...,7%) (3.15)
a Tuckerovym jdadrem nazyvdme tenzor
Atcore = [A| (U (U, (U] e Fromem . (3.16)
Rowvnosti

"4 [[diagk(AT—corea Oml—rl,mz—rg,...,mk—rk) | U(1)7 U(z)) M) U(k)ﬂ (3'17)

[AT—core [T, UP .UM, (3.18)

kde diagy (-, ) ze svjch argumenti sestavi blokové diagondlni tenzor k-tého fddu,
nazyvdme uplngm, respektive ekonomickym Tuckerovym rozkladem.

Vsimnéme si, ze ¢-ty rozmér Tuckerova jadra je dan poc¢tem linedrné nezavislych
vlaken /-tého médu ptuvodniho tenzoru. Obecné tedy nelze provést vétsi kompresi
beze ztraty informace; viz [73]. Podobné jako u singuldrniho rozkladu muzeme ale

25



KAPITOLA 3: TENZOROVE VYPOCTY

i zde zanedbdvat nejmensi singularni ¢isla v nékterych, pfipadné ve vSech roz-
vojich do matic a tim zmenSovat pamétové ndroky pti ulozeni dat, viz napr. [134].
Pro velké fddy tenzorti (napf. k = 100) vSak nebude takové sniZzeni pamétfovych
narokt dostatecné, stile budeme potebovat fadové r* paméti, kde r = max,{r}.
V idedlnim piipadé bychom chtéli, aby pamétové naroky zavisely linedrné na fadu
tenzoru. Za tim ucelem se zavadi fada specializovanéjsich rozkladu ¢i formatu,
obecné nazyvanych tenzorové sité. Pro zjednoduseni znaceni vSak bude uziteéné
nejprve zavést symbolicky zépis tenzorovych soucinu.

Symbolicky zapis je graf, jehoz vrcholy jsou tenzory, pfi¢emz pocet hran inci-
dentnich s vrcholem odpovidé fadu tenzoru. Vrchol, z néhoz vychéazi k hran, je tedy
tenzorem fadu k; kazda hrana koresponduje s préavé jednim pevné danym maédem £.
Spojuje-li néjaka hrana dva vrcholy grafu — tenzory — predstavuje vazbu mezi nimi,
presnéji fecno sumu, kterd s¢itd pres indexy prislusejici danym médam (tyto médy
tedy nutné musi mit stejné rozméry). Hranu, kterd inciduje jen s jednim vrcho-
lem, nazyvame volnou hranou, pfipadné fyzickym indexem a odpovida nékterému
z médu celého objektu. Na obrazku 3.1 je vidét sedm schématek predstavujicich
nékolik zékladnich objektl: nejprve vidime (i) skaldr, (ii) vektor a (iii) matici, tedy
tenzory tadu nula, jedna a dva. Graf vzdy obsahuje jen jediny vrchol a zadnou,
jednu, respektive dvé volné hrany. Dalsi ¢tyfi schémaétka zobrazuji opét (iv) skalér,
(v) vektor a (vi)—(vii) dvé matice. Skalar na schémétku (iv), tj. Sedivy ovél bez volné
hrany, je ovsem vyjadien pomoci dvou tenzoru prvniho fadu, vektoru, které sdileji
spole¢nou hranu; tento skalar je tedy zapsan jako skalarni soucin dvou vektoru.
Vektor na schémétku (v), opét Sedy oval, je vyjadien jako sou¢in matice a vektoru,
atd. Snadno si dovedeme predstavit dalsi moznosti, které tento zdpis skyta, napf.
stopu matice trace(A) je mozné vyjadfit jako matici, tj. vrchol se dvéma hranami,

které jsou spojené dohromady, atd.
(iv) (v) (vi) (vii)

(i) (i) (ii) i i vii

° ®

Obrézek 3.1: Symbolické vyjadieni jednoduchych tenzoru a jejich interakci. Zleva:
(1) skaldr, (ii) vektor, (iil) matice, (iv) skaldr ve tvaru sou¢inu (skaldrni sou¢in) dvou
vektort, (v) vektor ve tvaru souc¢inu matice s vektorem, (vi) matice ve tvaru soucinu
dvou matic, (vii) matice ve tvaru souéinu t¥{ matic

Pro tplnost obrazek 3.2 zobrazuje (i) tenzor tfettho fadu, (ii) souéin tenzoru
s matic{ a (iii) Tuckeruv rozklad. Znovu vidime, Ze tenzor fddu k = 6 zredukovany
Tuckerovym rozkladem a ulozeny v ekonomickém tvaru ¢i formatu stale obsahuje
tenzor jadra fadu k; ddle pak k matic (obsahujicich levé singuldrni vektory tvorici
baze oboru hodnot jednotivych rozvoji) mapujicich indexy jddra na fyzické in-
dexy. Pro rozbiti Tuckerova jadra velkého fadu na tenzory radu nizsich se pouzivaji
nejcastéji dva postupy. Prvni tzv. tenzorovy vidcéek, anglicky tenzor train decomposi-
tion (T'T; viz [90] a obrazek 3.3, schéma (i) vlevo) a hierarchicky Tuckeriv rozklad,
viz [43], [40] a obrazek 3.3, schéma (ii) vpravo. Obé schémata piedstavuji Tuckeruv
rozklad tenzoru rddu sedm, kde Tuckerovo jadro (tmavé Sedy ovél) vykazuje dalsi
strukturu; viz napf. [120].
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i

(iii)

(1) (i)

Obrézek 3.2: Symbolické vyjaddren{ tenzoru vyssich radu. Zleva: (i) tenzor tfetiho
Fadu, (ii) tenzor tfetiho fddu ve tvaru sou¢inu tenzoru tietiho fadu s matici, (iii)
tenzor Sestého fadu ve tvaru Tuckerova rozkladu

(i) (ii)

Obrézek 3.3: Tenzor fadu sedm ve tvaru Tuckerova rozkladu. Vlevo (i) s Tuckerovym
jadrem ve tvaru tenzorového vlacku, vpravo (ii) hierarchicky Tuckertuv rozklad.

Tuckerovo jadro obsahuje v piipadé vlacku prave k — 2 tenzoru radu tii a dva
tenzory Ffadu dva. Pokud jsou rozméry vsech zicastnénych tenzoru rozumné velké,
napi. omezené hodnotou 7, budeme pro ulozeni jadra potiebovat fadove 212 + (k —
2)r3 paméti, narozdil od pivodnich 7*. Vidime, ze tenzorovy vlicek ndm skutecné
zajisti spotfebu paméti imérnou fadu tenzoru. V piipadé hierarchického Tuckerova
piipadé k-2 tenzoru fadu tii tvoricich vyvazeny bindrni strom; spotieba paméti na
ulozen{ jadra (pokud budou rozméry tenzort rozumné omezeny) je r2 + (k —2)r?,
tj. opét umeérna fadu tenzoru. Poznamenejme, ze podobnych formatu je vice. Velké
mnozstvi prace se vénovalo tomu, jaky rozklad, ¢i format je pro které aplikace
vhodnéjsi, ktery je programétorsky privétivéjsi atd.; viz napt. [2], [3], [4], [116], [78],
[79], piipadné [128]. Obecné lze Fici, Ze hierarchicky Tuckeruv forméat, pomineme-li
pozadavek na vyvdzenost stromu, je obecnéjsi (ostatné ,zavésime-li“ graf vlacku
za jeden z tenzoriu fadu dva, vznikne z ngj také strom, byt extrémné nevyvazeny),
coz dava vétsi moznosti a volnost ve volbé vhodného rozkladu dle dané aplikace a
struktury dat; viz napi. [75, kap. 4, zejm. Fig 4.1].

Vliastnt prinos

Dulezitym aspektem tenzorovych vypoctu je nejen znat moznosti ruznych rozkladu
a byt schopen mnoharozmérna pole ¢isel do pocitace ulozit, ale také s nimi provadét
operace, které je tieba. Tedy tenzory napi. v hierarchickém Tuckerové formédtu umeét
scitat, piipadné na takovy tenzor umét aplikovat operator. Clanek [77] se zabyvd
Fegenim soustavy rovnic jejiz matice a pravé strana (obecné tudiz i feSen{) zavisi na
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sadé parametri o), tj.
A(a)z(a) =b(a), kde a=(aM,a® . aP), (3.19)

Za predpokladu, ze zavislost A(a) a b(a) na parametrech a¥) je linearni, nebo
se da v néjakém okoli predem daného zdjmového bodu linedrni zavislosti rozumné
aproximovat, muzeme ulohu po navzorkovani, tj. diskretizaci prostoru parametru
preformulovat tenzoroveé.

V nasem ¢lanku [76] a v jeho rozsitené verzi [75] se zabyvame slozitéjsi ulohou,
feSenim zobecnéné ljapunovské maticové rovnice

A()X ()M (a)T + M(a)X (a)A(a)" = B(a)B(a)T, (3.20)

kde A(a), M(a) € R™™ jsou étvercové matice a B(a) € R™! z4vislé na jednom (viz
[76]), resp. p (viz [75]) parametrech. Opét predpokldddme, Ze parametr o nabyvé
hodnot z néjakého zajmového intervalu, kde je navzorkovan a ve kterém lze zavislost
matic na « rozumné aproximovat linedrni zavislosti.

Snadno ovérime, Ze jsou-li matice A(«) a M («) symetrické pozitivné definitnf,
1ze celou rovnici (3.20) prepsat jako klasickou soustavu rovnic se symetrickou pozi-
tivné definitni matici L(a) e RVY | N =n?, a k jejimu feseni tedy miizeme pouzit
napt. metodu sdruzenych gradientu (CG); viz [58]. V élanku [76] jsme ukézali, jak
metodu CG formulovat nejprve pro ljapunovskou rovnci AXMT + MXAT = BBT,
kterd nezavisi na zadnych parametrech a respektuje ljapunovskou strukturu tlohy.
To se tyka zejména akce pozitivné definitni matice, kterd neni provadéna pomoci
klasického soucinu matice s vektorem

L:RY — RV, L:v—w=Lv=(AM+M®A) (3.21)
ale pfimo pomoci ljapunovského operdtoru
LR —R™™  L:VesW=L(V)=AVM' + MVAT, (3.22)

kde v = vecV a w = vecW. S vyhodou zde lze vyuzit tzv. low-rank aritmetiky;
viz napt [98] a [81], [82]. Metodu CG startujeme zpravidla s nulovym poc¢atecnim
odhadem feseni, tj. Xg = 0, tedy matici zjevné nizké hodnosti. Pokud je navic
prava strana nizkého ranku, tj. ¢ « n, pak singularni ¢isla presného feSeni X
exponencidlné klesaji k nule, tedy i pfesné feSeni lze snadno aproximovat matici
nizké hodnosti. Muzeme tedy s matici Xy pracovat napf. ve tvaru ekonomického
singuldrniho rozkladu (v ¢ldnku [76] pouzivdme analogicky ekonomicky spektralni
rozklad, nebot vSechny matice, které se ve vypoctu vyskytuji jsou symetrické) a
metodu CG pieformulovat tak, aby se celd matice nikdy nesestavovala; viz [76, Al-
gorithm 1, str. 668]. To je vyhodné zejména kdyz A a M jsou Fidké matice (v nasem
¢ldnku jsou to matice tuhosti a matice hmotnosti z FEM diskretizace) a n je tak
velké, Ze by se hustd matice fddu n nevesla do paméti.

Dulezitou sou¢asti naseho algoritmu byl vybér predpodminovace pro CG, ktery
zachovaval ljapunovskou strukturu tlohy, tj. jehoz aplikace §la zapsat anologicky
jako akce operatoru (3.22). Pouzivdme tzv. ADI iterace (alternating directions im-
plicite; viz [72], viz také analogické pouziti na Sylvestrovu [8] pfipadné Ricattiho [9]
maticové rovnice) a iterace znaménkové funkce (sign funcion iteration; viz [10], [6]);
viz [76, kap. 2.3.1, zejm. Algorithm 2 a 3, str. 671-674]. Explicitn{ inverzi f{dké ma-
tice A pro potiebu iterace znaménkové funkce provadime uzitim tzv. hierarchickijch
(viz [42] a [7]), piipadné hierarchickych semi-separabilnich (HSS) matic (viz [18],
[19], [133] a [127]); pozn., Ze inverze se predpocitavé jednordzové pro vSechny CG-
iterace.

Cely koncept je rozsifen pro tlohy zdvislé na jednom parametru v [76, kap. 3.
V této kapitole ukazujeme, ze feSeni X € R™™™ — tenzor tietiho fadu obsahujici
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matice X (a) e R™™ jako své frontdlni fezy (obsahuje pravé m takovych matic pro
m vzorkl ajq,...,q,, parametru «) lze za predpokladu ¢ <« n dobfe aproximovat
tenzorem v Tuckerové tvaru s malym Tuckerovym jadrem. Tedy lze aproximovat
tenzorem nizkého ranku. Clanek obsahuje vétu s pomérné techickym dikazem (viz
[76, Theorem 1, str. 676-678]) ukazujici, jak klesaji singuldrni ¢isla jednotlivych
rozvoju XM = X?) a zejména X®). V élanku studujeme strukturu tenzortt vzni-
kajicich pfi jednotlivych operacich v metodé CG (viz [76, rovnice (25) a (26), str.
679-680]), vypocetni ndroc¢nost téchto operaci i ndrocnost celého algorimu.

Puvodni autorské ¢lanky vztahujici se k tomuto tématu publikované v impakto-
vanych ¢asopisech jsou prilozeny, konkrétneé:

[76] (2014) jako pifloha A.6 na str. 161.

Poznamenejme, ze v rozsifené verzi ¢lanku (viz [75, kap. 4]) je ukdzdno, ze lze
stejny postup pouzit i pro vice parametru. Zde konkrétné pracujeme se ¢tyimi para-
metry, které hraji v dloze analogické role; viz [75, Fig. 4.1 vlevo, str. 18]. Pro obecné
p parametru je tenzor feSeni X prave fadu p + 2. V piipadé ¢tyf parametru tak jiz
nebylo mozné pouzivat pouze obyéejny Tuckeriv rozklad z divodi pamétovych
naroku. Tuckerovo jadro bylo ulozeno s uzitim hierarchického Tuckerova formétu;
struktura, resp. symetrie stromu hierarchického rozkladu koresponduje se symetrii
roli jednotlivych parametra a tlohy jako takové (matice X (a) jsou symetrické), tj.
se symetrif fyzickych indexu tenzoru; viz [75, Fig. 4.1 vpravo, str. 18]. Vysledky
ziskané pro hierarchicky Tuckeruv rozklad do ¢lanku nakonec, jak je patrné, zahr-
nuty nebyly. Divodem pro to byl fakt, Ze ackoliv jsme provedli fadu experimentu na
redlnych datech (prevdzné z Oberwolfach benchmark collection; viz [74]) s tenzory
ruznych radu, vysledky nejsou az tak slibné, jak jsme doufali. Piestoze jsou vysledky
oproti puvodnimu zadméru méné ambiciézni, nejsou snad zanedbatelné; v neddvno
zvefejnéném preprintu [109] autofi pisi:

Although a lot of attention has been paid to Lyapunov equati-
ons, only very few publications dedicated to solving paramet-
ric algebraic Lyapunov equations (PALEs) can be found. To our
knowledge, the method proposed in [76] is the only released prin-
ted work on this subject.

Vyhled do budoucna

Tenzorové sité davaji pomérné Siroké moznosti, jaké rozklady hledat. Specialné nam
dévaji moznost vytvaret rozklady, které na rozdil od vsech predchozich obsahuji
cykly (uzaviené smycky v grafu). Prvn{ takovou smyckou, kterou jsme jiz zminovali,
je stopa stopa ¢tvercové matice A = (a; ;) € F™™, tedy cislo trace(A) = X a; ;.
Stopu lze reprezentovat jako sit — graf obsahujici jediny puntik se dvéma odchozimi
hranami (tenzor druhého fddu) spojenymi dohromady. Podobné lze vytvofit napt.
scyklicky sou¢in® t¥f matic A = (a; ;) € F™", B = (b;;) e F™*, C = (¢1;) € F¥*™
ve tvaru ;%) 0y Yy @i j-bj - e, ktery bychom obtizné pomoci klasického mati-
cového ndsobeni zapsali. Odpovidajici tenzorové sit bude graf obsahujici tii puntiky
spojené do trojihelniku.

Tenzorovy vlacek tenzoru A = (ai, iy, i) € FPP™2X mizeme zapsat ve
tvaru

_ (1) (2) (k-1) (k)
A= ( Z Z Z wi1,a1 .wal,i27a2 T wak—Q,ik-1,ak-1 ’ wak—hik) ’ (323)

ayp az Qg1
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kde oba krajn{ vagénky jsou tenzory fddu dva (s jednim fyzickym indexem i1, resp.
ix a jednim vnitinim séitacim indexem aq, resp. ag-1) a vSechny ostatni vagénky
jsou tenzory fédu tii (opét s jednim fyzickym indexem i, a dvéma vnitinimi s¢itacimi
indexy ap-1 a ay, £ =2,...,k-1). Jednoduchou modifikaci tenzorové sité muzeme
z tenzorového vlacku vytvorit tzv. tenzorovy retizek, anglicky tensor chain decom-
position (TC); viz napf. [29]. Staci do grafu pridat jedinou hranu propojujici prvni
a posledni vagének. Pro ptivodni tenzor tak dostaneme cyklicky rozklad tvaru

_ (1) (2) (k-1) (k)
A - (Z Z Z Z Cak,il,(xl ’ Cal,ig,ag T Cak,g,ik,l,ak,l : Cak,l,ik,ak)’ (324)

a1 Q2 Q-1 Ok

kde se vyskytuje pouze k tenzoru tietiho fadu, kazdy s jednim fyzickym a dvéma
vnitinimi s¢itacimi indexy.

Zatimco pii vypoétu rozkladi do stromovych struktur (jako je hierarchicky
Tucker nebo TT) vystacime teoreticky jen se singuldrnim rozkladem ruznych (zo-
becnénych) rozvoju tenzoru do matic, v pripadé cyklickych struktur je situace prin-
rozlozit do predepsané struktury, zatimco postupné minimalizuje chybu aproximace.
Velmi jednoduchy postup muze byt postaven napiiklad na klasické minimalizaci
souctu ¢tvercu (tedy euklidovské normy, resp. jejtho kvadrdtu) chyby, pfipadné
v kombinaci s néjakymi dalsimi pfedpoklady omezujicimi napf. velikosti jednot-
livych tenzortu. Tim se dostdavame k tématu, o kterém jiz byla fe¢ na zavér kap. 1.
Minimalizaci nemusime formulovat jen jako klasicky, oby¢ejny problém nejmensich
¢tvercu, ale stejné dobfe jako uplny problém nejmensich étvercu. Vhodnost té ¢i
oné metody vzdy zavisi na konkrétnim tenzoru, konkrétni aplikaci a kontextu. To
je motivaci pro nasi soucasnou praci o feSitelnosti TLS tloh s tenzory, ktera je
aktudlné rozpracovand v rukopise [70].

Vzhledem k aktudlnosti tématu tenzorovych vypocétu a zejména tenzorovych
rozkladu i v technickych aplikacich (napi. pfi zpracovan{ signalu [113], medicinskych
dat [110], [128], atd.) také pripravujeme zatim 1tlé, esky psané skriptum k tomuto
tématu [71].
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Kapitola 4

Krylovovské metody

4.1 Uvod

Krylovovské metody jsou tfidou metod pro Feseni fady tloh linearni algebry, nej-
castéji soustav linearnich rovnic Az = b se ¢tvercovou reguldrni matici, pripadné pro
Feseni (¢dstetného) problému vlastnich ¢isel Ax = xX, x # 0. Jddrem téchto metod
je budovani ortonormalni baze krylovovského prostoru pro £=1,2,...

Hi(A,v) =spanf{v, Av,..., A v}, kde AeF™™ veF™, |v|a=1. (4.1)

K tomu slouzi dva velmi tizce provézané algoritmy: Arnoldiho metoda (viz napt. [26,
kap. 7.1]) pfevadéjici obecnou ¢tvercovou matici A na tzv. horni Hessenberguv tvar
a Lanczosova tridiagonalizaéni metoda (viz napf. [26, kap. 7.2]) pouzitelné pouze
v piipadé, ze matice A je étvercové a hermitovska, tj. A™ = A. Zjednodusené bychom
mohli fici, ze Arnoldiho metoda aplikovand na hermitovskou matici v podstaté
splyva s metodou Lanczosovou.

U tloh s matici, kterd neni ¢tvercova, napi. pfi feSeni pfeurcené aproximacni
ulohy Az ~ b ve smyslu nejmensich ¢tverci (af uz mame na mysli klasicky LS
problém, nebo TLS problém; viz kap. 1), muzeme vyuzit krylovovské metody, které
stavi ortonormélni béze prostoru pro £=1,2,...

H(AAR 5) = span{s, (AA")s, ..., (AA™)* s, (4.2)
K (AR A w) = span{w, (A" A)w, ..., (A" A) 1w}, (4.3)
kde AeF™" seF™ weF" a |s|2=[|w|z=1.

K tomu slouzi algoritmus Golubovy-Kahanovy bidiagonalizace. Polozime-li s = 51 =
b/B1, kde By = |b]2, a w = wy = AMsy/aq, kde oy = |AMs |2, pak bidiagonalizace

pocitd pro £ = 1,2,... Golubovy vektory s;.; a Kahanovy vektory wgy; pomoci
rekurenci
se+1Ber1 = Awg — spay, (4.4)
oo = Aspn —weBra, (4.5)

kde B¢11 a gy jsou normalizacni koeficienty volené tak, aby | se41(2 = |west |2 = 1.
Generuje tak ortonormalni béze obou prostoru tak, ze plati

K (AAY ) = span{si,sa,..., 50}, (4.6)
H(A" A w) = span{w,wa,...,we}, kde sfs;=wiw; =4, ;. (4.7)

K2

Bidigaonalizace (4.4)—(4.5) tizce souvisi s Lanczosovsou tridiagonalizaci diky tomu,
7e matice AA" a A" A jsou ¢tvercové a hermitovské. Fakticky bidiagonalizace pro-
vadi simultané dvé Lanczosovy tridiagonalizace pro obé tyto matice se startovacimi
vektory s, resp. A"s/|A"s|; viz napi. [26, kap. 7.3].
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KapriTorLA 4: KRYLOVOVSKE METODY

4.2 Vybrané aspekty chovani nékterych krylovovs-
kych metod

Mezi nejznaméjsi krylovovské metody, slouzici k feSeni soustav linearnich rovnic
se ¢tvercovou reguldrni matici, pati{ metoda sdruzenych gradientu (CG; viz [58]),
pouzitelnd na soustavy se symetrickou pozitivné definitni matici a minimalizujici
A-normu chyby; metoda minimdlnich rezidui (MINRES; viz [91]), pouzitelnd na
soustavy s obecnou symetrickou matici a minimalizujici reziduum; nebo zobecnéna
metoda minimdlnich rezidui (GMRES; viz [104]), pouzitelna na soustavy s obecnou
¢tvercovou matici a opét minimalizujici reziduum. Pfi feSeni aproximacnich tloh, tj.
tloh nejmensich ¢tverci, nebo napt. regularizaénich tloh se pouzivaji napi. metody
LSQR (viz [92] a [93]), Craigova metoda (viz [24]), nebo LSMR (viz [32]), o kterych
jiz byla fe¢ v kap. 2. Rodina krylovovskych metod je nicméné mnohem bohatsi a
existuje celd fada dalsich algoritmu, viz napt. [26, kap. 8 a 9], pripadné [38, kap. 10
a 11].

V prubéhu poslednich desetileti bylo investovdno enormni usili do analyzy cho-
vani mnoha ruznych krylovovskych metod v presné aritmetice ale i jejich nume-
rickému chovani v poc¢itacum vlastni aritmetice s plovouci fddovou ¢arkou a ome-
zenou piesnost{ (FPA). Byly analyzovany pamétové ndroky téchto metod, efekti-
vita a stabilita implementaci, atd; viz napt. [84], [83], nebo [115]. Tento text si
ani v nejmensi mitre neklade za cil provadét jakoukoliv rekapitulaci, vytah, ¢i resersi
téchto vysledku. Nicméné v fadé jiz zminénych praci jsme se ruznych krylovovskych
metod dotkli, pouzivali je, pfipadné dosadili drobné stiipky vlastni analyzy do mno-
hem rozséhlejsi mozaiky chovani téchto metod. Radi bychom nyni velmi struéné tii
jiz zminéné piispévky zrekapitulovali a navic zminili jeden, o kterém dosud nebyla
rec.

Vlastni prinos

V krétkém piispévku [65] jsme ukézali, jak spolu souvisi Golubova—Kahanova bidi-
agonalizace, Lanczosova tridiagonalizace a core problém. K vyjeveni core problému
v dané tloze dojde tehdy, pokud je prava strana nékteré z rovnic (4.4) nebo (4.5)
nulova, tj. bud Bey1 = 0, nebo gy = 0, coZ zpiisobi zastaveni algoritmu bidia-
gonalizace. Dokud tento krok nenastane, mame k dispozici jen ¢ast celého core
problému. V prubéhu algoritmu tedy mame v rukou stile se postupné zlepsujici
aproximaci core problému. Pravé toto je mechanizmus, ktery pom&aha pochopit,
pro¢ jsou metody jako napt. LSQR tak tspésné a proc¢ tak dobie funguji. Tim, ze
stoji na bidiagonalizaci, tedy na stéle lepsi a lepsi aproximaci core problému — tedy
podproblému, ktery obsahuje veskeré nutné informace a zaroven informace pravé
postacujici k feseni celé ilohy; viz kap. 1.3. Diskuze tykajici se aproximaénich vlast-
nosti LSQR ve vztahu ke core problému vsak v ¢ldnku [65] pfimo neni a stejnou
mérou bylo lze tuto souvislost tusit jiz v puvodnim ¢lanku [96], kde byla idea core
problému poprvé zformulovana.

Druhym nasim pfispévkem byla analyza chovdni Golubovy—Kahanovy bidia-
gonalizace v piipadé, Ze matice A je Spatné podminénd a prava strana b obsa-
huje krom uziteénych dat navic ngjaké chyby, resp. sum v ¢lanku [64]. Ukazujeme,
jak se chyby propaguji skrze algoritmus, jak se prenaseji mezi jednotlivymi itera-
cemi a, diky $patné podminénosti matice, zesiluji na tkor puvodnich dat, o nichz
prepdokladame, ze jsou hladkd a dominovana nizkymi frekvencemi.

Tretim prispévkem, ktery uz byl také zminén, je analyza chovani metody sdru-
zenych gradientu (CQG), tedy algoritmu postaveném na Lancozosové tridiagonalizaci
v prostied{ s low-rank aritmetikou. V ¢ldnku [76] studujeme, jak se méni hodnosti
low-rank objektu v prubéhu algoritmu CG, studujeme, jak agresivné lze nizkou
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VYBRANE ASPEKTY CHOVANI NEKTERYCH KRYLOVOVSKYCH METOD

hodnost objektu vynucovat a jaky to ma vliv na velikost rezidua. Vénujeme se zde
také studiu vlivu predpodmiriovaci na hodnosti low-rank objektl, pfipustnou miru
agresivity pfi mechanickém snizovani hodnosti, i velikost rezidua. Vysledky zde pre-
zentované jsou obzvlasté zajimavé a dulezité proto, ze objekty, se kterymi pracujeme
neni mozné ulozit v paméti husté a jejich low-rank aproximace je z principu nutna.
Navic moznost udrzovat jejich hodnost relativné nizkou rapidnim zpusobem snizi
nejen pamétové ale také ¢asové naroky na vypocet.

Posledni ptispévek se tyka tzv. wedge-shaped neboli klinovych matic. V prak-
tickych numerickych vypoctech se, v souladu s obecnym trendem vypocetni lineani
algebry nékolika poslednich desetileti, obecné piechazi od formulaci vektorovych
k formulacim blokovym, tj. maticovym. Rada metod, véetné algoritmu Lanczosovy
tridiagonalizace a Golubovy—Kahanovy bidiagonalizace, tedy muze byt pieformu-
lovédna blokové. Vezmeme-li napf. rovnici (4.4), muzeme na pravé strané vektory
wy a s¢ nahradit bloky (navzdjem ortonormdlnich) vektori a koeficient oy horni
trojuhelnikovou matici vhodnych rozmértu. Objekt, ktery na pravé strané vznikne,
bude matici. Objekty na levé strané pak ziskdme QR rozkladem této matice, tj.
s¢+1 bude blokem navzajem ortonormélnich vektoru a koeficient SBy.1 bude horni
trojuhelnikovou matici. Analogicky muzeme nalozit i s rovnici (4.5). Misto bidia-
gondlni matice tak dostavame blokové bidiagondlni matici s hornimi, resp. dolnimi
(v rovnici (4.5) je systémovd matice transponovand) trojihelnikovymi bloky na dia-
gonalach,
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L JRCIRCiE J
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kde # # 0 a © muze byt nulové i nenulové ¢islo.

Takto vsak bude zobecnéni fungovat jen v idedlnim pripadé, kdy bloky, které bu-
dou vychdzet na pravych strandch rovnic (4.4) a (4.5), budou mit vzdy vice-¢i-méné
linedrné nezavislé sloupce. Obecné v praktickych vypoctech obsahujicich zaokrouh-
lovaci chyby muzeme piredpoklddat, Ze sloupce budou vzdy linedrné nezavislé, navic,
bude-li dloha rozumné podminénd, muze byt ziskana aproximace pouzitelna. Zcela
analogickd je situace v piipadé blokové Lanczovy tridiagonalizace; viz napi. [25],
[121], [36], [102], nebo [5, kap. 4.6 a 7.10 (R. W. Freund, Band Lanczos Method)].
Pokud dochéazi k tomu, Ze vektory jsou v ramci bloku skoro linearné zavislé, provadi
se tzv. deflace (presnéji inezact deflation, nebot se pohybujeme v aritmetice s plo-
voucf Fadovou ¢drkou a omezenou piesnosti); viz napf. [1].

V ¢ldnku [68] jsme se vSak potfebovali vydat jinym smérem a provedli jsme
tak detailni analyzu chovén{ blokové Golubovy—Kahanovy bidiagonalizace (zapsané
oviem v nepatrné odlisné, tzv. pdsové formeé) v presné aritmetice véetné anlyzy
presnych deflaci. Vystupem algoritmu je pricnipidlné analogicky tvar jako ma matice
(4.8) vpravo, jen horn{ (resp. dolni) trojihelnikové matice maji obecné horni (resp.
dolni) schodovity tvar, napf.
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kde schody (zde na dvou mistech vyznac¢enych nulami) indikuji ony deflace. Tedy
okamziky — iterace, kdy se uzaviraji jednotlivé podprostory invariantni vaci akcim
operatora AAH nebo A" A.

Ukézali jsme, ze matice LL", LH L majf specialni tvar, pfesnéji strukturu nenu-
lovych prvki, kterou jsme nazvali wedge-shaped (Cesky klinovd matice); viz [68, kap.
4, str. 425-431]. (Nelze zde pfitom pouzit klasicky vysledek, ze obdlky pozitivné de-
finitn{ matice a jejtho Choleského faktoru jsou identické (viz [33, kap. 4.2]), nebot
tento vysledek plati pouze pro reguldrni matice; zde jsou matice LLY, L"L obecné
semidefinitni, pfi¢emz mohou tedy byt i singularni. Snadno lze najit protiptiklady
prve zmitiovaného vysledku o obédlkdch; viz [68, Fig. 1, str. 429].)

Ukéazali jsme, ze tyto matice jsou v jistém smyslu zobecnénim Jacobiho tri-
diagondlnich matic. Zobecnuji totiz fadu jejich vlastnosti. Jacobiho tridiagonalni
matice maji napiiklad:

(i) jednoduchd vlastni ¢isla a

(ii) jejich vlastni vektory maji nenulové prvni
(iii) a posledni prvky,
)

(iv) navic zddné dva po sobé jdouci prvky vlastniho vektoru nemohou byt nulové;

viz napf. [132], nebo [97]. Prvni dvé vlastnosti byly zobecnény jiz v ¢ldnku [68].
Ukézali jsme, ze wedge-shaped matice s sitkou pdsu ¢ (tj. s 20 + 1 nenulovymi
diagondlami) maji (i) vlastni ¢isla s ndsobnosti nevyse p. Déle, vezmeme-li libovol-
nou bézi libovolného vlastniho prostoru a sestavime do matice, pak (ii) prvnich o
radku této matice tvoii blok s linearné nezavislymi sloupci. Podobné, ale ponékud
slozitéji 1ze zobecnit i vlastnost (iii) nenulového posledniho a (iv) dvou po sobé
jdoucich prvkua. V ¢ldnku [68] jsou prvni dvé dilezité pro odvozeni vlastnosti core
problémiu. Plné se pak problematice vénujeme v ¢ldnku [61]. Zde jsou zobecnény a
dokézdny vsechny vyse zminované vlastnosti (i)—(iv). Tyto matice a jejich vlastnosti
tak snad mohou byt uzitec¢né a najit uplatnéni pfi popisu dalsim pochopeni chovani
blokovych krylovovskych algoritmu.

Puavodni autorské clanky vztahujici se k tomuto tématu publikované v impakto-
vanych ¢asopisech jsou pfilozeny, konkrétné:
[64] (2009) jako piiloha A.5 na str. 131 (jiz zminéno jako hlavni vysledek kap. 2);
[76] (2014) jako piiloha A.6 na str. 161 (jiz zminéno jako hlavni vysledek kap. 3);
[61] (2015) jako piiloha A.7 na str. 183.
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Z.aver

Ve ¢tyiech predchozich kapitolach jsme se pokusili velmi struéné shrnout nejdulezi-
t6j81 z vysledku odborné prace habilitanta v oblasti numerické a aplikované linearn{
algebry, zejména pak maticovych a tenzorovych vypocti. Vysledky jsou navzijem
provézané mnoha ruznymi souvislostmi, pfesto jsme si vSak dovolili je rozélenit do
nékolika vice-¢i-méné samostatnych témat soustiedicich se kolem linedrnich apro-
ximaénich tloh, regulariza¢nich metod, tenzorovych rozkladu a prace s nimi a kry-
lovovskych metod obecné.

Text je doprovozen piilohami, rozdélenymi do péti tématickych sekci z nichz
prvni dvé odpovidaji dvéma hlavnim sekcim prvni kapitoly: Fesitelnosti TLS prob-
lému a core problémum, a kazda ze zbyvajicich tfech odpovidd jedné z dalsich
kapitol. Piilohy obsahuji sedm ¢lanku publikovanych v impaktovanych ¢asopisech
vesmeés zafazenych do prvni (Q1) nebo druhé (Q2) ¢tvrtiny nejlépe hodnocenych
periodik. Vétsina ¢ldnku (Sest) je dohledatelnych v databdzi IST Web-of-Knowledge
(WoK), zbyvajci sedmy byl publikovdn v ¢ervenci 2016 a tudiz zatim neni ve WoK
dohledatelny. Téchto sedm ¢lanki ma celkem 28 citaci (bez autocitaci®) v publi-
kacich, které bud’ jiz jsou (21 citaci) evidované ve WoK, nebo byly piijaty a publi-
kovany v impaktovanych ¢asopisech, tj. zarazenych do WoK. Celkovy ohlas téchto
¢ldnkt zahrnuje 46 citaci (bez autotcitaci), kam navic zahrnujeme citace v mono-
grafiich nezarhnutych do WoK, preprinty ulozené v arXivu, preprinty vyznamnych
zahrani¢nich univerzit, nebo dizerta¢ni prace obhajené na vyznamnych zahrani¢nich
univerzitach; viz detailni seznam v piiloze A na str. 49, 75, 127, 159 a 181. Vsichni
spoluautofi vSech sedmi ¢lanku pfispéli k jejich vzniku rovnym dilem.

2 Autocitaci, v souladu s WoK, rozumime citaci provedenou autorem samym (tj. habilitantem),
nikoliv nékterym ze spoluautoru; citujici ¢lanek publikovany nékterym ze spoluautoru bez autorské
Gcasti habilitanta, nenf dle WoK povazovan za autocitaci. Ve vyse uvedenych 28 (resp. 46) citacich
je 5 (resp. 8) téchto piipadi.
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IVETA HNETYNKOVA', MARTIN PLESINGER', DIANA MARIA SIMAS,
ZDENEK STRAKOS', axp SABINE VAN HUFFELS

Abstract. This paper revisits the analysis of the total least squares (TLS) problem AX ~ B with multi-
ple right-hand sides given by Van Huffel and Vandewalle in the monograph, The Total Least Squares Problem:
Computational Aspects and Analysis, STAM, Philadelphia, 1991. The newly proposed classification is based on
properties of the singular value decomposition of the extended matrix [B|A]. It aims at identifying the cases
when a TLS solution does or does not exist and when the output computed by the classical TLS algorithm,
given by Van Huffel and Vandewalle, is actually a TLS solution. The presented results on existence and un-
iqueness of the TLS solution reveal subtleties that were not captured in the known literature.

Key words. total least squares, multiple right-hand sides, linear approximation problems, orthogonally
invariant problems, orthogonal regression, errors-in-variables modeling

AMS subject classifications. 15A24, 15A60, 65F20, 65F30

DOL. 10.1137/100813348

1. Introduction. This paper focuses on the total least squares (TLS) formulation
of the linear approximation problem with multiple right-hand sides

(1.1) AX~B, AeRm™" XeR™ BeR™I ATB#0,

or, equivalently,

1,
1.2 B|A]|——| ~0.
(12) ] ]{X] 0

We concentrate on the incompatible problem (1.1), i.e., R(B) ¢ R(A). The compatible
case reduces to finding a solution of a system of linear algebraic equations. In TLS, con-
trary to the ordinary least squares, the correction is allowed to compensate for errors in
the system (data) matriz A as well as in the right-hand side (observation) matriz B, and
the matrices £ and G are sought to minimize the Frobenius norm in
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(1.3) ;nér%H[G\E]H,, subject to (A+ E)X = B+ G.

Throughout the paper, any matrix X which solves the corrected system in (1.3) is called
a TLS solution. Similar to the ordinary least squares, we are often interested in TLS
solutions minimal in the 2-norm and/or in the Frobenius norm.

Mathematically equivalent problems have been independently investigated in sev-
eral areas as orthogonal regression and errors-in-variables modeling; see [18], [19]. It is
worth noting that norms other than the Frobenius norm in (1.3) can also be relevant in
practice; see, e.g., [20].

The TLS problem (1.1)—(1.3) has been investigated in its algebraic setting for dec-
ades; see the early works [6], [4, section 6], [14]. In |7] it is shown that even with d = 1
(which gives Az~ b, where b is an m-vector) the TLS problem may not have a solution
and, when the solution exists, it may not be unique; see also [5, pp. 324-326|. The clas-
sical book [17] introduces the generic-nongeneric terminology representing the basic
classification of TLS problems. If d = 1, then the generic problems simply represent pro-
blems that have a (possibly nonunique) solution, whereas nongeneric problems do not
have a solution in the sense of (1.3). This is no longer true for multiple right-hand sides,
where d > 1. The monograph [17] analyzes only two particular cases characterized by
the special distribution of singular values of the extended matrix [B|A]. The so-called
classical TLS algorithm presented in [17], however, for any A, B, computes some output
X. The relationship of this output to the original problem is not always clear.

For d = 1, the TLS problem does not have a solution when the collinearities among
columns of A are stronger than the collinearities between R(A) and b; see [9], [10], [11] for
a recent description. An analogous situation may occur for d > 1, but here the difficulty
can be caused for different columns of B by different subsets of columns of A. Therefore,
it is no longer possible to stay with the generic-nongeneric classification of TLS pro-
blems. This is also the reason why the question remained open in [17]. In this paper
we try to fill this gap and investigate existence and uniqueness of the TLS solution with
d > 1 in full generality.

The organization of this paper is as follows. Section 2 recalls some basic results.
Section 3 introduces problems of what we call the 1st class. After recalling known results
for two special distributions of singular values in sections 3.1 and 3.2, we turn to the
general case in section 3.3. The new classification is introduced in section 4. Section 5
introduces problems of the 2nd class. Section 6 links the new classification with the clas-
sical TLS algorithm from [17], and section 7 concludes the paper.

2. Preliminaries. As usual, o;(M) denotes the jth largest singular value, R(M)
and NV (M) denote the range and the null space, | M| and ||M]| denote the Frobenius
norm and the 2-norm of the given matrix M, respectively, and MT denotes the Moore—
Penrose pseudoinverse of M. Further, ||v|| denotes the 2-norm of the given vector v; I}, €
R¥*F denotes the k-by-k identity matrix.

In order to simplify the notation we assume, with no loss of generality, m > n + d
(otherwise, we can simply add zero rows). Consider the SVD of A, r =rank(4),

(2.1) A=UE (V)T
where (U")~1 = (U7, (V/)"! = (V)7 ¥ = diag(o], ...,0,,0) € R™" and
0.

(2.2) oy =20, >0, =--=0,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.

52




CLANEK:WK STMAX 2011

750 HNETYNKOVA, PLESINGER, SIMA, STRAKOS, VAN HUFFEL
Similarly, consider the SVD of [B|A], s = rank([B|4]),

(2.3) [BlA] = ULV,

where U™! = UT, V-1 = V7T, £ = diag(0y. ...,0,,0) € R™*+d) and
(2.4) 012 20,>0g1="=0,4=0.

If s = n + d (which implies r = n), then £’ and £ have no zero singular values. Among
the singular values, a key role is played by 0,1, where n represents the number of col-
umns of A. In order to handle possible higher multiplicity of 0,1, we introduce the
notation

| = — — j— — —
(2‘)) Up = Un—q > GrL—q+1 = =0, =0p41 = =0pye > Oppetds

q e

where ¢ singular values to the left and e — 1 singular values to the right are equal to
0,1, and hence ¢>0, e>1. For convenience we denote n— g=p. (Clearly
0, = 0,_, is not defined if and only if ¢ = n; similarly, 0,,, ., is not defined if and only
ife=4d.)

For an integer A (not necessarily nonnegative) it will be useful to consider the
partitioning

n—A d+ A

n—A d+ A

s }d
(2.6) 2= | s | |, V= (A) | ()

Vo Vas n

where ZgA) c Rmx(n—A)’ E;A) c anx(d+A)7 and V(ﬁ) c Rdx(n—A)7 V(lg) c Rdx(aHA)7 V(Z?) c
R (n=8) Vgg) € R™*(4+4) When A = 0, the partitioning conforms to the fact that [B|A]
is created by A appended by the matrix B with d columns, and in this case the upper
index is omitted, Z; = 250), ete.

The classical analysis of the TLS problem with a single right-hand side (d = 1) pre-
sented in [7] and the theory developed in [17] were based on relationships between the
singular values of A and [B|A4]. For d = 1, in particular, 0/, > 0, represents a sufficient
(but not necessary) condition for the existence and uniqueness of the solution. In order to
extend this condition to the case d > 1, the following generalization of |7, Theorem 4.1] is
useful.

THEOREM 2.1. Let (2.1) be the SVD of A and (2.3) the SVD of [ B|A] with the parti-

tioning given by (2.6), m > n+d, A > 0. If
(2.7) Ohon > On atts

then 0, _p > 0,_ay1. Moreover, V%) is of full row rank equal to d, and V(ﬁ) is of full
column rank equal to (n — A).

The first part follows immediately from the interlacing theorem for singular
values [17, Theorem 2.4, p. 32| (see also [13]). For the proof of the second part, see
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[21, Lemma 2.1] or [17, Lemma 3.1, pp. 64-65|. (Please note the different ordering of the
partitioning of V in [21], [17].)

We start our analysis with the following definition.

DerFmNTION 2.2 (problems of the 1st class and of the 2nd class). Consider a TLS
problem (1.1)~(1.3), m > n+ d. Let (2.3) be the SVD of [ B| A] with the partitioning given
by (2.6). Take A = q, where q is the “left multiplicity” of 0,1 given by (2.5).

o If Vgg) is of full row rank d, then we call (1.1)~(1.3) a TLS problem of the
1st class.
o If V(I%) is rank deficient (i.e., has linearly dependent rows), then we call (1.1)-
(1.3) @ TLS problem of the 2nd class.
The set of all problems of the 1st class will be denoted by F. The set of all problems of the
2nd class will be denoted by S.

3. Problems of the 1st class. For d = 1, the right singular vector subspace cor-
responding to the smallest singular value o, of [b| 4] contains for a TLS problem of the
1st class a singular vector with a nonzero first component. Consequently, the TLS pro-
blem has a (possibly nonunique) solution. As we will see, for d > 1 an analogous prop-
erty does not hold. The TLS problem of the 1st class with d > 1 may not have a solution.
First we recall known results for two special cases of problems of the 1st class.

3.1. Problems of the 1st class with unique TLS solution. Consider a TLS
problem of the 1st class. Assume that o, > 0,,1, i.e., ¢ =0 (p = n). Setting A= ¢ =
0in (2.6), VE%) = V), is asquare (and nonsingular) matrix. Define the correction matriz

(3.1) [GIE] = —U|Z) VT = —US[VELI VL]

Clearly, ||[G|E]|lF = ( ]"j,‘fH 03)1/2, and the corrected matriz [B+ G|A + E] repre-
sents, by the Eckart—Young-Mirsky theorem [1], [§], the unique rank n approximation
of [B|A] with minimal [G|E] in the Frobenius norm.

The columns of the matrix [V5|V5]” represent a basis for the null space of the

corrected matrix [B+ G|A + E] = UL, [V{}|V]. Since V4 is square and nonsingular,
-1,
[B+ G|A+ E||————| =0,

which gives the uniquely determined TLS solution
(3.2) Xos = X0 = -V, Vil

We summarize these observations in the following theorem; see [17, Theorem 3.1,
pp. 52-53].
TueorREM 3.1. Consider a TLS problem of the 1st class. If

(33) Op > Opgts

then with the partitioning of the SVD of [B|A] given by (2.6), A=q =0, Vi, € R>? js
square and nonsingular, and (3.2) represents the unique TLS solution of the problem
(1.1)~(1.3) with the corresponding correction [G|E] given by (3.1).

Theorem 2.1 gives the following corollary.

COROLLARY 3.2. Let (2.1) be the SVD of A and (2.3) the SVD of [B|A] with the par-
titioning given by (2.6), m > n+d, A=0. If
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(34) O-'In > O-IL+1’

then (1.1)~(1.3) is a problem of the 1st class, o, > 0,1, and (3.2) represents the unique
TLS solution of the problem (1.1)—(1.3) with the corresponding correction matriz |G|E]
given by (3.1).

We see that (3.4) represents a sufficient condition for the existence and uniqueness
of the TLS solution of the problem (1.1)—(1.3). This condition is, however, intricate. It
may look like the key to the analysis of the TLS problem, in particular, when one con-
siders the following corollary of the interlacing theorem for singular values and
Theorem 2.1; see [17, Corollary 3.4, p. 65].

CoroLLArY 3.3. Let (2.1) be the SVD of A and (2.3) the SVD of [B|A] with the
partitioning given by (2.6), m > n+d, A= q>0. Then the following conditions are
equivalent:

(1) Uln—q > Opgt1 = "= Opyyg,
(i) 0pyg> 0y g1 =""=0,44 and V(lg) is of (full row) rank d.

In the following discussion we restrict ourselves to the single right-hand side case.
The condition (i) implies that the TLS problem is of the 1st class. If d =1 and ¢ =0,
then (i) reduces to (3.4) and the statement of Corollary 3.3 says that o), > 0,,,, if and
onlyifo, > 0, and [1,0, ...,0] v, ; # 0. In order to show the difficulty and motivate
the classification in what follows, we now consider all remaining possibilities for the case
d = 1. It should be, however, understood that they go beyond the problems of the 1st
class and the unique TLS solution. If 0, = 0, , then it may happen that either o, >
0,41 and [1,0, ...,0]7v,,; = 0, which means that the TLS problem is not of the 1st
class and it does not have a solution, or o, = ¢,1. In the latter case, depending on
the relationship between o7,_, and 6, .1 =-- =0, for some ¢>0 (see Corol-
lary 3.3), the TLS problem may have a nonunique solution if the TLS problem is of
the 1st class (see the next section), or the solution may not exist. We see that an attempt
to base the analysis on the relationship between o}, and o, becomes very involved.

The situation becomes more transparent with the use of the core problem concept
from [11]. For any linear approximation problem Az ~ b (we still consider d = 1), there
are orthogonal matrices P, R such that

o9 o i) =)

where the following hold:

(i) Ay is of minimal dimensions and Ay, is of maximal dimensions A,y may also
have zero number of rows and/or columns) over all orthogonal transforma-
tions of [b| A] yielding the structure (3.5) of zero and nonzero blocks. Suppose
b £ R(A) has nonzero projections on exactly # left singular vector subspaces
of A corresponding to distinct (nonzero) singular values. Then among all
decompositions of the form (3.5) the minimally dimensioned A;; is £ x ¢
if Az~ b is compatible and (£+ 1) x £ if Az~ b is incompatible (see |11,
Theorem 2.2|).

(if) All singular values of A;; are simple and nonzero; all singular values of
[b1]A11] are simple and, since b ¢ R(A), nonzero (recall that we consider only
the incompatible problems).

(iii) The first components of all right singular vectors of [b;|A;,] are nonzero.

(iv) Omin(A11) > omin([b1]A11]). Moreover, singular values of Ay strictly interlace
singular values of [b;|Ay].
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(See [11, section 3].) The minimally dimensioned subproblem A;;z; ~ b, is then called
the core problem within Az~ b. The SVD of the block structured matrix on the right-
hand side in (3.5) can be obtained as a direct sum of the SVD decompositions of the
blocks [b1|A1;1] and Ay, just by extending the singular vectors corresponding to the first
block by zeros on the bottom and by extending the singular vectors corresponding to the
second block by zeros on the top. Consequently, considering the special structure of the
orthogonal transformation diag(1, R) in (3.5), which does not change the first compo-
nents of the right singular vectors, all right singular vectors of [b| A] with nonzero first
components correspond to the block [b;|A4};], and all right singular vectors of [b| A] with
zero first component correspond to A,,. Moreover,

OJn = Umin(A) = Hlin{gmin(A11)~amin(AZQ)}’

Opt1 = Umin([blA]) = Hlill{alnin([bl IA]I])’ Glnin(AQQ)}'

We will review all possible situations.
Case 1. 0}, > 0,,1. This happens if and only if o,(Ass) > o ([01]411]) = 0041,
which is equivalent to the existence of the unique TLS solution.
Case 2. 0pi(As) =0, = 0,,1. Here we have to distinguish two cases:
Case2a. 0, (A) = 040 ([b]A]) = 0 ([b1|A11])- This guarantees the existence
of the (minimum norm) TLS solution. All singular values of A equal to
Omin(4) are the singular values of the block Ayy. Consequently, the multi-
plicity of 0,,([b|4]) is larger by one than the multiplicity of o, (A).
Case 2b. 0y (A) = 0pin([0]4]) < Opin([b1]411]). Then the multiplicities of
Omin(4) and o4, ([b| A]) are equal, all right singular vectors of [b| 4] corre-
sponding to o,;,([b|A]) have zero first components, and the TLS solution
does not exist.
Summarizing, the TLS solution exists if and only if either o, (A4) > o ([b|4]), or
O min(A) = 0 ([b|A]) with different multiplicities for o, (A) and o, ([0 A]). In terms
of the singular values of subblocks in the core reduction (3.5),

Omin(A22) > 0in([01]A411]) & TLS solution exists and is unique,
Omin(As2) = 0 min([b1|A11]) < TLS solution exists and is not unique,

Omin(As2) < 0 min([b1]A11]) < TLS solution does not exist.

If the TLS solution exists, then the minimum norm TLS solution can always be com-
puted, and it is automatically given by the core problem formulation. If the TLS solution
does not exist, then the core problem formulation gives the solution equivalent to the
minimum norm nongeneric solution constructed in [17].

We will see that in the multiple right-hand sides case the situation is much more
complicated.

3.2. Problems of the 1st class with nonunique TLS solutions—a special
case. Consider a TLS problem of the 1st class. Assume that e=d in (2.5); i.e., let
all the singular values starting from o,_,.1 =0,,; be equal:

(36) UlZ"‘Z(Tp>0'p+l:"':O',Hl:“‘:U,HdEO.
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The case ¢ =0 (p = n) reduces to the problem with unique TLS solution discussed in
section 3.1.If g = n (p = 0),i.e.,0y =---= 0,4, then the columns of [ B| A] are mutually
orthogonal and [B|A]T[B|A] = 021, 4. Then it seems meaningless to approximate B by
the columns of A, and we will get (consistently with [17]) the trivial solution X115 =0
(this case does not satisfy the nontriviality assumption A”B # 0 in (1.1)). Therefore, in
this section the interesting case is represented by n > ¢ >0 (0 < p < n).

We first construct the solution minimal in norm. Since V(I? € R>(a+d) 5 of full row
rank, there exists an orthogonal matrix Q € Re+dx(1+d) guch that

viy
Vi

(3.7) ~

0 r
QE[UP“""?WM]Q:[Y ]

where I' € R¥¢ is square and nonsingular. Such an orthogonal matrix @ can be
obtained, e.g., using the LQ decomposition of V(lfi). Consider the partitioning
Q = [@Q1]Q,], where @, € R(eTD*4 has d columns. Then the columns of Q, form an
orthonormal basis of the subspace spanned by the columns of V(lg)T, Q, e Rletdxa jg
an orthonormal basis of its orthogonal complement, and

(q)
E _ Vis (9) _ T
(3.8) {Z} = {V(QZ)} @, Vig =TQ,.

Define the correction matrix

e181 =131 [ 5]

V(‘I) V(‘I) T
— T 12 . O 12
=-UE v @0 v
22 22
(39) = _O'n+l[up+lﬂ e “ner] QZ Qg‘[vzﬂrl’ LR 1)n+d} Tv

where u; and v; represent left and right singular vectors of the matrix [B|A], respec-

tively. If o,,y =---=0,,4=0, then the correction matrix is a zero matrix

(0n41 = 0), and the problem is compatible; thus we consider 0,4 =---=0,;4> 0.
Note that with the choice of any other matrix Q' = [@Q}| Q5] giving a decomposition

of the form (3.7;7 @ represents an orthonormal basis of the subspace spanned by the

columns of V% T and therefore @, = Q¥ for some orthogonal matrix ¥ € R4,

Consequently, (3.9) is uniquely determined independently of the choice of @ in (3.7).
Clearly, ||[GIE]|lp = 001 | Q2 QF || p = 041V d, and the corrected matrix

[B+ G|A+ E] = [B|A] <I"+d - E] E} T)

represents the rank n approximation of [B|A] such that the Frobenius norm of the
correction matrix [G|E] is minimal, by the Eckart-Young-Mirsky theorem.

The columns of the matrix [[7|Z7]” represent a basis for the null space of the
corrected matrix [B+ G|A + EJ. Since I is square and nonsingular,
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1,1
5+ Gla+ Bl 4] =0,

which gives the TLS solution
0
(3.10) Xps=—2T"= %Y\Z]QT@{F] =— VRV =x0,

This can be expressed as
XTLS = (ATA - U%+1I7L)TATB;

see [17, Theorem 3.10, pp. 62-64]. The solution (3.10) and the correction (3.9) do not
depend on the choice of the matrix @ in (3.7). We summarize these observations in the
following theorem (see [17, Theorem 3.9, pp. 60-62]).

THEOREM 3.4. Consider a TLS problem of the 1st class. Let (2.3) be the SVD of [ B| A]
with the partitioning given by (2.6), A=q <n, p=n—gq. If

(3-11) Op > 0pt1 =" "= Onyds

then (3.10) represents a TLS solution Xtg of the problem (1.1)~(1.3). This is the unique
solution of the minimal Frobenius norm and 2-norm, with the corresponding unique
correction matriz [G|E] given by (3.9).

Using Corollary 3.3 we get

(312) U;z > 0pp1 = "= Opnygs

which represents a sufficient condition for the existence of the TLS solution of the TLS
problem (1.1)—(1.3) minimal in the Frobenius norm and the 2-norm.

The correction matrix minimal in the Frobenius norm can be in this special case
constructed from any d-vectors selected among ¢ + d columns v,1, ..., v, (or their
orthogonal linear transformation) of the matrix V such that their top d-subvectors cre-
ate a d-by-d square nonsingular matrix. The equality of the last ¢ + d singular values
ensures that the Frobenius norm of the corresponding correction matrix is still equal to
Ot 1v/d. Tt can be shown that, for any such choice, a norm of the corresponding solution
Xis larger than or equal to the norm of X9 given by (3.10), and any such X represents a
TLS solution. Consequently, the special TLS problem satisfying (3.6) has infinitely
many solutions.

3.3. Problems of the 1st class—the general case. Here we consider a TLS
problem of the 1st class with a general distribution of singular values. We will discuss
only the remaining cases not covered in the previous two sections, i.e., n>¢>0
(0 < p < n; recall that p =n — ¢) and e < d, giving

01Z"‘Zap>0p+1:"':(7n+l:"':67z+e>0n+e+l Z"'Zo-nerZO

(note that o, does not exist for ¢ = n (p = 0)). We will see that in this general case the
problem (1.1)—(1.3) may not have a solution.

We try to construct a TLS solution with the same approach used in section 3.2, and
we will show that it may fail. Since, with the partitioning (2.6), A = ¢, the matrix Vgg) €
R**(a+4) js of full row rank, there exists an orthogonal matrix Q € R(+d*(#+d) gych that
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Vi
vy

(3.13) 1

0 r
QE[UP+1s"'7vn+d]Q:|: :|s

where I' € R is square and nonsingular. With the partitioning Q = [Q,|Q,], where

Q, e Rltdxa 9, ¢ Rle+dxd the columns of @, form an orthonormal basis of the
' (g)T

subspace spanned by the columns of V35", and

(3.14) [%] -

Following [17], it is tempting to define the correction matrix

eim=-1m11]] [5]

vy

22

(q) (1T
|V |V
= _Uxv? 12 Q Ql 12
z L,m} 22 L"‘”}
22 22
(315) 7[up+1, EER} un+d]diag(op+l’ EER} U7l+d) QZ QZT[’UFJA* R Un+d]T’

which differs from (3.9) because the diagonal factor is no longer a scalar multiple of the
identity matrix. Analogously to the previous section, the matrix (3.15) is uniquely de-
termined independently of the choice of @ in (3.13).

The columns of the matrix [['7|ZT]7 are in the null space of the corrected matrix

(3.16) B+ G|A + E| = [B|A] <1M - E] [%] T).

In general the columns of [[7|Z7]T do not represent a basis for the null space of the
corrected matrix. If 4 is not of full column rank, the extended matrix [B|A] has a zero
singular value with the corresponding right singular vector having the first d entries
equal to zero. Such a right singular vector is in the null space of the corrected matrix,
but it cannot be obtained as a linear combination of the columns of [['7|Z7]7. Since I is
square and nonsingular,

-1,
B+ G|A+ El|—==| =0,
I
and we can construct
(3.17) X0 =_gr-1 — _ V(Q;) V(lg)’f_

The matrices (3.17) and (3.15) do not depend on the choice of @ in (3.13). The matrix
X given by (3.17) is a natural generalization of X(9) given by (3.10). The classical TLS
algorithm [15], [16] (see also [17]) applied to a TLS problem of the 1st class returns as
output the matrix X(? given by (3.17) with the matrices G, E given by (3.15). We will
show, however, that X(? is not necessarily a TLS solution. o

We first focus on the question whether there exists another correction E, G corre-
sponding to the last ¢ + d columns of V that makes the corrected system compatible.
Such a correction can be constructed analogously to (3.13) by considering an orthogonal
matrix @ = [@Q;]Q,] such that
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vy
vy

(315) Q=0 [ F}

Y Z

where I € R jg nonsingular and Q is a matrix not necessarily equal to zero. Then
define the correction matrix

7

r

A

The corrected system (A + E)X =B+ Gis compatible and the matrix

(3.19) [G|E] = —[B|A]

r
Z

(3.20) X=-20"" = v (V9 Q. Q)
solves this corrected system. The columns of [[7]|Z7]” have to be in the null space of the
corrected matrix [B + G |A+ E‘] As above, they do not necessarily represent a basis of
this null space.

Now we show that X(? does not necessarily represent a TLS solution; i.e., the Fro-
benius norm of the correction matrix (3.15) need not be minimal. This can be illustrated

by a simple example. Let ¢ = n and e < d. Then in (3.13) we set Q = [szg)T\ V(lg)T].
(Notice that Vﬁ) and Vf(ﬁ) in the partitioning (2.6) vanish for A = ¢ = n.) Therefore,

(q)
[V—ﬂ VT VT = [ 0 ]d}; ie, T=1I, Z=0,
v L |0

which gives from (3.13) [G|E] = —[B|0], and, analogously, X(9 = 0; see (3.17). If we
solve the same problem in the ordinary least squares sense, then the corresponding cor-
rection matrix is [G|E] = [(AAT — I)B|0], having in general smaller Frobenius norm
than [G|E] = —[B|0], given by (3.15). Therefore, the constructed matrix X(9) given
by (3.17) does not, in general, represent a TLS solution.

Summarizing, the classical TLS algorithm of Van Huffel computes for TLS pro-
blems of the 1st class the output (3.2), (3.10), or (3.17), which are formally analogous,
but with different relationship to the TLS solution. While (3.2) and (in the particular
case of a very special distribution of the singular values) (3.10) represent TLS solutions
(having minimal Frobenius and 2-norm), the interpretation of (3.17) remains unclear.
The partitioning of the set F of TLS problems of the 1st class according to the conditions
valid in (3.2), (3.10), and (3.17) is unsatisfactory. In particular, apart from the simple
case (3.2) and the very special case (3.10), we do not know whether a TLS solution
exists.! We will therefore develop a different partitioning of the set F in section 4. First
we briefly discuss some properties of matrices X(9 and X.

3.4. Note on the norms of matrices X@ and X. It is obvious that X(? given by
(3.17) is a special case of X given by (3.20). Lemma 3.5 gives simple formulas for the
Frobenius norm and 2-norm of X. Lemma 3.6 shows that X' (9) has the minimal norms
among all X of the form (3.20). The proofs are fully analogous to the proofs of [17,
Theorems 3.6 and 3.9).

'The problems in the set F are called generic in [17]. Since a problem in this set may not have a TLS
solution, we will no longer use the generic-nongeneric terminology.
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Lesva 3.5, Let 0712717 € R4 have orthonormal columns, and assume

I e R4 s nonsingular. Then the matriz X = —ZT"" has the norms
Y 1- mln(f)
(3:21) I3 =I5 —d and (| X|? = =2l
Ulnin(r)

where 0, (1:) is the minimal singular value ofF .
_ Lena 3.6. Consider X9 = —204 =~V Vi)' given by (3.13)~(3.17) and X =
—Z07 given by (3.18)~(3.20). Then

(3.22) Xl > IXOfp. and [ X] > | X@].

Moreover, equality holds for the Frobenius norms if and_only zfj( X,

These lemmas can be easily seen as follows. A matrlx X of the form (3.20) is going to
be minimal in the Frobenius or the 2-norm when ||[['™!||  is minimized or o, (T') = 074(I)
is maximized, respectively. The minimization/maximization are with respect to the
orthogonal matrix @ which is considered a free variable, with the constraint that I
has to be nonsmgular The interlacing theorem for singular values applied to the
matrices [Q[T] = V12 Q and T gives

(Vi) =0,(QI) 2 0,(0).  j=1....d

o) =0
with all the inequalities becoming equalities if and only if Q@ = 0. The minimum for the
2-norm is reached when the smallest singular values are equal, i.e., 0 4(I') = o ,;(I:) Note
that there can be more than one matrix of the form (3.20) reaching the minimum of the
2-norm. .

If the corrected matrix (A + E) has linearly dependent columns, then the corrected
system with the correction [G|E] of the form (3.19) can have more than one solution.
The following lemma shows that under some additional assumptions on the structure of
Q, the matrix (A+ E) is of full column rank, and therefore the matrix X of the form
(3.20) is the unique solution of the corrected system. (Note that the correction (3.15) is a
special case of the correction (3.19).)

Lemma 3.7. Consider a TLS problem of the 1st class. Let [G|E] be the correction
matriz given by (3.19), and let X be the matriz given by (3 20). If Q in (3.18) has
the block diagonal form Q = diag(Q', I4_.), where Q' € RU+)*(@+e) js an orthogonal ma-
triz, then (A + E) is of full column rank, and X represents the unique solution of the
corrected system (A + EYX=B+G.

Proof. Since @ = diag(@Q',I,_.) has the block diagonal structure,

I, | 0 0 ; 0\ T
[BIA|=UsVT=|U|0 Q 0 z(v{O” QD =uzvT,
0 0 Imfnfd

e., UZVT represents the SVD of [B|A] with

U=lun ol V=101 0] =

Using this SVD, the corrected matrix can be written as
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v | o
v |y
If 0, =0, then [C’\E] =0 and the original system is compatible, i.e., R(B) C R(A).
Therefore, assume o, > 0. From the CS decomposition of V it follows that since I'

is square nonsingular, the matrix [V;‘m Y] is square nonsingular. Since [uy, ..., &, is
of full column rank, the matrix

T
[B+ G|A+ E] = [uy. ....1,) diag(o). ....0,)

(A+EB)=[uy, ..., w,)diag(or, ....0,) (VS| 7]"

is of full column rank. The matrix X is then the unique solution of the corrected system
(A+E)X=B+G. O }

We will see in the next section that the form @ = diag(Q',I,; ,) appears in a
natural way.

4. Partitioning of the set of problems of the 1st class. We will base our par-
titioning and the subsequent classification of TLS problems with multiple right-hand
sides on the following theorem.

THEOREM 4.1. Consider a TLS problem of the 1st class. Let (2.3) be the SVD of [ B| 4]
with the partitioning given by (2.6), A = q < n, where q is the “left multiplicity” of 0,41

given by (2.5), p=n — q. Consider an orthogonal matric Q such that

vy

(4.1) :
vy

o= |5 E} 0= 12,10)

where 521 € Rlatd)xaq, Q2 e Rltdxd and define

o P FT
o= maf]
(4.2) = 7[up+1’ s U] diag(UpH, e Onid) QQ Q2T[vp+1s cees 71n+d]T~

Then the following two assertions are equivalent: L
(i) There exists an orthonormal matriz ¥ € R™? such that Q= Qdiag(I,, V)
has the block diagonal structure
A Q' 0
(13 o= [

} € Rla+d)x(¢t+d) Q' € Rleto)x(ate),
0 Iy,

and using Q in (4.1)~(4.2) instead of Q yields the same [G|E].

(ii) The matriz |G|E)] satisfies

n+d 172

(4.4) CEN=| D o3

Jj=n+1
Proof. First we prove the implication (i) = (ii). We partition Q= [@ﬂ@z] where

@1 c R(t[+d)xq7 @2 c R((]+d)><a!7 and Q/ — [QHQ/ZL where Qll c R(<1+e,)><q7 Q/z c R(q+e)><c_
Then
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o= [ - e
QQQ“[O \ IHHO \ IH] ’{0 o] Tl

which gives, using (4.2) and (2.5),

IGIENE = lldiag(oy . -2 00ea) @ Qs I

n+d n+d
:U%HHQQ(Q;)TH%JF Z 0'3 :U%He"" Z U?
j=n+e+1 j=n+e+1

ie., (4.4). The implication (i) = (ii) is proved.
Now we prove the implication (ii) = (i). Let [G|E] be given by (4.1), (4.2) and as-
sume that (4.4) holds. We prove that there exists @ of the form (4.3) giving the same

[G|E] Define the splitting
D (D10, — ?11 ?12]
0= (@)= 22

such that Qu € RUFIxa Q, e RU-xa Q, € Rle+axd (.. ¢ R(€=9)xd The matrix
[G|E] given by (4.2) satisfies
I[GIEN[F = [ diag(opsas - - Tnsa) Qall
=02 [|QuallF + 1D Qa7

where D = diag(0,4¢41. --..0,:4). Note that | Quall% = d — || Qos]|%, since the matrix
()5 consists of d orthonormal columns. Thus,

GBI = 0%1(d = | Quall7) + 1D Quollf = 0% d = (03111 — D)2 Qo
Using (4.4) this gives
ntd

: : > 2
Uiﬂ(d —e)— Z U? = H(Uiﬂ Iy, — D*)'/? QI

Jj=n+e+1

Since 0,11 > 0y eqp forall =1, ..., d — e, this implies that all rows of @22 have norm
equal to one. Consequently, since @ is an orthogonal matrix, @»; =0, i.e.,

p == Qu Q2
Q=[Qi|Cx] = {4’# ,
0 Q22
and the matrix Qy, has orthonormal rows. Consider the SVD Qyy = S[I4_.|0]PT =

[S|0]PT, where S € R(¢=9)x(1=¢) ' P ¢ R¥*4 are square orthogonal matrices. Define ortho-
gonal matrices

T - -
WEP|:0 ol :| eRdxd and @EQ{]Q ‘ 0j|:|:Q11 | QlZlP :|
L | o o [l Lo T i
Because @ is orthogonal, the last d — e columns of @12‘{’ (i-e., corresponding to the block
1,_,) are zero, and
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@ = diag(Ql? Irl—e)

is in the form (4.3) with @' = [Q11|C~212‘I’Igi)d] € Rletox(a+¢) wwhere Igi)d represents the
first e columns of I, ;. Because @2 @; = (@Q‘I’)(QZ‘P)T = Qz @ZT , the matrix @ yields
the same correction (4.2) as Q. O o

The statement of this theorem says that any correction [G|E] (reducing rank of
[B|A] to at_most n) having the norm given by (4.4) can be obtained as in (4.1)-
(4.2) with @ in the block diagonal form (4.3).

Now we describe three disjoint subsets of problems of the 1st class representing the
core of the proposed classification. Define the partitioning of the matrix Vg) with re-
spect to e, the “right multiplicity” of o,,,;, given by (2.5),

qg+e d—e
]
|
(45) Vg = | weo | viilla,

d
where W(e9) ¢ Rex(ate), V(lge) € R¥(¢=)_ Note that since rank( Vgg)) = d, i.e., the pro-
blem is of the 1st class, rank( Vi;ﬁ)) < d — ¢ implies that rank( W (%) > e. On the other
hand, rank(W(#¢)) = ¢ implies that rank( Vge)) =d—e
DEFINITION 4.2 (partitioning of the set of problems of the 1st class). Consider a TLS

problem (1.1)~(1.3), m > n+ d. Let (2.3) be the SVD of [B|A] with the partitioning
given by (2.6), A= q, and the partitioning of V(lg) given by (4.5), where g and e are
the integers related to the multiplicity of 0,1, given by (2.5). Let the problem
(1.1)—(1.3) be of the 1st class (i.e., rank(Vgg)) = d). The set of all problems for which

o tank(W(9)) = ¢ and rank( VSE)) =d—e (VE;E') has full column rank),

o rank( W) > ¢ and rank( Vg;f")) =d—e (Vg;e) has full column rank),

o rank(W@9) > ¢ and rank(V,?) < d — e (V139 is rank deficient)
will be denoted by F,, Fo, and F, respectively. Clearly, F, Fo, and F3 are mutually
disjoint and F1 U Fy U Fy3 = F.

4.1. The set F{—problems of the 1st class having a TLS solution in the
form X@. Consider a TLS problem of the 1st class from the set F, i.e., rank( W(#¢)) =
ein (4.5) which implies V(lge) is of full column rank, i.e., rank( VSE')) = d — e. First we
give a lemma which allows us to relate the partitioning (4.5) to the construction of a
solution in (3.13)—(3.17).

Lemma 4.3. Let (2.3) be the SVD of [B|A] with the partitioning (2.6), m > n+ d,
A = q < n. Consider the partitioning (4.5) of Vgg)‘ The following two assertions are
equivalent:

(i) The matriz W@ has rank equal to e.
(if) There exists Q in the block diagonal form (4.3) satisfying (3.13).

Proof. Let W9 € R™(4+¢) have rank equal to e. Then rank( V(1;6>) =d—e.
There exists an orthogonal matrix H € R(#t9*(1+¢) (e.g  a product of Houscholder
transformation matrices) such that W9 H = [0|M], where M € R%*¢ is of full column
rank. Putting Q=diag(H,I; ,) yields V(I? @ = [0|T], where the square matrix
r'=[M|V{;9] € R is nonsingular.
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Conversely, let Q* diag(@'.1,_.) and satisfy (3.13). Denote I' = [F] \FQ] where
I, € R¥¢ Ty € R0 Obviously [01y] = W@ Q' Ty = V91, , = V1,9 Since T
is nonsingular, rank(I';) = e. Q' is an orthogonal matrix and thus rank( W) ) =e. O

The following theorem formulates results for the set F.

THEOREM 4.4. Let (2.3) be the SVD of [B|A] with the partitioning (2.6), m > n +d,
A=g<n(p=n—q). Let the TLS problem (1. 1) —(1.3) be of the 1st class; i.e. Vlg is of
full row rank equal to d. Let 6, > 0y =---=0,3 = =0, 1<e< d (zfq— n,
then o, is not defined). Conszder the partztwmng of V(12 given by (4.5). Ij

(4.6) rank(W@9) = ¢

(the problem is from the set F, ), then X1pg = X0 = — Vé’é ng given by (3.17) repre-
sents the TLS solution having the minimality property (3.22). The corresponding cor-
rection [G|E|] given by (3.15) has the norm (4.4).

The proof follows immediately from Lemmas 4.3, 3.6, and 3.7.

The problems of the 1st class dlSCll§§6d earlier in sections 3.1 and 3.2 belong to the
set F. In the first case ¢ = 0 and V 2) V15 is square nonsingular. Thus, independently
of the value of e (4.5) yields W) with the (full column) rank equal to e and the matrix
Q' from Q = diag(Q’, I,_,) in the assertion (ii) of Lemma 4.3 can always be chosen cqual
to the identity matrix I,; i.e., Q = I,. In the second case e = d. Thus W(¢-9 =V q is of
(full row) rank equal to d. Here the identity block I4_, in the assertion (ii) of Lemma 4.3
disappears; i.e.,Q = Q.

4.2. The set F,—problems of the 1st class having a TLS solution but not
in the form X@, Consider a TLS problem of the 1st Cldbh from the set F,, i.e.,
rank( V )) = d — e and rank(W(¢9)) > ¢in (4.5). Because V12 ) is of full column rank
there exists Q = diag(Q'.1,_.) having the block diagonal form (4.3) such that (4.1)
holds, i.e.,

(4.7) V9 Q= (W Qv = [QIf v

with T = [ Vg;u)] nonsingular. Consequently, the correction [G|E] defined by (4.2) is
minimal in the Frobenius norm (see Theorem 4.1), and the corresponding matrix X =
—ZI'™* given by (3.20) represents a TLS solution (which is, by Lemma 3.7, the unique
solution of the corrected system with the given fixed correction [G|E]). Because
rank( W) > e and @' is orthogonal, the product W9 Q' = [Q|I;], where rank(I';) =
e (T is nonsingular), leads always to a nonzero Q. On the other hand, the construction
(3.15)(3.17) always leads to Q = 0. Hence, the matrix X(9) given by (3.17) does not
represent a TLS solution.

The following theorem completes the argument by showing that any problem from
the set F, always has a minimum norm TLS solution.

THEOREM 4.5. Let (1.1)—(1.3) be the TLS problem of the 1st class belonging to the set
Fy. Then there exist TLS solutions given by (3.18)(3.20) minimal in the 2-norm, and in
the Frobenius norm, respectively.

Proof. A TLS solution X = —ZI! is obtained from the formula

oS- 54
ol o | 1. vzl
where the block diagonal matrix 5,2 is the orthogonal matrix (4.3) from Theorem 4.1.

The TLS solution is uniquely determined by the orthogonal matrix Q=
[Q)|Qy] € Rla+ox(ate),

V(‘Z)
V22

V
V22

Q=
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In our construction, Q' € R(T9)x(a+¢) js required to lead to a nonsingular I". Since
the matrix inversion is a continuous function of entries of a nonsingular matrix, and
matrix multiplication is a continuous function of entries of both factors, the matrix X =
— ZI'! is a continuous matrix-valued function of @' Define two nonnegative functionals
Ny(Q):Rle+ex(a+e) — [0, +00] and Np(Q'):Rl+ex(e+e) [0, +00] on a set of all
(¢ + e)-by-(g + e) orthogonal matrices such that

Ny(Q) = 1X(@), if @ gives f( (') nonsingular,
2 T | 40 if @ givesI'(Q')singular.

The functional Ny (Q') is defined analogously. Note that both functionals are nonnega-
tive and lower semicontinuous on the compact set of all (¢ + €)-by-(¢ + e) orthogonal
matrices, and thus both functionals have a minimum on this set. 0

Theorem 4.5 does not address the uniqueness of the minimum norm solutions, and it
also does not give any practical algorithm for computing them. Further note that the
sets of solutions minimal in 2-norm and minimal in the Frobenius norm can be different
or even disjoint. This fact can be illustrated with the following example. Consider the
problem given by its SVD decomposition

31000 -1 ‘ -3 V3 V37T

02 00[]1]3 -1 3 —V3
(4.8) [BIA|l= U - V3 V3 ,

0] 0 2 0[|4]|Vv3 NG 3

0 0 0 1 V3 -3 -3 1

where A € R¥™*2, B € R**? (it is easy to verify that ATB#0). Here ¢=1, e = 1,

y_1[-3 V3 o _L[ V3
wiee) = Z , yice —Z
4 {71 V3 273
have rank two and one, respectively. This problem is of the 1st class and belongs to the
set Fy. The TLS solution is determined by the orthogonal matrix

Q = | sin(¢

0

COs

- [Qi Q| 0
0 0 I, .,

cos(¢p) H —sin(¢) ‘ 0
) (¢) | 0
IR

which depends on only one real variable ¢. Figure 4.1 shows how the 2-norm and the
Frobenius norm of the TLS solution depend on the value of ¢. From the behavior of the
norms it is clear that the set of solutions minimal in the 2-norm has no intersection with
the set of solutions minimal in the Frobenius norm. If we use in the previous example
(4.8) the matrix of the right singular vectors

0 1 0 V3
ool ‘ 0 V3 o0
2|3 0 1 0

0 -3 0 1
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Fic. 4.1. (Left plot) The 2-norm and the Frobenius norm of TLS solutions of the problem (4.8) belonging
to the set Fo. Solutions minimal in different norms are distinct. (Right plot) Detail of the solutions minimal in
the 2-norm and in the Frobenius norm.

then there exists a solution which is minimal in both the 2-norm and the
Frobenius norm.

4.3. The set F3—problems of the 1st class which do not have a TLS
solution. Consider a TLS problem of the 1st class from the set F3, i.e., the case with
rank(V;?) < d — e. Since V1,9 in (4. 5) is rank deflCIGHt Q € Ra+dx(a+d) iy the block
diagonal form (4.3) leads to (4.7) with I" = I V1 N ] containing linearly dependent col-
umn(s). Thus T"in (4.1) is always singular. Consequently, in this case there does not exist
@ in the block diagonal form yielding I' nonsingular. Therefore, there is no correction
[G|E] having the norm (4.4) which makes the system (1.1) compatible; see Theorem 4.1.

Now we show that a TLS solution does not exist for the problems from the set F3.
Using a general matrix @ (see (3.18)), we construct a correction (3.19) which makes the
system compatible, and the norm of this correction is arbitrarily close to the lower bound
(4.4). Denote p = (d — e) — rank( V(He)) the rank defect of V12 Analogously to
section 4.2, there exists an orthogonal matrix Q' € R(+¢)x(¢+¢) guch that

Vi diag(Q.1,-,) = (W) VL)) = [QIF |V,

with rank ([l | V12 C)]) = d — p; compare with (4.7). Let 7 = {j, ... ,]p} denote indices
of any p columns of Vi, such that the remaining columns of V12 ° (with indices

{1,....,d— e} \J) are linearly independent. Because rank( VlZ)) =d, the matrix Q
has p hnedrly independent columns which are not in R([[] V1 B 6)]) let
K ={ki.....k,} denote their indices. Consider an angle 8, 0 < 8 < 7. A Givens rota-
tion corresponding to 8 applied subsequently on pairs of columns with indices j, and k,,
for £ =1, ..., p, can be written as an orthogonal transformation

Cn 0 S

QIF VLT 0 | 1 | o | =@ 77
—sh o [ cw

where C}; € R4 and Cyy € R(4-9%(@=¢) are diagonal matrices having p diagonal en-
tries (on the positions (kg, kz) and (jg, je), £ =1, ..., p, respectively) equal to cos(6)
(the other diagonal entries are equal to one), and S}, € R7*(4-¢) has entries on positions
(ke je), € =1, ..., p, equal to sin(6) (the other entries are zero). Since 0 < 6 < 7, the
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matrix I = [1:1 | f/SC)} is nonsingular, and thus the corresponding correction makes the
system compatible. The transformation matrix

0= Q'diag(Cyy.1,) ‘ Q[ST]
-shol | Cw

can be, with @ — 0, arbitrarily close to the block diagonal form (4.3), and moreover the
Frobenius norm of the corresponding correction

o n+d 1/2
IGIENs= | D o} +sin®(0)) (0741 — 0hiery)
J=n+1 jET

can be arbitrarily close to the lower bound given by (4.4).

Consequently, there is no minimal correction that makes the system (1.1) compa-
tible. The TLS problem (1.1)-(1.3) with rank deficient V(lge) does not have a
solution.

4.4. Correction corresponding to the matrix X@. In the previous three sec-
tions we have shown that a TLS solution (if it exists) always has the correction matrix
with the Frobenius norm (4.4). We can formulate the following corollary.

CoroLLARY 4.6. Consider a TLS problem (1.1)—(1.3) of the 1st class. The construc-
tion (3.13)~(3.17) yicelds the TLS solution Xypg = X if and only if there exists an
orthogonal matriz Q in the block diagonal form (4.3) such that substituting @ for @
in (3.13)—(3.15) gives the same correction |G|E].

Now we focus on the properties of the correction [G|E] given by (3.15) in general.
First we prove an auxiliary lemma.

Lemma 4.7. Let [G|E] be the correction matriz given by (3.15). Denote
s =rank([B|A]). Then the ranks of the correction and corrected matriz satisfy

(4.9) min{s, d} > rank([G|E]) > max{0,s — n},
(4.10) max{0, s — d} <rank([B+ G|A+ E]) < min{s, n}.

Proof. The upper bound in (4.9) follows immediately from (3.15). The lower bound
in (4.9) follows from the fact that the correction matrix makes the system compatible,
i.e., the resulting rank of [B+ G|A + E] is at most n, which also proves the upper
bound in (4.10). Since the rank of [G|E] is at most d, the lower bound in (4.10) follows
trivially. 0

The result of the following theorem can also be found in (22, eq. (5.4)].

THEOREM 4.8. Let [G| E] be the correction matriz given by (3.15). Then its Frobenius
norm satisfies

prd 172 ntd 12
(4.11) Yoo =lGE> | Y o2
j=p+l j=n+1

Proof. The lower bound in (4.11) is trivial. The matrix [G|E] has from (4.9) the
rank not greater than min{s, d}, which immediately gives the upper bound. From
the construction (3.15) a rank d matrix of the given form cannot have Frobenius norm
larger than (4.11). 0
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Since the Frobenius norm of the correction [G|E] given by (3.15) can be larger than
(Z;‘*ff 10 )1/ 2, the correction need not be minimal, and (3.17) need not represent (as
described above) a TLS solution. Further note that the inequalities in (4.11) become
equalities if and only if

Opij = Onijs j=1....d
(recall that n = p + ¢). This happens either if ¢ = 0 (the case with the unique solution
discussed in section 3.1), or if 0,. =---=0,.4 (the special case discussed in
section 3.2).

5. Problems of the 2nd class. In this section We briefly describe problems
(1.1)—(1.3) of the 2nd class, i.e., the problems for which V does not have full row rank;
see Definition 2.2. Here the right singular vector subspace given by the last (¢ + d) sin-
gular vectors vp1, ..., V,,4 does not contain sufficient information for constructing a
solution (3.20), and the problems of the 2nd class do not have a TLS solution (the
argumentation is analogous to that in section 4.3).

The classical TLS algorithm, which gives an output also for problems of the 2nd
class, is derived in [17] by a straightforward genemhzatlon of the single right-hand side
concept. The right singular vector subspace R([ V1 5 7 vy b ]T) used for the construction
(3.13)—(3.17) in previous cases is extended with additional right singular vectors until,
for bome t a full row rank block V( ) € R2(+4) 5 found in the upper right corner of V'
(and V12 is, at the same time, rank deficient),

q d
}d
V'l(f) V1(2t)
V= t t
n Vor | Vag
n—t t d
Then the matrix X = V( V( 9% with the corresponding correction can be

constructed analogously to (3.13) (3.17) with ¢ replaced by ¢. Obviously, this matrix
might not be uniquely defined when o, ,.; is not simple, in particular, when
0,y =0, 1. In order to handle a possible multiplicity of o,_;,1, it is convenient
to consider the notation

Op3>Opgy1 = " =0pnt =0p_141 > Oy ty2s

where § > t; put for simplicity n — g= p. (If such o,_; =0} does not exist, then put
g = n.) The condition that V 2) is of full row rank equal to d is readily satisfied, since
VE 7 extends V§2> Then X(@ and [G|E] can be constructed as in (3.13)—(3.17) with ¢
replaced by §. Thus, the matrix X(@ V Vlz)' represents a solution of the compa-
tible corrected system (A + E)X = B + G. The Frobenius and the 2-norm of the matrix
X@ are given by Lemma 3.5. Similarly to the problems of the 1st class, the minimality
property (3.22) of X(@ can be shown. Thus, X(? has minimal Frobenius and 2-norm over
all matrices X that can be obtained from the construction analogous to
(3.18)—(3.20) with g replaced by g. The substitution of § for ¢ ensures the uniqueness
of the construction and leads to the matrix with the smallest norm. On the other hand, it
inevitably increases the norm of the correction, with
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n+d 1/2
IGIE, > ( ) o’;’) .
jenr

The Frobenius norm of [G|E] is strictly larger than the smallest possible correction
reducing the rank of [B|A] to n, and the matrix X(@ does not represent a TLS
solution.”

6. Summary of the relationship to the classical TLS algorithm. The clas-
sical TLS algorithm gives for any data the output X® which is equal (1~n exact arith-
metic) either to X(9 given by (3.2), or by (3.10), or by (3.17), or to X(@ described in
section 5.

ALGORITHM 1 (THE CLASSICAL TLS ALGORITHM).
A fully documented Fortran 77 implementation is given in [15], [16]. The code can be
obtained through Netlib.org, cf. http://www.netlib.org/vanhuffel.
Require: A € R™*", B € R™*¢ {here the SVD of [B|A] in the form (2.3)-(2.6)}
1: A—0

+
C X0 - VRV
: return x, X®

2: if rank(V(lé)) =d and A =n, then goto 6

3:if rank(V(lg)) =d and 0, 5 >0, 5,1, then goto 6
4: A~A+1

5: goto 2

6: kA

7

8

The output X® is called a generic (or TLS) solution in [17] for any problem of the
1st class, and it is called a nongeneric solution in [17] for any problem of the 2nd class. As
our new partitioning and the included classification reveals,

(i) if the problem is of the 1st class and rank(W(#¢) = e (i.e., the problem be-
longs to the set F,), then X' () = X g represents a TLS solution (it solves the
TLS problem (1.1)-(1.3)), k = g;

(ii) if the problem is of the 1st class and rank( W(2€)) > e (i.e., the problem be-
longs to the set Fy U F3), then X® does not represent a TLS solution, which
exists for the problems in the set F5 but does not exist for the problems in the
set Fs3, K=¢;

(iii) if the problem is of the 2nd class, (i.e., the problem belongs to the set S), then
X® does not represent a TLS solution (a TLS solution does not exist), k = §.

For d = 1 (single right-hand side case) the output X® of Algorithm 1 represents the
TLS solution of the core problem (3.5) transformed to the original coordinate system.
The output X®) has two further important interpretations.

LemMMA 6.1 (the constrained total least squares (C-TLS)). The matriz X®) =

— Vg;) V(l';” gwen by Algorithm 1 represents the unique solution of the constrained mini-
mization problem

(6.1) )I(IIEII}H[G‘E]HF subject to (A+ E)X =B+ G,

*The matrix X(@ = — Vgg) V(lg)"' is called a nongeneric solution in [17, Definition 3.3, p. 78].
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0 0 v

(6.2) and [G|E] {—} =0 for all {—} ER { “}
w w V;‘;)

with the correction [G|E] given by (3.15) (with q possibly replaced by §).
The additional constraint (6.2) can be equivalently rewritten as

(GIE] PY} -0,

where Y is defined analogously to (3.13). Since 0,,_, > 0,,_..1, the correction matrix in
(6.1)—(6.2) is unique. Consequently, the constrained problem (6.1)—(6.2) has the unique
solution X¢_rrg = X®). Furthermore, since the matrix in (3.13) (with ¢ possibly re-
placed by §) has orthonormal columns, X®7Y = —(T"1)7ZTY = 0, and the additional
constraint implies that X®7Tw = 0 for all w from (6.2); see [17, Eq. 3.101, p. 79], [21],
[22]. Note that the problem (6.1)—(6.2) for k = g is considered a definition of the non-
generic solution in [17, Definition 3.3, p. 78 and Theorem 3.15, pp. 80-82].

LemmA 6.2 (the truncated total least squares (T-TLS)). The matriz
X0 = 7V.(Z';) V(l';)T given by Algorithm 1 represents the unique minimum norm TLS
solution of the modified TLS problem

(6.3) min |[[G|E]|,  subjectto  (A+E)X=DB+
X.E.G

Q)

)

n—Kk nt+d
where [B|A] = (Z u]ajvf) +O’n,(+1( Z u(,vf)
J=1

J=n—k+1

with the corresponding correction [(A}'\E’], H[é|E]HF =0, V.

The problem (6.3) is clearly a TLS problem of the 1st class (belonging to the set F).
Moreover, it is a special case described in section 3.2. This problem is called truncated
total least squares (T-TLS) problem for the given A, B with the solution X _qyg = X®;
see [17, note on p. 82]. It is worth noting that the T-TLS concept allows us to assume
that the original problem AX ~ B is a perturbation of the modified problem AX ~ B.
From the T-TLS point of view, any TLS problem may be interpreted as a perturbed
problem of the 1st class with the special singular values distribution (3.6). Since
Xr_rs = X®, Algorithm 1 can be used as a relatively simple and useful regularization
technique; see, e.g., [21], [2], [3] (for d = 1) and also [17, algorithm and comments in
section 3.6.1, pp. 87-90]. The distribution of the smallest singular values of [B|A] plays
no role in the algorithm output.

The true TLS solution (if it exists) does not have this regularization property. The
TLS solution uses information about the smallest singular values of [B|A].

7. Conclusions. We have presented a new classification of TLS problems with
multiple right-hand sides. Each TLS problem falls into one of four distinct sets. The
union of the first three sets F;, j =1, 2, 3, contains problems of the 1st class. It is
complemented by the set S of problems of the 2nd class, as illustrated by the following
schema.
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TLS solution exists

XrLs = 7\/'2(51)V1<2‘1)T

set Fi set Fo set Fs ' set S '
rank(W(@9) = ¢ rank(W(@9) > ¢ rank(W (@) > ¢
rank(Vs ) =d—e  rank(V59)=d—e rank(V59)<d—e
Problems of the st class, rank(V,{) = d 2nd class, rank(V;¥) < d

All approximation problems AX ~ B

It has been shown that the special cases analyzed in [17] belong to the set ;. We have
proved that any problem from F; U F, has a TLS solution, whereas problems from
F3US do not have a TLS solution. Moreover, for any problem from F; U F, there
exist a TLS solution minimal in the 2-norm and a solution minimal in the Frobenius
norm, but for the problems from the set 7, the minimum norm solutions can be distinct.

The classical TLS algorithm (Algorithm 1) computes a TLS solution only for pro-
blems belonging to the set ;. We have not provided an efficient algorithm for comput-
ing a TLS solution for the problems from F, (where it exists). It can possibly be obtained
using a nonlinear optimization over a parameterization of the set of corresponding
orthogonal matrices. However, this optimization is hardly practically applicable.

The TLS problems with d = 1 have been clarified through the concept of the core
reduction. An extension of this concept to a TLS problem with d > 1 could help to un-
derstand the discrepancy between the true TLS solution and the solution given by the
classical TLS algorithm. An approach based on such a reduction, outlined in [12], will be
discussed elsewhere.
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THE CORE PROBLEM WITHIN A LINEAR APPROXIMATION
PROBLEM AX =~ B WITH MULTIPLE RIGHT-HAND SIDES*

IVETA HNETYNKOVA?, MARTIN PLESINGER!, AND ZDENEK STRAKOSS

Abstract. This paper focuses on total least squares (TLS) problems AX ~ B with multiple
right-hand sides. Existence and uniqueness of a TLS solution for such problems was analyzed in
the paper [I. Hnétynkova et al., SIAM J. Matriz Anal. Appl., 32, 2011, pp. 748-770]. For TLS
problems with single right-hand sides the paper [C. C. Paige and Z. Strakos, SIAM J. Matriz Anal.
Appl., 27, 2006, pp. 861-875] showed how necessary and sufficient information for solving Az ~ b
can be revealed from the original data through the so-called core problem concept. In this paper we
present a theoretical study extending this concept to problems with multiple right-hand sides. The
data reduction we present here is based on the singular value decomposition of the system matrix
A. We show minimality of the reduced problem; in this sense the situation is analogous to the single
right-hand side case. Some other properties of the core problem, however, cannot be extended to the
case of multiple right-hand sides.

Key words. total least squares problem, multiple right-hand sides, core problem, linear approx-
imation problem, error-in-variables modeling, orthogonal regression, singular value decomposition

AMS subject classifications. 15A06, 15A18, 15A21, 15A24, 65F20, 65F25

DOI. 10.1137/120884237

1. Introduction. Consider a linear approximation problem

(1.1) AX ~ B, or, equivalently,  [B|A] { iéd } ~0,

where A € R™*", X € R™*¢ B € R™*? without any further assumption on the
positive integers m, n, d, and AT”B # 0 (this eliminates the trivial case where it
does not make sense to approximate B by a linear combination of the columns of
A; see also [14]). The equivalent [B|A] form in (1.1) has been chosen so that our
transformations will take it to block form (as, for example, in (2.1) below for the
d =1 case) revealing the core problem most simply. We will focus on incompatible
problems, i.e., R(B) ¢ R(A). If R(B) C R(A), then the system AX = B can be
solved using standard methods. Consider changes of the coordinate systems in R™,
R", and R? represented by orthogonal transformations

(1.2) AX = (PTAQ)(QTXR) ~ (PTBR) = B,

*Received by the editors July 11, 2012; accepted for publication (in revised form) by J. L. Barlow
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where P~ = PT Q' =QT, R~ = RT; or, equivalently,

wa w8 )= (o § 5[5 g ][ ]a)~o

We require that X solves (1.1) if and only if X = QT X R solves (1.2) and call such
problems orthogonally invariant. The total least squares problem (TLS)

(1.4) )}I%HG IGIE|| o subject to (A+E)X =B+G

serves as an important example; see [12], [13], [7], [5, section 6], [18]. Mathematically
equivalent problems have been independently investigated under the names orthogonal
regression and errors-in-variables modeling; see [20], [21].

In [8] it is shown that even with d = 1 (which gives Az ~ b, where b is an
m-vector) the TLS problem may not have a solution and, when the solution exists,
it may not be unique; see also [6, pp. 324-326]. In order to resolve this difficulty,
the classical book [19] introduces the so-called nongeneric solution. This book also
extends the TLS theory to problems with multiple right-hand sides, i.e., for d > 1.
The existence and uniqueness of a TLS solution with d > 1 is then discussed in full
generality in the recent paper [10], giving a new classification of all possible cases.

The sequence of papers [12], [13], and [14] by Paige and Strakos investigates, using
a unified framework, different least squares formulations for problems with d = 1. The
last paper [14] introduced the so-called core problem that separates the necessary and
sufficient information for solving the problem from the rest. It gives the necessary and
sufficient condition for existence of the TLS solution, explains when the TLS solution
exists and when it is unique, and clarifies the meaning of the nongeneric solution. For
a brief summary, see also the recent paper [10, pp. 752-753], which also shows that
there is a class of problems for which the classical TLS approach described in [19],
[22], [23], [9, Chapter 6.3, pp. 320-327] (in particular, the so-called classical TLS
algorithm; see [19, Chapter 3.6.1, pp. 87-90], [10, Algorithm 1, p. 767]) is unable to
find the existing TLS solutions.

The first steps in generalizing the core problem theory for d > 1 were done by
Bjorck in the series of talks [1], [2], [3], and also in the unpublished manuscript [4],
and by Sima [16] and Sima and Van Huffel in [17]. In a theoretical study presented in
this paper we further develop the data reduction suggested in [15] which gives the core
problem, we investigate its properties, and prove its minimality. We do not advocate
a computational technique for solving the problem. This is a matter of further work
and results will be published elsewhere.

The organization of this paper is as follows. Section 2 recalls the core problem
concept for a single right-hand side. Section 3 describes the data reduction for multiple
right-hand sides, shows how to assemble the transformation matrices, and discusses
basic properties of the reduced problem. Section 4 proves the minimality of the
reduced problem and thus justifies the definition of the core problem. Section 5
concludes this paper.

Throughout this paper, R(M) and N'(M) denote the range and null space of a
matrix M, respectively; I; (or just I) denotes an ¢ x { identity matrix; and Oy ¢ (or
just 0) denotes an ¢ x £ zero matrix. The matrices A, B, [B|A], and X from (1.1)
are called the system matriz, the right-hand sides (or the observation) matriz, the
extended (or data) matriz, and the matriz of unknowns, respectively.
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2. Data reduction in the single right-hand side case. Consider the linear
approximation problem (1.1) with d = 1. In [14] it was shown that there exist
orthogonal matrices P, @) that transform the original problem into the block form

-1
oo owal} 3110 117 Pt [ 2]
2

where by and Ay are of minimal dimensions. Such a transformation can be obtained
using the singular value decomposition (SVD) of the system matrix A,

(2.2) A=UxvT, UeR™™ S eR™" VeR™,

where U=' = UT, V=1 = VT Let A have k distinct nonzero singular values
(2.3) 01> 09> >0 >0,

and let their multiplicities be m;, j =1,... k; Zle m; = r = rank(A4). Then
(2.4) S = diag(o1 Loy s - - - » Ok Loy, O v 1)

Consider the partitioning U = [Uy,..., Uy, Upt1], U; € R™*™, j = 1,....k, and
Upy1 € R™¥™Mit1 where myy1 = m — r is the dimension of the null space N(AT).
Columns of U; represent an orthonormal basis of the jth left singular vector subspace
of A. Then

(25) 0Tl o v | = uTBavi=1r1s)

where

=0 =0 AT =0 =1kt L
and
(2.6) i =|fill = 0.

Note that ¢; = 0 if and only if b is orthogonal to the jth left singular vector subspace.
In order to be conformal with the multiple right-hand sides case, we keep (unlike in
[14]) the zero and nonzero components f; together until the last permutation. Let
S; € Rmixmi, Sj’ L= SJT, be a Householder reflection matrix such that

(2.7) STfi=ep;, er=[10,....,00" €R™, j=1,.. k+1,
and let
Sg = diag(St,...,5%), Sp = diag(Se,Sk+1), Sk = diag(Se, In—r).
Note that STYSr = 3. The orthogonal transformation
(USL)T DAV SR)] = STIfI2SkR] = ST fIZ]
maximizes the number of zero entries in the right-hand side vector

ng = [¢1€1T7---,¢k-61T7¢k+161T]T
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(as mentioned above, we may have ¢; = 0 for some j). Let b have nonzero components
fj, in7 left singular vector subspaces corresponding to nonzero singular values o; with
indices j1,...,Jm, 1 <7 < k. The component fr41 (the component of b in the null
space of AT) is nonzero due to the fact that the problem is incompatible. Consider
the row permutation Iz, of the matrix [ST f|%] such that

H}js}:f = [b?vo]T = [@ju <o Pims <Pk+1-,07 .o 70]T~,

i.e., all entries of

(28) by = [30]'17‘ e 7(10jﬁ7(101€+1]T = [”f]l“7 AR ”fjﬁ

are positive. Then there exists a column permutation IIz of the matrix H%E such

that
A 0
T _ 11
I X1k = { 0 T, } ,

where the block A;; € RTUX™ is (with b ¢ R(A)) rectangular, containing at most
one copy of each nonzero singular value o; on its diagonal and having the zero last
row. All the other singular values are moved to the diagonal of the second block Ass,
which can be of any shape, or nonexistent. Summarizing, we obtain

by || A 0
PT[b|AQ]:{01 51 AM}, P=US; ., Q=VSzlpg,

Al fral]” € R

where [b1|A11] and A17 are of minimal dimensions; see [14]. The corresponding trans-
formation and conformal splitting of vector of unknowns is

QT z = (VSgllg) e = { o1 ] .
z2
The subproblem [by|A11], or Ajjx1 &~ by, contains the necessary and sufficient infor-
mation for solving the original problem Az ~ b, and it is called the core problem. The
solution of the second subproblem Assxo & 0 with the maximally dimensioned block
Agy € RImM=7=1)x(n=7) can be considered to be x5 = 0 (see the discussion in [14])
giving
(29) I:Q|:I1:|:VSRHR|:IE1:|
xTo 0
The core problem (in a different form) can also be revealed by the Golub-Kahan
bidiagonalization; see [14, section 3] and [11].

For d = 1 the core problem has a unique TLS solution; see [14]. Using (2.9), the
core problem defines the minimum norm TLS solution if it exists, or the minimum
norm nongeneric solution of (1.1); see [14] and [10, section 3.1, pp. 752-753]. Com-
putationally (assuming exact arithmetic) the solution (2.9) is for d = 1, therefore,
identical to the output of the classical TLS algorithm given in [19, Chapter 3.6.1,
pp- 87-90]; see also [10, Algorithm 1, p. 767]. Unlike in the classical TLS algorithm,
the solution (2.9) is constructed in a straightforward way by separating the TLS-
meaningful part A1 & by of the problem Ax &~ b from the redundant and irrelevant
part represented by Agexs & 0, 29 = 0. In the rest of this paper it will be shown how
to generalize the SVD-based data reduction and obtain the core problem for d > 1,
i.e., for the problem AX ~ B.
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3. Data reduction in the multiple right-hand side case. Consider the
problem (1.1) with d > 1. In this section, we construct orthogonal matrices P, @Q, R
that transform the original data matrix [B|A] into the block form

R 0 B |0 An| 0
0 Q 0|0 0 [Ax |’

where By and Aj; are of minimal dimensions (the proof of minimality will be given in
section 4). The orthogonal transformation (3.1) is done in four successive steps: pre-
processing of the right-hand side B (section 3.1), transformation of the system matrix
A (SVD of A) (section 3.2), transformation of the right-hand side B (section 3.3),
and final permutation (section 3.4).

3.1. Preprocessing of the right-hand side. Let d = rank(B) < min{m, d}.
Consider the SVD of B in the form

(3.2) B=SORT, SecR™d @gRIxd ReRIXI
d d

d d
" mmmﬂNo ‘

where S has mutually orthonormal columns, i.e., STS = I, © is of full row rank, and
R is square, i.e., R~' = R”. (Note that the schema illustrates the case m > d > d;
other cases can be illustrated analogously.) We will see later that this R plays the role
of the transformation matrix R in (3.1). If d < d, then B contains linearly dependent
columns representing redundant information that can be removed from the original
problem (1.1). Multiplication of (1.1) from the right by R gives

(3.3) A(XR) ~ BR,

(3.1)  PT[B|4] { } = [P"BR|PTAQ] =

where

(54) BR=S6=[C,0]eR™¢  Ce Rmf, and
XR=[Y,Y]eR™, YeR™.
If d = d, then BR = C, XR =Y. With this notation

i -I; 0
(3.5) [BR|A]{X1”:[C,0|A] 3 —I, 5 | =[AY —C|4AY"] =~ 0.

The original problem (1.1) is in this way split into two subproblems,
(3.6) AY = C  and AY' =~ 0,
where the second problem is homogeneous. Following the arguments in [14], we con-

sider the meaningful solution Y/ = 0. In this way, the approximation problem (1.1)
reduces to

(3.7) AY ~ C, or, equivalently, [C]A] [ ’;E } ~0,

where A € R™" Y € R™4 and C € R™*? is of full column rank. From (3.2)(3.4)
it follows that the right-hand side matrix C' has mutually orthogonal columns.
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3.2. Transformation of the system matrix. Consider the SVD of A given
by (2.2) with (2.3) and (2.4). The problem (3.7) can then be transformed analogously
to (2.5),

(3.8) (UTAV)(VTY) =SZ ~ F,
where Z = VTY, F = UTC. Equivalently,

(3.9) 1ab) [ I } ~ 0.

The approximation problem X7 = F' has the full column rank right-hand side matrix
F with mutually orthogonal columns and the system matrix > in a diagonal form.

3.3. Transformation of the right-hand side. Similarly to the single right-
hand side case, we now transform the right-hand side matrix of (3.8) in order to get
as many zero rows as possible. Consider a partitioning of F' into the block-rows with
respect to the multiplicities of the singular values of the system matrix A, i.e.,

= LRI ) s where j € ]77 Jj=1....kk+1
F=[FF EL R h Fj e RMixd 1 kk+1
Let r; = rank(F;) < min{m;, d}. Consider the SVD of F; in the form
j J j J
310)  Fj=S8;0,WF, S €R™XM @ eR™X, W e RO,
J i j j J

d m;

T a
: : % ’

where S; is square, i.e., S; 1= S]T, ©; is of full column rank, and W; has mutually

orthonormal columns, i.e., WjTWj =1I,,j=1,....,kk+1. (Note that, as above,
the schema illustrates the case r; < m; < d.) The matrix S; generalizes the role of
the identically denoted matrix in section 2; see (2.7). Consider the block diagonal
orthogonal matrices

(3.11)  Sg = diag(S1,...,S), Sp=diag(Se,Sk+1), Sr = diag(Se, i),
where as in (2.4) r = rank(A), and recall that

Y= diag(UILn] P 70'k1771k70m,7r,nfr) € Rmxn7 01> 02 > >0 > 0',
see (2.3), (2.4). Then ¥Z ~ F from (3.8) can be transformed to
(3.12) (STESR)(SEZ) =~ STF  and  S{¥Sp=13.

Equivalently, (3.9) becomes

iy -
[STFIZ] { S;"% } ~ 0,

and the extended (data) matrix has the form

(;)IWlT 0'117”1 0 0

(3.13) [STF|S] = : )
(—')kWI? 0 o'k'Imk 0
®k+le+1 0 0 0
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If mj; > r;, then the block S]-TFj = ®]-WJT contains zero rows at the bottom; see
(3.10). Denote

®;

(3.14) oWl = { 0

:| s (I)]- e R" XE,

where ®; is the block of nonzero rows (if ; = 0, then the block ®; has no rows). For
rj = m; we simply have ©;W = ®;. It follows from (3.10) that ®; has mutually
orthogonal rows. The matrix ®; generalizes the role of the number ¢;; see (2.6), (2.8).

3.4. Final permutation. Now the aim is to find a permutation of (3.13) that
reveals the block diagonal structure (3.1). This can be done analogously to the single
right-hand side case (see also [14, section 2]), by moving the rows of (3.13) with zero
blocks in ©; W (see (3.14)) to the bottom submatrix of the whole matrix (see the
matrix in the middle row of (3.15)) with subsequent moving of the corresponding
columns with the diagonal blocks o I,,;—; in the bottom to the right,

@1W1T Ulfml 0 0
e : |: Iy 0 :|
L T 0 I
@ka 0 oilm, O R
| OeaWo | 0 - 0 0
[ @ o1, 0 0 0 01
P 0 owlr, 0 0 0
| 0 0 0 0 0
- 0 0 to 0 Ullml—rl 0 0
0 0 - 0 0 elmpr, 0
Lo 0 - 0 0 0 0|
[ B[4 ] 0
(3.15) =010 T }
Here II;, € R™*™ is given by
g o0 [[° ) 0 0
(3.16) T, = : h :
[1610] 0 0 [Im,:]ﬂ»k] 0
I, 0
0 I S B O

and it permutes the block-rows starting with ®; up, while moving the block-rows
starting with zero blocks down. Analogously, IIr € R™"*™ given by

(] o 10,0 0 0
0 M| o 0] 0
o .- 0 0 e 0 -

83




KaApiTOLA A: PUBLIKACE, JEJICH CITACE A REPRINTY

924 I. HNETYNKOVA, M. PLESINGER, AND Z. STRAKOS

rearranges the block-columns of the system matrix. Note that if for some j we have
rj = my, then the block I,,,, ., and the corresponding block-rows and block-columns
vanish; if r; = 0, then the block I, and the corresponding block-rows and block-
columns vanish. Let us briefly summarize the whole transformation.

3.5. Summary of the transformation. Using the SVD B = SOR”, defined
in (3.2), the original approximation problem (1.1)

AX = B, AeR™" X eR™4  BeR™*?
is transformed to
AY ~C, AeR™" YV eR™ (CeR™

with the full column rank right-hand side. Then using the SVD A = ULV defined
in (2.2)—(2.4), the problem is further transformed to

YZ~F, YeR™" ZecR™ FecRm

with the diagonal system matriz ¥. Using singular value decompositions F; = Sj(—)joT
of block-rows of F' (see (3.10)) and the orthogonal matrix Sg given by (3.11), the

right-hand side matrix gets the structure with the full row rank block-rows <I>jl and
the zero block-rows, while the diagonal system matrix ¥ stays unchanged. Finally,
the permutation matrices IIy,, IIp given by (3.16) and (3.17) are used to collect the
full row rank blocks, and to transform the system matrix to the block diagonal form
with two diagonal (in general rectangular) blocks; see (3.15).
We give a quick summary of the mathematical transformations, each preceded by
the relevant equation numbers:
(1.1), (3.2): AX ~ B=SORT =[C, 0|RT,
(UTAV)(VTXR) ~ UTBR,
(2.2), (3.4)-(3.8):
S(VIXR)~ [UTC, 0] = [F, 0],
(STUTAVSR)(SEVTXR) ~ STUTBR,
S(SEVTXR) ~ [SEF, 0],
(M} STUT AV Sgllg)(IRSEVTXR) ~ 1L STUT BR,
(3.15)—(3.17): (MIsR)MESEVTXR) ~ IESTF, 0],
diag(Au, Agz)(H}%SEVTXR) ~ diag(Bl, 0),

(3.10)(3.14):

so that the full transformations of A, X, and B can be summarized as
(3.18) (PTAQ)(QTXR) ~ PTBR, P=US. M, Q = VSgIg.

Clearly P~ = PT, Q' =Q", R°' = R”, and

m
T

T R 0] [Bi]O0[Au] 0 77}
P g =[BT
N N N ——

d d—d ™ n—n

(3.19)
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is of the form (3.1), where from (3.15)

o, |oil,, 0
(3.20) BiAn)=| € RTX (D),
Dy, 0 UkIr;c
Bt | 0O -0

and m = Zf;rll ri, = Z;?:l r;, d = rank(B). The block A has the form
(321) Aoy = diag(m Iml*7‘17 cee 7O-IC[TVLk*Tk7()WL*T*T;;+1,TL*’I‘)'

Thus the original problem AX =~ B is transformed into the block form

et ren- ()

compare with (1.2). Using a conformal partitioning of the matrix of unknowns

QTXR:{Xl Xi] b
(3.22) Xy X5 | tn—-m-
————
d d—d

where Q[ﬁ;] =Y, Q[ﬁ] =Y’ and [Y,Y'] = XR (see (3.4)) the block diagonal
structure of the system matrix and the right-hand sides matrix allows us to split the
original problem AX =~ B into (generally four) subproblems

A11X1 ~ Bl, and AQQXQ ~ 07 AUX{ ~ O, AQQXé ~ 0.

The last three subproblems are homogeneous and we consider, following the arguments
in [14], Xo =0, X] =0, X} =0. Only the subproblem

(3.23) A X, =~ By, or, equivalently, [B1]A14] { ;([E } ~0,

1
where A;; € R™*" X, € Rﬁxa7 By € R™%4 has to be solved. If its solution is X1,
the solution X of the original problem AX ~ B is then

(3.24) X=Q { )él 8 ]RT.

The dimensions of the reduced problem satisfy
max{7,d} <M=+ 7141 <A+ d.

Note that d can be smaller than, equal to, or even larger than 72. From the construction
we immediately have the following properties:

(CP1) The matrix Ayy € R™*" is of full column rank equal to 7 < .

(CP2) The matrix B; € R7™*9 is of full column rank equal to d < .

(CP3) The matrices ®; € R7 %4 are of full row rankequal tor; <d, j=1,...,k+1.
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Remark 3.1. Note that instead of the SVD preprocessing (3.2) of the right-
hand side B (section 3.1), one can use an LQ decomposition (producing a matrix
with m x d lower triangular block in the column echelon form and an orthogonal
matrix), or another decomposition giving a full column rank matrix multiplied by
an orthogonal matrix from the right. Similarly, instead of the SVDs (3.10) of F;
(section 3.3) one can use QR decompositions (producing a matrix with an r; x d
upper triangular block in the row echelon form and an orthogonal matrix), or another
decompositions giving a full row rank matrix multiplied by an orthogonal matrix
from the left. Such modifications lead, in general, to a different subproblem [B;|A41;]
with the same dimension as (3.20) and satisfying (CP1)-(CP3). Moreover, there exist
orthogonal matrices p-1 PT Q’ QT R~! = RT such that

(3.25) PT[B1|An) { i g } [B1|An].

Properties (CP1)—(CP3) are invariant with respect to any orthogonal transformation
of the form (3.25).

4. The core problem. Let [B;i|A;;] be the subproblem of the given prob-
lem [B|A] obtained by the transformation (3.18)(3.19). The subproblem [B1|A11],
By € R™*4 Ay, € R™*7 has the properties (CP1)-(CP3). Consider now arbitrary

orthogonal transformations of the form in (1.2) of the original problem analogous to
(3.18)(3.19) such that

1|0

5 1
(4.1) PT[B|A] 0 |0 H 0 |sz2

)

where P~1 = PT,)~' = QT, R~' = R7, and B, € R™"¥d_ A, ¢ R™*7 Substituting
for [B|A] from (3.19) gives

,,,,, Bi |0 A 0 B 0|

(4.2) (PTP)? {
0 To] 0 fo]
We will show that the subproblem [By \An] on the left-hand side of (4.2) has minimal
dimensions over all poss1ble subproblems [B1|A1 1] on the right-hand side; i.e., d < d

m < m, and T < n. In analogy with the single right-hand side case, this Justlﬁes
calling [Bl\An] a core problem within [B|A].

0 QTQ

RTR 0 }_

ul o
0 | Ay

4.1. Proof of minimality. The proof consists of five successive steps presented,
for an easy orientation, in separate subsections. The first gives d < d. The second step
describes the structure of the orthogonal matrix RTR. The proof of the inequality
m < i is then based on the projections of B to the left singular subspaces of A. The
fourth step describes the structure of the orthogonal matrix PT P which is needed for
finalizing the proof by showing m < 7.

4.1.1. Number of columns of the reduced observation matrix. In (4.1)

we have El e R™%d and

0
0

PTBR = { %1 } has rank(B;) =rank(B) =d, sothat d<d.
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4.1.2. Structure of the RT R matrix. Consider the partitioning

RTR = { R:n Rim } 7 1 e R Ry, € RU-Dx(d-d),
21 Iy

Then (4.2) gives

(PTP)T { B |0 } (RTR) = (P P)T { Blé%’u I BR!, } _ { Bi| o0 ]

00 0 010
T
d d-d d d-d

Because By is of full column rank, then R}, = 0. Consequently

~ /! 0
4.3 RT'R = n ,
“3) {Rgl Rsz}

and therefore R, has d orthonormal rows.

4.1.3. Number of rows of the reduced data matrix. The number m =
Zj;l rj of rows of [By|A;1] is the sum of dimensions of intersections of the range of
B with the individual left singular subspaces of A, and these dimensions are invariant
with respect to the orthogonal transformation of the form (3.18)—(3.19); see also
(3.20). The desired inequality m < m will be shown by comparing three different
forms of the SVD of the system matrix A. Recall that A = ULV (see (2.2)—(2.4))
is the standard SVD of A. Now consider the SVDs

211 . 6121‘71T7 gzz = [7222\7;,

with square orthogonal matrices lA]l, ﬁz, ‘71, and 1/72, and diagonal matrices il, ig.
Then, using (4.1),

~ ~ ~ T
_ | b Uy 0 > 0 ~| W 0
A (U RY)

represents another SVD of the system matrix A. Furthermore, A1, Ass in (3.20),
(3.21) are diagonal matrices. The transformation (3.18)—(3.19) gives

(4.5) A=P { AOH AO ]QT, where P =US.I,,
22

which also represents the SVD of A. Because the singular values (and their multiplic-

ities) of A are unique, for some permutation matrices IIz, IIx (analogous to IIz, IIg
in (3.16), (3.17))

S0

0 3

¥ =1

=~ A 0
T 11 T
n,_fnL{ 5 22}113,

The matrix U of the left singular vector subspaces of A can be expressed using (4.4),
(4.5) and some orthogonal matrices

(4.6) S, =diag(S1, ..., 8k Ski1), Sy €RMIMI G=1 .k k41,
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as
(4.7) v=p| Y Y IfT57 - puTsy.

0 Us

Using (4.1) and (3.19), the projections of B in the left singular subspaces of A are

PN TR -
UTB = §,0, { U1031 0 } BT — 8,10, { Eél 8 } RT,

and, with (4.3),

U'B 0] =ra BiR}, |0
(4.8) [ 5 1 0}:11{5%5,411,, [%]

The matrix R}, € R?*9 d > d, has linearly independent rows; see (4.3) and sec-
tion 4.1.1. Now every row of B; is nonzero (see (3.20) and (CP3)), so any row of By
multiplied by Rj; on the right must also be nonzero, and the matrix By R}, has m
nonzero rows. The matrix II permutes rows (see (3.16)), and matrices Sz, Sp (see
(3.11), (4.6)) are orthogonal block diagonal matrices such that (see (3.15), (3.14)),

5 [ &R 0
SlTsl- 10 1 0 :| } my
N BlR/ 0 ) : .
4.9 Stsp1 1 } = N / ;
( ) LPL L|: 0 0 Sgsk (I)kRH 0 M
L 0 0
P~ [ &1 R 0
Sg+1sk+1 k+(1) 1 0 } } Me+1

where each block of m; rows corresponds to one singular value o; (of the matrix X)
with the multiplicity m;. Because ®;R}; has all r; rows nonzero (since the rows of
®; are linearly independent, the rows of ®; R}, are, in fact, also linearly independent
and, therefore, each ®;R/; is of full row rank) and §JTS]- are orthogonal matrices,
the block matrix on the right of (4.9) has at least T nonzero rows; see (3.20). The
permutation matrix ﬁT then moves all the nonzero rows (and possibly also some zero
rows) of (4.9) to the top block [UTBy,0] € R™*? of the leftmost matrix in (4. 8).
Thus U7 i 31 has at least T nonzero rows (and possibly some zero rows). Because 7,
is square, B1 < R™%4 has at least 7 rows, so that m < m.

4.1.4. Structure of the PTP matrlx Consuier the partitioning of the per-
mutation matrices Iy, in (3.16) with m = Z r] as in (3.20), and fi, in (4.8) where

Uy is i % m,
HL = [Hl,HgL H1 S Rmxm’ ﬁL = [1/_\1171/'12]7 ﬁl c RmXﬁl_
Then (4.8) can be rewritten as

UFB|0] _
0 |0

78T I, 1757 S I,
fir87s, 11, 157510,

BiR}, |0
0o [0’
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yielding the condition
(4.10) (I3 ST SLIL)(B1 Ryy) = 0,

Using the structure of the matrices II;,, S (see (3.11), (3.16)) and analogously for II;,
and S (see section 4.1.3),

78T s, m,
(0. Iy -7 )57 131 0 0
- 0 0. 557 51 0 ’
0 e 0 [0, L, wﬂu]g{ﬂSkﬂ [Ir%“]

and thus with (3.20) the condition (4.10) is split into & + 1 block parts
& I .
([o,zmra]sfsj [ " D (@RL) =0, j=1.. kk+l
Because ®; R}, are of full row rank, this gives for all indices j

[O,Imr;j]ngSj { ]6] } =0, and thus also 117 STS,IT, = 0.

Using (4.7) we finally obtain

~ T
5 2= | U 0
PP =117sTS, 11 oz
LPLPLL 0 U2
(4 11) _ H{S%Q\Lﬁl ﬁlT 0 — |: Pl,l 0 :| }m
' M5 SES L UF 1iSES U7 |~ | Ph Ph | ym—m

and therefore Py, has T orthonormal rows.

4.1.5. Number of columns of the reduced system matrix. The relation
(4.2) gives, using the structure of PP in (4.11),

PO T{Au 0} TAY _ A | 0
{Pél sz] 4’*0 e ATl I v

[(P)T Arr, (P)" A2)(QTQ) = [A11,0].

Thus

Because (P};)” has orthonormal columns and QT@ is a square orthogonal matrix,
Ay € R™X7 in (3.20) has rank 7, and Aj; € R™*™ (see (4.1)) where

7 = rank(Ay;) = rank((P},)T A1) < rank([Ay;,0]) = rank(A;;) < 7

completing our proof. n|
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5. Summary and concluding remarks. We formulate the minimality proper-
ty as a theorem.

THEOREM 5.1 (minimality). Consider the problem AX ~ B (1.1) and its sub-
problem A1 X1 ~ By (3.23), where Aj; € R™*" and By € R™*? are obtained by
the transformation (3.19) described in section 3. The subproblem Ay1X, ~ B; has
minimal dimensions over all subproblems /Aln)?l = El, 211 S I&ﬁ”ﬁ, §1 e R™xd
obtained by an orthogonal transformation of the form (4.1), i.e., d > d, m > m, and
n>mn.

This motivates the following definition of the core problem within (1.1).

DEFINITION 5.2 (core problem). The subproblem Ay1 X, ~ By is a core problem
within the approzimation problem AX ~ B if [B1|A11] is minimally dimensioned and
Ass mazimally dimensioned subject to (3.1), i.e., subject to the orthogonal transfor-
mations of the form

T R|0] ¢ T _[ B0 4] 0
P[B\A]{T’?}_[P BRIPTAQ] = | T 0 T4m |-

The core problem obtained by the data reduction based on the SVD described in sec-
tion 3 is called the core problem in the SVD form.

This extends the core problem definition within the single right-hand side prob-
lems formulated by Paige and Strakos in [14].

The data reduction presented here is based on the SVD of the system matrix A.
The original paper [14] presents two ways of determining the core problem. The second
is based on Golub—Kahan iterative bidiagonalization. This can also be generalized to
problems with multiple right-hand sides. It leads to a band algorithm which was for
this purpose proposed by Bjorck; see [1], [2], [3], and also the unpublished manuscript
[4].

The core problem concept is a useful tool in understanding the TLS problems,
which was the original motivation in [14]. The data reduction and core problem
based on the generalization of the Golub-Kahan iterative bidiagonalization is under
investigation. The results will be presented in the near future.

Acknowledgments. The authors thank Diana M. Sima for valuable discussions
about the TLS problems. The numerous comments and suggestions of two anonymous
referees led to significant improvements of the text.
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BAND GENERALIZATION OF THE GOLUB-KAHAN
BIDIAGONALIZATION, GENERALIZED JACOBI MATRICES, AND
THE CORE PROBLEM*

IVETA HNETYNKOVA', MARTIN PLESINGER!, AND ZDENEK STRAKOSS

Abstract. The concept of the core problem in total least squares (TLS) problems with single
right-hand side introduced in [C. C. Paige and Z. Strakos, SIAM J. Matriz Anal. Appl., 27 (2005),
pp. 861-875] separates necessary and sufficient information for solving the problem from redundancies
and irrelevant information contained in the data. It is based on orthogonal transformations such that
the resulting problem decomposes into two independent parts. One of the parts has nonzero right-
hand side and minimal dimensions and it always has the unique TLS solution. The other part
has trivial (zero) right-hand side and maximal dimensions. Assuming exact arithmetic, the core
problem can be obtained by the Golub—Kahan bidiagonalization. Extension of the core concept to
the multiple right-hand sides case AX ~ B in [I. Hnétynkova, M. Plesinger, and Z. Strakos, SIAM
J. Matriz Anal. Appl., 34 (2013), pp. 917-931], which is highly nontrivial, is based on application
of the singular value decomposition. In this paper we prove that the band generalization of the
Golub-Kahan bidiagonalization proposed in this context by Bjorck also yields the core problem. We
introduce generalized Jacobi matrices and investigate their properties. They prove useful in further
analysis of the core problem concept. This paper assumes exact arithmetic.

Key words. total least squares problem, multiple right-hand sides, core problem, Golub—Kahan
bidiagonalization, generalized Jacobi matrices

AMS subject classifications. 15A06, 15A18, 15A21, 15A24, 65F20, 65F25
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1. Introduction. This paper further elaborates on extending the core problem
concept to total least squares (TLS) problems with multiple right-hand sides; see
[13]. We will use the same notation as in [13] and very briefly recall some basic facts.
Consider a linear approximation problem

(1.1) AX =B or, equivalently, (B|A] { _)gd } ~ 0,

where A € R™*" X e R"*4 B ¢ R™*4 and ATB # 0, without any further
assumption on the positive integers m, n, d. The matrices A, B, [B|A], and X
are called the system matriz, the right-hand side (or the observation) matriz, the
extended (or data) matriz, and the matriz of unknowns, respectively. We will focus
on incompatible problems, i.e., R(B) ¢ R(A), although, the compatible case is not
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strictly excluded. Consider the orthogonal transformations
(1.2) AX = (PTAQ)(Q"XR) ~ (PTBR) = B,

where P~1 = PT Q7' =Q", R~! = R”, or, equivalently,

o 5[ 4= (rmal 21)((% & 1[4]e)=

We call problems (1.1) and (1.2)—(1.3) orthogonally invariant and require that X solves

(1.1) if and only if X = QT X R solves (1.2)—(1.3). Within this paper we investigate
the most common case of the TLS problem

(1.4) ;I%HG I[G|E]|p subject to  (A+E)X =B+G,

where || - || denotes the Frobenius norm.

The TLS problem has been studied for a long time, including the works of Golub
and Van Loan [10], Van Huffel and Vandewalle [21], Wei [22], [23], and many others.
The paper [10] analyzes the single right-hand side case (d = 1) and uses a strict
decrease of the smallest singular value of the extended matrix [b|A] in comparison
to the smallest singular value of A as the sufficient condition for existence of the
TLS solution. The subsequent work [21] extends the concept of the TLS solution
by projecting out the inappropriate right singular vectors of [b]4] (called unwanted
directions) associated with the smallest singular values. This allows construction of
the classical TLS algorithm (see [21, section 3.6.1]) which always gives as an output
a computationally defined “solution”, with a relatively straightforward computational
extension to problems with multiple right-hand sides (d > 1). The analytic part
of this computationally defined algorithmic output, i.e., explanation of its precise
meaning in terms of the formulation of the TLS problem, remains very involved and
is not fully explained in [21]. The work of Wei [22], [23] complements the previous
results by focusing mainly on the rank deficient problems. All the theory in [10], [21],
(22], (23] follows essentially the path outlined in [10], in particular, it is mostly based
on the sufficient (not necessary and sufficient) condition for existence of the TLS
solution. The solvability of multiple right-hand side problems has been analyzed in
full generality only recently in [11], revealing the intriguing difficulties in the classical
approach. In particular, it shows that the computationally defined “solution” of the
TLS problem may be in some cases different from the true TLS solution, i.e., the
classical TLS algorithm may not reach the existing TLS solution.

The core problem concept, introduced in [16] for d = 1, is based on a different
reasoning. It asks what does it mean in terms of the original data A and b that the
solution in the TLS sense does not exist. Van Huffel and Vandewalle indicate that
this happens in the presence of the so-called nonpredictive multicollinearities (see [21,
p. 71]), when the linear dependency between the columns of A is stronger than the
linear dependency between the range of A and the right-hand side b. Projecting out
some unwanted directions in construction of the computationally defined “solution”
does not remove all redundancies and irrelevant information from [b|A]. For an or-
thogonally invariant linear approximation problem this is done by the core problem
reduction allowing us to simply formulate the necessary and sufficient condition for
the existence of the TLS solution for d = 1; see [16]. The core problem reduction
can be done by the singular value decomposition (SVD) of A or by the Golub-Kahan
iterative bidiagonalization [9]; see [16], [14]. Moreover, the core problem approach
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reveals that any partial result of the Golub—Kahan iterative bidiagonalization contains
a part of the necessary information for solving the original problem and it does not
contain any redundancies or irrelevant information.

In the multiple right-hand side case the situation is more complicated. The first
steps in generalizing the core problem concept for d > 1 were done by Bjorck in the
series of talks [2], [3], [4], and in the unpublished manuscript [5], by Sima in [19],
by Sima and Van Huffel in [20], and by Plesinger in [18]. Following these works and
the paper [11] fully classifying situations which can occur when d > 1, the paper
[13] provides a rigorous extension of the core problem concept to TLS with multiple
right-hand sides (1.4). The orthogonal transformation (data reduction) used there is
based on the SVD of the matrix A.

The results for single right-hand side problems give a motivation for using the band
generalization of the Golub—Kahan bidiagonalization (or simply the band algorithm)
also in the multiple right-hand side case, as proposed in [2], [3], [4], [5]. Here the
deflation due to possible zero entries reducing the band shape of the transformed
matrix plays a crucial role. We investigate the band algorithm and prove rigorously
that it indeed provides a core problem in the sense of [13]. Furthermore, we derive
additional properties of the core problem with multiple right-hand sides that might
be useful in analysis of its solvability.

The paper is organized in the following way. Section 2 recalls the background
results. Section 3 describes the band generalization of the Golub-Kahan bidiagonal-
ization. Section 4 introduces generalized Jacobi matrices and analyzes properties of
the band subproblem. Section 5 concludes the paper.

Throughout the text R(M) and N(M) denote the range and null space of a
matrix M, respectively; I (or just I) denotes an ¢ x ¢ identity matrix; e, denotes
the kth column of I; Oy ¢ (or just 0) denotes an ¢ x § zero matrix; and ||v| denotes
the Euclidean norm of a vector v. The following convention concerning the entries of
matrices will simplify the exposition:

e club () stands for a nonzero entry, & # 0;

o heart (©) stands for a general entry which can also be zero;

e cmpty spaces in matrices always represent zero entries.
Throughout the paper we assume ezxact arithmetic.

2. The core problem and other background results. In order to make the
text as self-consistent as possible, we briefly recall the known results used below.

2.1. Core problem. The core problem within the problem (1.1) is defined as
follows (see [13, Definition 5.2]).

DEFINITION 2.1 (core problem). The subproblem A1 X1 ~ By is a core problem
within the approzimation problem AX ~ B if [B1|A11] is minimally dimensioned and
Aoy mazimally dimensioned subject to the orthogonal transformations of the form

R 0 By [0] A | 0
0 Q 00 0 [Axn |’

where P~' =PT, Q7' =Q", R"-' = R".

Let Aj; € R™*7 have k distinct singular values o with multiplicities 7; and the
orthonormal bases of the corresponding left singular vector subspaces U; € R™*"7,
j=1,...,k Let rpp1 = dim(N (A7), with Uy41 € R™*"+1 having the orthonormal
basis vectors of N'(A%}) as its columns. Then U = [Uy,...,Ug, Upt1] € R™*™ and
UT = U~'. The core problem A;;X; ~ B has the following properties (see [13,
p. 925)):

(2.1) PT[B|A] { } = PT[BR|AQ] =
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(CP1) The matrix Ayy € R™*™ is of full column rank equal to 7 < .
(CP2) The matrix By € R™*4 is of full column rank equal to d < 7.
(CP3) The matrices ®; = U]-TBl € R"*4 are of full row rank equal to r; < d, for
j=1,...k+1.
These properties guarantee minimality of the core problem; see [13, section 4]. Di-
mensions of any subproblem A;;X; ~ B; having the properties (CP1)-(CP3) cannot
be reduced by any orthogonal transformation of the form (2.1). Moreover

<I)1 UITAH }Tl

UT[Bi|An]=| . : ™,
(I);C Ulc An }T’k
Dptq 0 i
d n
where [Us,...,Ux]TA1; is a square nonsingular matrix of the size m x m, n =

ri+- 47y, and @y is of full row rank ry.4; = m—n. Thus (CP1)-(CP3) imply that
the extended matrix [By|A11] is of full row rank equal to m, max{m,d} <m <7m+d.

2.2. Golub—Kahan bidiagonalization. Consider first d = 1, i.e., the single
right-hand side problem Az & b. Here the core problem can be obtained by the Golub—
Kahan iterative bidiagonalization.? Using the initial vectors go = 0 and p; = b/71,
where v, = ||b]|, it computes for j =1,2,...,

(2.2) g = ATpj — g1,
(2.3) Pi+17j+1 = Agj — pjay,
such that |g;|| = ||pj+1|l = 1, and «; > 0, vj41 > 0. The matrices

Pi=p1,....p] ER™Y, Q= q,...,q] €R™,

have orthonormal columns, PJTPJ = QJTQJ = I;; see [9]. The iterative process (2.2)—
(2.3) terminates when the right-hand side of one of the equations becomes zero, i.c.,
either ¢jo; = 0 (in the incompatible case) or pj+17;4+1 = 0 (in the compatible case)
for some j. Consider that Az & b is incompatible, b ¢ R(A), and let gri1m41 = 0.
Then, denoting P;¥ = Pryq and Q¥ = Qn,

71|
(2.4) (PP)T [ AQ] = L = [by]Ay) € ROFDXEHD
o
Tr+1
represents the core problem within [b|A], and

1 0 _ bl A11 0 — Ccp 1935} — cp Cp
0 Q]*{o 0 Azz]’ P=R% R Q=000

where P5P, Q5P are chosen such that P~! = PT, Q71 = QT sce [16]. A generalization
of the Golub—Kahan bidiagonalization for the problems with multiple right-hand sides
is given in section 3 below.

PTb|A] {

IDue to the close connection to the Lanczos algorithm one can also find it under the name the
Golub-Kahan-Lanczos bidiagonalization; see, e.g., [1], [3], [4].
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2.3. Right-hand side preprocessing. In order to get an equivalent problem
with the full column rank right-hand sides matrix, we preprocess B in an analogous
way to [13, section 3.1]. Let d = rank(B) < min{m,d}, B € R™*%. Consider any
decomposition of B in the form

(2.5) B=[C,0|RT, CeR™9  ReR™

where C is of full column rank, and R is square orthogonal, i.e., R~' = RT. Multi-
plication of (1.1) from the right by R gives

(2.6) A(XR)~BR, where XR=[V,Y|eRY  yecR™

(if d = d, then it can be considered R = Iz, B = C, X = Y). The original problem
(1.1) is in this way split into two subproblems,

(2.7) AY = C and AY' =~ 0,

where the second problem is homogeneous. Following the arguments in [16], we con-
sider the meaningful solution Y/ = 0. In this way, the approximation problem (1.1)
reduces to AY ~ C in (2.7). The full column rank matrix C € R”*? is called the
preprocessed right-hand side.

Remark 2.2. A decomposition (2.5) can be obtained using the LQ decomposition
of B (see [13, remark 3.1]) in the form

B =[A0RY, TeR™m AcR™d  ReRX

where II is a permutation matrix (representing possible row pivoting of B), and A is
in a lower triangular column echelon form with nonzero columns. Then C' = ITTA is
called the LQ-preprocessed right-hand side. Alternatively, one can use the SVD of B
(see [13, section 3.1]) in the form

(2.8) B=S[0,00RT, SeR™I ©ecR™ ReR

where S has mutually orthonormal columns, and the square nonsingular © contains
the singular values of B on the diagonal. Then C' = SO has (nonzero) mutually
orthogonal columns and it is called the SVD-preprocessed right-hand side.

3. Band generalization of the Golub—Kahan bidiagonalization. Now we
describe in details the band algorithm. Consider the problem AY =~ C, where C' €
R™*? is of full column rank obtained above. As an extension of (2.4), we want
to reduce [C|A] to the upper triangular band matrix with (at most) d + 1 nonzero
diagonals (all entries above the dth superdiagonal are zero). We start with the QR
decomposition of the right-hand side C. The basic band structure is then obtained
using Householder reflections. The whole transformation can be reformulated as an
iterative procedure that, employing deflations, reveals a subproblem representing the
core problem analogously to (2.2)—(2.4).

3.1. Basic structure of the band algorithm. First, the right-hand side C' is
transformed to the upper triangular form. Consider the QR decomposition

Ma Bz o Big

(31) C=PgF, F= { F01 } . R = V22
Ba_1,a
Ya,a
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where Pg) € R™*™, P(E; = P(E), and [ is the upper triangular square matrix with
a positive diagonal, v;; > 0, j = 1,... ,d. If C is the SVD-preprocessed right-hand
side, then F; = © is diagonal containing the singular values of the original right-
hand side B, and the first d columns of Py are the columms of S; see (2.8). Tt
should be noted that the matrix Pg) as well as the matrices Py below, which are all
€ R™*™ are distinct from the matrices P; € R™*7 used above in the description of
the Golub-Kahan iterative bidiagonalization. Denote L) = P&;)A, then

(3.2) PG)[ClA] = [F|L)).

It remains to transform L to a lower triangular band matrix with (at most) d+1
nonzero diagonals (all entries below the dth subdiagonal are zero). This can be done,
e.g., by multiplications of L) with suitable Householder matrices Hg j, Hp;, j =
1,2,..., from the right and left, respectively. Let, for k =1,2,...,

(3.3) P(k) = P(O)HPJHP?Q e Hp,k- S Rmxm, Q(k) = HQJHQ)Q R Hka € R™*™
be orthogonal matrices yielding a transformation

(34) PiylClAQuw)] = [FIPf)AQw)]

a1 Pz - ﬂlﬁ Ay G+
Vo2 : Baa1
Pa1a 5 o aag
Yd,d 5a,a+1 6k+1,3+k o - 0
(35) = Vd+1,d+1 b . . . ,
/Bk+371.3+k Qo Q
Varwarr ¥ 0 9
Q v
_ 0 0
(3.6) with «a;3,,>0, 75,7, >0, for j=1...k
Denote
(3.7) L) = P AQq) = Hp;Lii-1Ha,;
(3.8) and Loy = Ph_yAQy) = Li-nHgy,  j=1,....k

The entry a dti

the jth row of L(;_1), and, analogously, the entry ~; 444, represents the norm of

represents the norm of the trailing subrow (of length n — j + 1) of

the trailing subcolumn (of length m — j —d + 1) of the jth column of L. If the
first row of L) is zero (i.e., Qg = 0), or if the trailing subcolumn of Ly of
length m — d is zero (i.e., Va1 a1 = 0), or if the problem does not have enough rows
(i-e., ¥341341 does not exist), then the transformation (3.4) to the form (3.5) with
the condition (3.6) does not exist. In such case we formally put k& = 0 and Qo) = I,
This particular case is discussed later in section 3.2. In the rest of this paragraph for
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simplicity we consider «; 5, >0, vg,,3,; > 0,j=1,..., k. Denote by p1,....pg,,
the first d + & columns of Pxy and by qi,...,qx the first k& columns of Q). Using
(3.7) rewritten as

we can write for Ag; and ATp;

_ T
(3:10) Ag; = [pjPivis- - Piya—v Pisall®as Bivvaes - Biva—raes Yarsansl
T T
BADNA D =la; 341> G-1- Gl [Vig> Big+1s -5 By jrao10 @ as )
Using the initial vectors pi,...,p7 given by (3.1) and ¢;_3 = --- = qo = 0, the
columns of the (E + k) x k leading principal block of L), and the columns g1, .. ., gk,
and pg,,,...,pgyy, are iteratively generated by
d—1
T
(3.12) Gy = AP — 4y — | D 4aBiati |
i—1
(3.13) Biyids; =PipiAg  for i=1,....d—1,
a-1
(3.14) PagYarsies = A6~ 20— | dopiviBiyiay | -
i—1
where [[¢;|| = [lp; gl =1, ;5.5 > 0, 741 ., > 0, for j =1,2,..., k. The 3 entries

represent orthogonalization coefficients.

3.2. Deflation in the band algorithm. Now we focus on the case when the
right-hand side of (3.12) or (3.14) becomes zero (including the case k = 0). Let ¢
be the first index for which either gy 5,, = 0 (vielding formally Qi = 0) or
PavVareare = 0 (vielding formally v7,,5,, = 0), 1 < £ < min{n +1,m —d + 1}.
The cases £ =n+ 1 and £ = m — d + 1 represent reaching the number of columns and
rows of the system matrix, respectively.

3.2.1. Upper deflation. Let ¢or, 7,, = 0 for some £ < n+1. Recall that a, 7, ,

is the norm of a trailing subrow of the £th row of L,_1) = P&LI)AQ(Z,U to the right
of 52,344715 therefore,

. ) Xy 1 d40—1
(3.15) P<171)[C|AQ(1271)] = [F|L-1)] = " ﬁg,3+g,1 0 0

5£+1,E+171 o - 9

In this case the Householder matrix Hq ¢ is constructed to transform the first row
below the £th row having a nonzero trailing subrow (say, the £th row) while producing
045,3 ) > 0.
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This upper deflation can be easily described using (3.12)-(3.14). Consider that
the (¢ + 1)th row of [F|L(;_1)] has the nonzero trailing subrow. The formula for
computing a,, 7,, > 0 and g¢ is then given by equating the (£ +1)th (instead of the
(th) columns of AT Py = Q(Z)Lﬁ); see also (3.9) and (3.11). Formulas (3.12)—(3.14)
are then, for j = ¢, +1,..., modified to

d—1
— AT
(316)  qio;a; = AT =4 g g — | 4 anBii |
=2
(3.17) Biviar; =Pjwide  for i=2,...,d-1,

d—1
(B18)  payVarar =AU — P10 g Zp#iﬁm‘ﬂﬂ'
=2

The number of summands and computed coefficients [ is reduced by one for all j > .
Each upper deflation changes the pattern of nonzero entries in the band matrix by
reducing the effective bandwidth from the top by one.

3.2.2. Lower deflation. Let pg, ,vg,,5,, =0 for £ <m — d + 1. Recall that
Yy e e 15 the norm of a trailing subcolumn of the £th column of L,y = P(I,Zfl)AQ(Z)
below BZ+E—LE+Z7 therefore

- Ydse—1,d+e-1 BZ+E—1,E+Z Q
(3.19) Py_1[ClAQ] = [FILw] = 0 v

0 Q

Then we take Hpy = Ip,. The matrix L,y in (3.19) is multiplied by Hg ¢+1 from
the right, giving o, 5,,,,. and the algorithm proceeds with transformation of the
(¢ + 1)th column (provided its trailing subcolumn is nonzero). For capturing this
lower deflation analogously as above, it is convenient to consider a row-oriented for-
mulation of (3.12)—(3.14). Each lower deflation modifies the pattern of nonzero entries
in the band matrix by reducing the effective bandwidth from the bottom by one.

3.2.3. Band subproblem. Since the matrix [F|L )] has (d+ 1) nonzero diag-
onals (see (3.5)), after d deflations the effective bandwidth is reduced to one. Denote
P e R™™ @ € R™™ as the products of the resulting Householder matrices (see
(3.3)) and denote L = PTAQ. Then

B | A 0
T _ _ 1 11
(3.20) PriciaqQ) - Pz = [

and the problem is decomposed into the desired subproblems; see, e.g., the following
illustration:
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71 Bz Pus || ona upper deflation

V2,2 /32,3 ﬁ2,4 Q25

V3.3 || 3.4 53,5 3.6
Vaa Bas Pas oar

0 V5,6 55,7 Q5.8

Y67 Bes O
Y78 Q79
78,9 Q8,10

o 19 ... Q

(lower deflations) | ¢, o |

Let A;y € R™7, By € R™*d and denote PP = [p1,...,pm] € R QP =
[q1,--.,g7] € R™*™. In the rest of this paper we show that the band subproblem

(3.21) (PPYT[CIAQSP] = [Bi|An] € R™X (D

represents the core problem, by proving that it satisfies the properties (CP1)-(CP3);
see section 2.1.

An implementation of the band algorithm with inputs A and B, and outputs
A, Br, PP, QP and R (see (2.5)) can be found in Appendix A. For alternative
implementations see [19, Algorithm 2.4, p. 38] or [18, Algorithm 5.1, p. 74].

4. Core problem in the band form. Equations (3.20)—(3.21) immediately
give
T
ATPP = Q [AT] and  [ClAQY) :P{ CAEL ]

which represent QR decompositions of matrices AT P{P and [C|AQ7P], respectively.
The matrix Aj; is in the lower triangular column echelon form with nonzero columns,
thus it is of full column rank T giving the property (CP1). The right-hand side B is
in the upper triangular form with nonzero entries on the diagonal (see (3.1)), thus it
is of full column rank d giving the property (CP2). Further [By|Aj;] is in the upper
triangular row echelon form with nonzero rows, thus it is of full row rank m giving
the inequality

(4.1) max{7,d} <m <7+ d.

Note that for d = 1 the matrix B; becomes a vector by, the band algorithm
becomes the standard Golub-Kahan bidiagonalization of A, the matrices [b1|A11], A1
become bidiagonal with [by|A11]7[b1|A11], A1 AT, and AT} A1 representing Jacobi
matrices (symmetric tridiagonal matrices with positive subdiagonal entries). This
relationship has been used in [14] and [12]. Jacobi matrices represent thoroughly
studied objects with their origin in the first half of the 19th century; see the historical
note 3.4.3 in [15, section 3.4, pp. 108-136]; see also [17, Chapter 7, pp. 119-150], [24,
section 5, paragraphs 36-48, pp. 299-316], and [7, Chapter 1.3, pp. 10-20].

In the following we introduce generalized Jacobi matrices, discuss their spectral
properties, and show their relationship to the band subproblem with d > 1. In partic-
ular, we investigate bases of eigenspaces of generalized Jacobi matrices in section 4.1,
and we show that A;; AT} represents a generalized Jacobi matrix in section 4.2. As a
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consequence, the bases of the left singular vector subspaces of A;; have the properties
guaranteeing that the band subproblem [B;|A11] satisfies also the property (CP3).
Other generalizations of Jacobi matrices can be found, e.g., in [6, Chapter 3.

4.1. Generalized Jacobi matrices. Let 7' € R"*"™ be a symmetric matrix
with entries ¢ ;. In analogy to the notation in, e.g., [8, section 4.1], we consider for
k=1,....n

(4.2) f(k) =min{j : tx; # 0} and h(k) =k — f(k).

The number f(k) is the column index of the first nonzero entry in the kth row of
T (provided it exists), and h(k) is the distance between this and the diagonal entry.
Consider the following matrices.

DEFINITION 4.1 (p-wedge-shaped matrix). Let T € R™*"™ be a symmetric matriz,
and p, 1 < p < n, aninteger. If h(k) for k = p+1,...,n is positive and nonincreasing,
then we call T a p-wedge-shaped matrizx.

For clarity we give some examples of 3-wedge-shaped matrices:

© 0 0 & MERVERVER © 0 Q0
IVARVERVERVEN ) (VERVERVERY IVARVERV]
©O 00900 & Q000 & 0O 00 &
& 0O 0 000 &, |0 0008 & 0O &
L IAVERVERVERVARY L IRVERVERV LIV )
L IAVERVERVERY] & O 0 & & O &
L IRVERVERV] & O & QO

Recall that clubs (&) stand for nonzero entries, and hearts (V) stand for general
entries which can also be zero. Since 1-wedge-shaped matrices are symmetric tridiag-
onal with nonzero subdiagonal entries, the wedge-shaped matrices can be seen as a
generalization of Jacobi matrices.

Jacobi matrices have simple eigenvalues; see, e.g., [17, Lemma 7.7.1]. In the text
below it is shown that multiplicities of eigenvalues of a p-wedge-shaped matrix are
bounded by p. The following example of a 2-wedge-shaped matrix

00 1
00 0 (1)31
. — 8x8
1,0 .0"1 = 10 1 ® Iy € R
: 10
100

with eigenvalues

V41
2 )

B

-1 NG VBE+1

Asg = . Ars=
2 ) ,6 2 7,8 P

Al = — N34 = —
illustrates that the bound is sharp, in the sense that the multiple eigenvalues with the
multiplicity p can be present. This also shows that the strict interlacing property of
eigenvalues of Jacobi matrices (see, e.g., [17, section 7.10]) does not hold for wedge-
shaped matrices. Eigenvectors of Jacobi matrices have nonzero first and last entries;
see, e.g., [17, Theorem 7.9.3 (7.9.5 in the original Prentice-Hall edition)]. The following
theorem shows how to generalize the property of the nonzero first element to leading
subvectors of eigenvectors of wedge-shaped matrices. This immediately gives the
bound for the multiplicities of the individual eigenvalues. Subsequently, we show how
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to generalize the property of the nonzero last element to eigenvectors of wedge-shaped
matrices.

THEOREM 4.2. Let T € R"*"™ be a p-wedge-shaped matriz, 1 < p <n. Let A € R,
v=[v1,...,vn|T € R" be an eigenpair of T, i.e., Tv = v, v # 0. Then the leading
subvector [v1,...,v,|T € RP of v is nonzero.

Proof. Because h(k), k = p+ 1,...,n, is nonincreasing, the first nonzero entry
Ly, f(k) in the kth row is also the last nonzero entry in the (f(k))th column of T'. Using
the symmetry of T, t¢x) is the last nonzero entry in the (f(k))th row. Thus the
(f(k))th row of Tv = Av can for k = p+1,...,n be written as

k—1
(4.3) (th(k)’g V[) +tf(k),k v = /\l/f(k.).
=1
Let, by contradiction, vy = --- = v, = 0. Then (4.3) is for k = p+ 1 reduced to

Ef(pt1),o+1 Vol = AVf(p41)-

Because h(p + 1) is positive, f(p+1) < p+ 1 and vg,q1) = 0. Since t¢(pq1),p41 7 0,
then v,41 = 0. Repeating the argument gives, for k = p+2,...,n,vpp0 = - =1, =
0, which contradicts v # 0. 0

This theorem has the following corollary.

COROLLARY 4.3. Let T € R"™ ™ be a p-wedge-shaped matriz, 1 < p < n. Let
A € R be an eigenvalue of T with the multiplicity v. Let vy = [v14,...,vn e’ € R,
L =1,...,7, be an arbitrary basis of the corresponding eigenspace, i.e., TV = AV,
where V = [v1,...,v,] € R™*". Then the leading p x r block of V,

Vip oo Vi
(4.4) 0= € RPXT,
Vp1 -+ Vpr
is of full column rank r.
Proof. Since Vw = [wi,...,w,]T represents for any w # 0 € R” an eigenvector
of T, by Theorem 4.2, Quw = [w1,...,w,]T is nonzero, which gives the assertion. O

If » > p, then there exists a nontrivial linear combination of the columns of V'
which gives a vector with the first p entries zero, i.e., 2 € R?*" can obviously not have
full column rank. This gives the bound for the multiplicities of individual eigenvalues.

COROLLARY 4.4. An eigenvalue of a p-wedge-shaped matriz T € R"*" 1 < p <
n, has multiplicity at most p.

The following theorem generalizes the property of the last nonzero element of
eigenvectors of Jacobi matrices to eigenvectors of wedge-shaped matrices. The proof
is analogous to the proof of Theorem 4.2.

THEOREM 4.5. Let T € R"*"™ be a p-wedge-shaped matriz, 1 < p <n. Let A € R,
v=1[v1,...,vn]T € R™ be an eigenpair of T, i.e., Tv = Av, v # 0. Denote

{s1,..sspy ={1,....n}\{f(k) : k=p+1,...,n},

§1 < s <0< S,

where f(k) is given by (4.2). Then the subvector [vs,,...,vs,|T € R of v is nonzero.
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Proof. Since ty ¢(x) is the first nonzero entry in the kth row of T', the kth row of
Tv=MXvcanfork=p+1,..., n be written as

n

(4.5) L f(k) Vi(k) + Z teove | = Avg.
(=f(k)+1
Let, by contradiction, vs, = --- = vy, = 0. Because h(n) is positive, f(n) < n, and

vy =0 for all £ > f(n), in particular, v, = vs, = 0. Thus (4.5) is for k = n reduced
to

tn g (m) Vi) = 0,

and t,, n) # 0 gives vf(,) = 0. Repeating the argument for k =n —1,n —2,... up
to p+ 1 gives vy(—1) = Vfm—2) = -+ = Vf(pt1) = 0, which contradicts v # 0. 0

Note that s1,...,s, represent the row (and column) indices where the effective
bandwidth of T is reduced by one, and s, = n. Both nonzero subvectors of length p
described by Theorems 4.2 and 4.5 can be observed from the pattern of a wedge-shaped
matrix. As an illustration, eigenvectors of the following 3-wedge-shaped matrix of the
size 9 have nonzero subvectors [v1, v, v3]T and [vs, vg, vo]T:

v |[«— [0 O O & 17
vy [«—| © O ©O 0O & 123
V3 — (VERVERV VIRV — V3
Uy & (? (? QQ QQ & V4
vs & © 0 0 0O & Vs
Vg & O 0O Q — | v
vy & O 0O & vy
V8 & O & s
L Yo | L * Q ] — L Yo |

4.2. Singular values and vectors of the band subproblem. To prove (CP3),
we first show the link of the band subproblem (3.20)-(3.21) to the wedge-shaped ma-
trices. For a positive definite matrix M = Z7'Z with its (upper triangular) Cholesky
factor Z it is well known that

(4.6)  env(M) =env(zT + 2), where env(T) ={(k,j) : f(k)<j<k}

denotes the so-called envelope of a symmetric matrix 7', and f(k) is given by (4.2);
see, e.g., [8, section 4.2]. Analogously, using the structure of the band subprob-
lem (3.20)—(3.21), it is reasonable to expect that the symmetric positive semidefi-
nite matrices Ay A7} and [By|A11]7[B1|A11] inherit the band structure and represent
wedge-shaped matrices. However, their full row rank upper triangular factors A7}
and [Bi|A11], respectively, do not represent the Cholesky factors, in general. Thus
the abovementioned result cannot be used directly; see also an example in Figure 1.
Therefore we state and prove the following lemma which shows when Aj; AT} and
[B1]|A11]7[B1|A11] are wedge-shaped matrices.

LEMMA 4.6. Let Aj1 X1 ~ By, Aj1 € R™*™, By € R™*4 be the band subproblem
(3.20)~(3.21). If m > d, then the matriz

AnAf, e R
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[B1]A1]
L AVARVIRVIAVIRVIRVIRVAE
B AV VAV LVAE ) b
L RVAVAVILVIRVALVIRVAR
r L AVARVAVIVAAVIRVIRVAR 1
L AVARVARVALVIRVIRVIRVAR
r L AVARVAIVARVIRVIRVIRVAR 1
L AVARVARVIRVIRVIRVIRVEE )
r LINAAVAVVAVARVIRVIRVAE ) 1
*«0 000V (%)
r L AVARVILVIRVIRVIRV] 1
L AVARVIRVIRVIRV]
r LIAVARVIRVIRVAY ) 1
L IAVAVIVIRV]
r L AVARVIRVAE 3 1
L IAVARVAE 3
[ m=21 * O & 1
=16 LIAVAE 3
Fd=238 LAV 1
| 3 lower deflations | (in cols. 1, 8, and 10 of Ay;) *Z ]
5 upper deflations | (in rows 10, 11, 13, 19, and 21)

[B1|A11]" [B1|A1]

PIASTSIITITST
PIAIRBIITIIIIIET
PIAIIBITSIIELTT
PIAIIAIIRBIAIEIICT
PIAIIIIIIRBITPIITAA A
PIAIIIAIAIAASBLIITIIICC
PIIIIIIIIIRBEIIIIICTC
PIAITTSIIIIAPIIIIIIIIITA
AT ERBAITITITTT
PIAITATTAAATRIITITITITSTTT R
SRS RCRCRCRE RciRc] CARCRCRE J
AT PIITITIRBIITT S
PIAITATTPIIITTRAITSCS
ReRCRCRE S RRRR R SR ]
PIAIAATPIAITIITIIITIT R
SRR ReRcRcR R R el ]

oo

PISEIIIIITIAA
SAAPIIIIT e
PABPIIIP
PISPIIP
LR ek
S 3 P
L Rk ]
3o P

Fic. 1. Top: A band problem Z = [B1|A11] with d = 8. Bottom: One can see that the
positive semidefinite matriz M = [B1|A11])T[B1|A11] is an 8-wedge-shaped matriz. Since the upper
triangular matriz Z in the top does not represent the Cholesky factor of the matriz M in the bottom,
then env(M) # env(ZT + Z); see, e.g., the encircled nonzero entry in the top part and the encircled
zero entry in the bottom part.

is d-wedge-shaped. Since d +T7 > d, then the matriz
[BllAll}T[Bl‘All] c R(EJrﬁ)x(EJrﬁ)

is also d-wedge-shaped.
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Proof. Denote by a{ = e;{An the kth row of A1, thus agaj represents the
(K, j)th entry of A1 AT, We look for the first nonzero entry in the kth row of A;; A7},

k=d+1,...,/Mm. Denote by ¢(j) € {1,...,m} the row index of the first nonzero
entry in the jth column of Aqq, i.e.,

T . _ s -
(4.7) i) =190 Qg 34400, 0, ji=1,...,m.
j—1 n—j

Denote by ¥(k) € {1,...,m} the column index of the first nonzero entry in the kth
row of Ay1, i.e.,

4.8 ab =100,...,0,% 5 00> 9y ..., 9, k=d+1,...,m.
(4.8) k [ Vi, d+(k) ]
P(k)—1 n—(k)

For j = (k) the entries Qo) dti and Vi A+ (k) belong to the same column, i.e.,

(4.9) A A () = Viod (k) Voo (o)) a+p (k) > O-

Using the lower echelon form of Ajq, all rows above ag(w(k» ((4.7) with j = 9¥(k))

are structurally orthogonal to af (4.8), thus all entries to the left of af ag(y(k)) (4.9)
are zero. Consequently, a{aw(w(k» (4.9) is the first nonzero entry in the kth row of
AllA’{l7 k= E—i— 1, Lo, Thus

f(k) = o(@(k));

see (4.2). The matrix A;; has the band form with the « entries located on the top
and the ~ entries on the bottom of the band; see section 3.2.3 above. The row az:(w(k))
((4.7) with j = +(k)) is always placed above the row (4.8). Thus (4.9) is on the left
of the diagonal entry al ay, in the kth row of A11 AL}, ie., p(¥(k)) < k and

h(k) =k — o(¢(k))

is positive for k = d + 1,...,m. Because both ¢(j) and (k) are increasing, the
composed function ¢(¢(k)) is also increasing, and h(k) is nonincreasing for k =

d+1,...,m. Consequently, A3 AT} is a d-wedge-shaped-matrix.
The proof for [By|A11]T[B1]|A11] is analogous: Replace A1y by [Bi|A1:]" and
exchange the roles of the a and ~ entries. 0

Recall that m > max{7m,d}; see (4.1). Thus the only case not covered by the
previous lemma is @ = d, where Aj; A7} has no particular structure. Note that
d+7 = d (i.e., A11 has no columns) occurs in the excluded case A” B = 0 (after the QR
decomposition (3.1)-(3.2), the band algorithm starts with d upper deflations). The
matrix A7} A;; € R™7 is the trailing principal block of the d-wedge-shaped matrix
[B1|A11)T[B1|A11]. If @ > d, then AT, Ay represents a d-wedge-shaped matrix; see
also Figure 1. If m < d, then A?IAH has no particular structure.

Now we are ready to apply the spectral properties of wedge-shaped matrices
proved in section 4.1 to the band subproblem (3.20)-(3.21).

COROLLARY 4.7. Let A1 X, ~ By, A;y € R™7, B € R™*¢ be the band
subproblem (3.20)—(3.21), i.e., [B1|A11] and Ayy are the upper and lower triangular
band matrices, respectively, with (at most) d+1 nonzero diagonals. Then we have the
following:
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(a) The singular values of [B1|A11] and Ayy have multiplicities at most d.

(b) Letvy,...,v, be an orthonormal basis of the right singular vector subspace of
[B1|A11] corresponding to a singular value with the multiplicity r (or of the
null space N([B1|A11]) with the dimension ). Then the leading d x r block
of [v1,...,v.] € ROFDXT G5 of full column rank r.

(¢) Let uy,...,ur be an orthonormal basis of the left singular vector subspace of
Aq1 corresponding to a singular value with the multiplicity v (or of the null
space N'(AT)) with the dimension r). Then the matriz

d=u,... u) B € R

is of full row rank r, i.e., the band subproblem A11X1 =~ B satisfies the
condition (CP3); see section 2.1.

Proof. Assertion (a) follows directly from Lemma 4.6 and Corollary 4.4, except
for the case of Ay with 77 = d. Since A;; € R™*7 is of full column rank, 77 > 7, the
assertion becomes in this case trivial. Assertion (b) follows directly from Lemma 4.6
and Corollary 4.3. For assertion (c), the leading block Q € R of [uy, ..., u,] € R™X"
is of full column rank 7 by Corollary 4.3 (the case T = d excluded in Lemma 4.6
becomes again trivial) and By = [F{7,0]7, where F; € R?*? is nonsingular; see (3.1).
Thus @ is of full row rank r. 0

Consequently, we have proved that the band algorithm computes the problem
A11 X1 &~ By that satisfies conditions (CP1)—(CP3) defining the core problem formu-
lated in section 2.1. We state this result as the following theorem.

THEOREM 4.8. The band subproblem A1 Xy =~ By (3.20)-(3.21) obtained as the
output of the band algorithm described in section 3 applied on the problem AX ~ B
represents a core problem within AX =~ B in the sense of Definition 2.1. It can
therefore be called the core problem in the band form.

5. Concluding remarks. We have shown that the band generalization of the
Golub-Kahan iterative bidiagonalization algorithm always yields the minimally di-
mensioned subproblem within the original linear approximation problem AX = B.
This consistently extends the results obtained in [16] to problems with multiple right-
hand sides.

Assertions (a) and (b) of Corollary 4.7 give some additional properties of core
problems. For d = 1, these properties reduce to the well-known facts that singular
values of [by|A11] are simple and the right singular vectors have nonzero first compo-
nents, guaranteeing existence of the unique TLS solution of the core problem. The
properties from Corollary 4.7 might be helpful in analysis of solvability of core prob-
lems for d > 1. This issue is, however, still under investigation.

Appendix A. Implementation of the band algorithm. Algorithm 1 imple-
ments the band algorithm. Assuming exact arithmetic, it returns for general input
data A, B the matrices Ai1, By of the core problem in the band form, and the cor-
responding transformation matrices PP, Q¥ (see (3.21)), and R (see (2.5)). For
alternative implementations, see [19, Algorithm 2.4, p. 38] or [18, Algorithm 5.1,
p. 74]. In the algorithm pj, g; denote the kth and jth column of P and @, and
P.=[p1,-..,pkl €ER™F Q; =[q1,...,q;] € R™ (Qp represents a matrix with no
columns); Ly, ; = P AQ; denotes the k x j leading principal block of L, in particular
L7 = A1 (see (3.21)), and Iy ; = el Le; is the (k, j)th entry of L. The variables
cy and ¢y, are counters of the upper and lower deflations, respectively. The algorithm

stops when ¢y + ¢ = d = rank(B); see line 7. The indices j and k denote the
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ALGORITHM 1. BAND GENERALIZATION OF THE GOLUB-KAHAN BIDIAGONALIZA-

TION.
1: input A € R™*", B e Rmxd {ATB # 0, rank(B) = d}
2: compute B = [C,0]R” {RHS preprocessing, C' € R™*¢ RT = R=1}
3: compute C' = P; I {QR decomposition in the economic form}
4: initialize Qo < [], Lz, + [] {data arrays/matrices}
5. initialize ¢y < 0, cp + 0 {deflation counters}
6: initialize j < 1, k< d {control variables/indices}
7. while ¢y +cp < d do
g8 if j=1, then {compute an auxiliary vector}
9: auxg < ATpjie, = ATpy

10:  else )

11: auxg  ATpjicy — X1 Giljey

12:  end

13 if aux, #0, then

14: Uy g < llauxg|l {compute « coefficient}

15: qj < auxg /oy, g0 {compute ¢ vector}

16: Qj + [Qj-1,4] {update of  matrix}

17 beta < []

18: if cy+c, <d—2, then

19: for i=j+1+cy,...,j+d—1—c; do

20: Biﬁﬂ' <+ pl Ag; {compute f coefficients}

21: beta < [beta, 5, 5]

22: end

23: end

24: Lij + [Lij—1,[01j-14c0, ¥ o, a4 Deta 17 {update of L (add a col.)}

25: aux,  Ag; — Zle pilij {compute an auxiliary vector}

26: if aux, #0, then

27: k<« k+1

28: Vs, < llauxy|| {compute v coefficient }

29: P 4 aUXp /Y Gy {compute p vector}

30: Py + [Pe—1,pk) {update of P matrix}

31: Lij (L1 5 001,702,501 {update of L matrix (add a row)}

32: else

33: cr, «—cp+1 {lower deflation}

34: end

35: j—7+1

36:  else

37: cy <—cy+1 {upper deflation}

38:  end

39: end

40: Mk, M= § =1, By [FT, 05 37, Au  Limm, PI* < P, QF° « Qn

41: output Ay; € R™7, By e R™*4, PP e R™*™ QP e R™7, R e R

number of columns and rows, respectively, of the currently computed part of the
matrix L. If j or k£ becomes equal to n or m, respectively, then the algorithm stays
in the loop of lines {7-13, 36-39, 7, etc.} or {7-26, 32-35, 38-39, 7, etc.}. The value
of cyr, respectively, ¢y, increases until ¢y 4+ ¢, = d. The following schema illustrates
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(on the example given below (3.20)) how the algorithm assembles the matrix A;q; the
arrows represent updates in lines 24 or 31:

r a4 [ a14] O arg| O 0
I~ = 24, 21’4 o | Bra | 2a | Prafazs | 2| Baafazs| O
.0 ﬁ;i B3,4 B34 | B35 B35 | as6
- V4,4 L Va4 | Bas Bas | Bas
[ 1.4 0 0 I Q1.4 0 0
N Boa | o5 | O " Boa | s | O
— | B34 | B3s|aze | — | P34 | P35 | ase
Yaa | Bas | Bas Yaa | Bas | Bae
L 0 0 76 L O 0 56 |
[ais] O 0 0 0 0 0 ]
Bos | o5 | O 0 0 0 0
B34 | B35 | aze| O 0 0 0
a1 20 | Y44 | Bas | Bae | a7 | O 0 0
=00 : . d ; =Lmn=A
0 0 56| Bs7|ass| O 0 1
0 0 0 7,7 |Bes]| O 0
0 0 0 0 8| a9 0
L 0 0 0 0 0 78,9 | @810 |

The sums in (3.12), (3.14), or in (3.16), (3.18), are implemented in lines 11 and 25,
respectively. This implementation does not reflect, for simplicity, the structure of zero
entries in the band matrix; i.e., as an example, the sum in line 11 computes the full
matrix-vector product of the matrix [q1, ..., gj—1] with the last column of LZ:j—l'
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SOLVABILITY OF THE CORE PROBLEM WITH MULTIPLE
RIGHT-HAND SIDES IN THE TLS SENSE*

IVETA HNETYNKOVA', MARTIN PLESINGER!, AND DIANA MARIA SIMA?

Abstract. Recently it was shown how necessary and sufficient information for solving an or-
thogonally invariant linear approximation problem AX =~ B with multiple right-hand sides can
be revealed through the so-called core problem reduction; see [I. Hnétynkovd, M. PleSinger, and
Z. Strakos, SIAM J. Matriz Anal. Appl., 34 (2013), pp. 917-931]. The total least squares (TLS)
serves as an important example of such approximation problem. Solvability of TLS was discussed
in the full generality in [I. Hnétynkové et al., STAM J. Matriz Anal. Appl., 32 (2011), pp. 748-770].
This theoretical study investigates solvability of core problems with multiple right-hand sides in the
TLS sense. It is shown that, contrary to the single right-hand side case, a core problem with multiple
right-hand sides may not have a TLS solution. Further possible internal structure of core problems
is studied. Outputs of the classical TLS algorithm for the original problem AX =~ B and for the core
problem within AX &~ B are compared.

Key words. total least squares (TLS) problem, multiple right-hand sides, core problem, linear
approximation problem, error-in-variables modeling, orthogonal regression, classical TLS algorithm
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1. Introduction. Consider a linear approximation problem

(1.1) AX =B or, equivalently, (B|A] { —;d } ~ 0,
where A € R™" X ¢ R4 B ¢ R™*4 and ATB # 0. (Otherwise the only
meaningful solution is X = 0.) Consider its orthogonal transformation

(1.2) AX = (PTAQ)(QTXR) ~ (PTBR) = B,
where P~t = PT Q7' =QT, R~! = RT, or, equivalently,

(1.3) [BIA] [ _)é"’ } = [ P"(BlA] {g g} {ROT C;)T } [ o }R ~ 0.

We assume that the problem (1.1) is orthogonally invariant, meaning that X solves
(1.1) if and only if X = QTXR solves (1.2)-(1.3). In this paper, we focus on the
total least squares (TLS) formulation of (1.1), i.e.,

(1.4) )gnEinG G E]|| g subject to (A+E)X =B+G,
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where ||.||r denotes the Frobenius norm. The TLS problem (1.1)-(1.4) has been in-
vestigated for decades; see [3], [12], [13], [14]. The existence and uniqueness of a TLS
solution with d > 1 was discussed in full generality in the paper [4], revealing some
difficulties in previous concepts. For example, the output of the widely used com-
putational approach—the classical TLS algorithm (see [10], [11], [12, Chapter 3.6.1,
pp- 87-90])—in some cases differs from the existing TLS solution.

The so-called core problem reduction introduced in [7] for d = 1 brings a different
point of view. It decomposes the original problem into two independent parts, one
always having the unique TLS solution and minimal dimension (called the core prob-
lem), and the other having zero solution and maximal dimension. In this way, the core
problem reduction allows one to separate the necessary and sufficient information for
solving the problem from the rest. Moreover, the core problem reduction for d =1 is
invariant with respect to the classical TLS algorithm in the sense that the output of
the algorithm for a problem Az & b is equal to the output for its core problem (after
some orthogonal back-transformation).

The core concept was generalized to d > 1 recently in [5] and [6]; see also the first
attempts in [1], [2], [9], and [8]. The construction of a core problem is based either
on the singular value decomposition (SVD) in [5] or on the band generalization of the
Golub-Kahan bidiagonalization in [6]. Each of the approaches allowed investigators
to obtain several properties of core problems with d > 1. However, existence and
possible uniqueness of a TLS solution of a core problem, as well as any influence of
the core reduction on the outputs of the TLS algorithm, have not yet been analyzed.
Here we fill in these gaps. In particular, we prove that a core problem with d > 1 may
belong to any of the classification sets introduced in [4], and thus it may not have
a TLS solution. We show this constructively by deriving examples of core problems
belonging to all the sets. On the other hand, we prove that the invariance of the
classical TLS algorithm under the core problem reduction holds also for d > 1.

Section 2 summarizes the classification of TLS problems and gives properties
of core problems with d > 1. It describes the basic results on solvability of core
problems in the TLS sense. Section 3 employs properties of core problems to explore
their possible internal structure. Section 4 analyzes the solvability of core problems
with d > 1 in the TLS sense. Section 5 discusses the core problem reduction in the
context of the classical TLS algorithm. Section 6 concludes the paper.

Throughout the paper, R(M) and N (M) denote the range and null-space, re-
spectively, of a matrix M; I, (or just I) denotes an ¢ x ¢ identity matrix; O¢¢ (or just
0) denotes an ¢ x & zero matrix; and M T denotes the Moore-Penrose pseudoinverse
of M. The matrices A, B, [B|A], and X from (1.1) are called the system matriz, the
right-hand sides (or the observation) matriz, the extended (or data) matriz, and the
matriz of unknowns, respectively.

2. Preliminaries. First we briefly recall some results from [4], [5], [6], and [7].

2.1. Classification of TLS problems. Consider the problem (1.1) and its SVD
(2.1) [BIA|=USVT and 01> >0, > 011 > > 0pya > 0;

i.e., 0; denote the singular values including the multiplicities. If m < n+ d (which is
often the case for core problems), then

0122072041220, >0 and opy1 = =0ppqa =0.
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Define integers ¢, n > ¢ > 0, and e, d > e > 1, such that

(2.2) On—q > On—q+l =" =0p =Ontl = ' = Onte > Ontetl;

q e

ie., ¢ is the “left” and e is the “right multiplicity” of oy,+1. (Note that o,_4 or
Ontet1 May not exist if ¢ = n or e = d, respectively.) Further define a conformal
partitioning! of the matrix V e R(+d)x(ntd)

Vii  Viz Vi3 }d

2.3 V= .
(23) Vor Vo Va3 In

The block-columns correspond to singular values strictly larger than, equal to, and
strictly smaller than o,,1, respectively. (Note that Vi1, Va1 or Viz, Vag may not exist
if n = q or d = e, respectively.)
The classification introduced in [4] distinguishes four disjoint sets F1, Fa, F3, and
S of TLS problems based on ranks of individual blocks in (2.3):2
F: If rank([Vi2, Vi3]) = d, then the problem is of the first class and the following
hold:
Fi: Ifrank(Vig) = e, rank(Vi3) = d—e, then the problem has a TLS solution
(that may be unique as well as nonunique), and there exists a TLS
solution minimal in both the Frobenius and the 2-norm at the same
time. Such a solution can be computed by the classical TLS algorithm.
Fo: If rank(Via) > e, rank(Vi3) = d — e, then the problem has a nonunique
TLS solution, and the TLS solutions minimal in the Frobenius and 2-
norms may be different. The classical TLS algorithm cannot reach a
TLS solution.
Fs: If rank(Via) > e, rank(Viz) < d — e, then the problem does not have a
TLS solution.
S: If rank([Vi2, Va3]) < d, then the problem is of the second class, and it does
not have a TLS solution.
Note that a problem Az ~ b with a single right-hand side (d = 1) belongs either to
the set Fi or to the set S. Further, the TLS solution minimal in both the Frobenius
and the 2-norm is in F; (and only here) given by

(2.4) Xr1s = — [Vaz, Vas)[Viz, Vis)',

and it represents the unique TLS solution if and only if [Vi2, Vi3] is square invertible
(or equivalently o,, > 0y41, or Via is of full column rank); see [12], [4].

2.2. Core problem properties. The core problem within (1.1) is defined as
follows; see [5, Definition 5.2].

! Different partitionings of V are used in the literature. The paper [4] and the book [12] use
partitioning into four blocks V;J'W), i =1,2, j = 1,2. The blocks Vi1, [Viz, Vi3], Va2, [Va2, Va3] of
(2.3) correspond to the blocks Vn(‘”, V12(‘7), V21(q)7 \/22(‘7), respectively, in [4]. Since the analysis
in [12] is based on the matrix [A|B] instead of [B|A], the roles of block-rows of V' in [12] and [4] are
exchanged.

2The classical literature (e.g., the book [12]) often uses the terminology generic and nongeneric
problems, which in this classification correspond to the sets F and S, respectively.
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DEFINITION 2.1 (core problem). The subproblem Ay Xy = By is a core problem
within the approximation problem AX = B if [Bi|A11] is minimally dimensioned and
Az mazimally dimensioned subject to the orthogonal transformations of the form

R 0
0 Q

where P~' =PT, Q7' =Q", R"' = R".

The following theorem describes the core problem by its properties.

Bi|0]|Au| 0
0 Joff 0 [4z |’

(2.5) PT[B|A] { } = [PTBR|PTAQ] =

THEOREM 2.2. Let A11 X1 =~ Bi be any subproblem obtained by an orthogonal
transformation of the form (2.5). Then A11 X1 ~ B; represents the core problem if
and only if it satisfies the following properties:

(CP1) The matriz A1; € R™*™ is of full column rank equal to m < M.

(CP2) The matriz By € R™*¢ s of full column rank equal to d < .

(CP3) Let Ay have k distinct nonzero singular values o (A11) with multiplicities r;,
and 41 = dim(NV(ALR)). Let U; € R™*"5 be matrices having orthonormal
bases of left singular vector subspaces of Ai1 corresponding to o;(A1r) for
j=1,...,k, and of N(AL)) for j = k+ 1, as their columns. The matrices
¢; = U]TBl € R"*4 gre of full row rank equal to r; < dforj=1,.... k+1.

For the proof see [5, section 4]. Any core problem has also the following properties:

(CP4) The extended matrix [By|A11] € R7* @+ is of full row rank equal to 7,
which follows from (CP1) and (CP3); see [6, section 2.1].

(CP5) Let [B1]A11] have k distinct nonzero singular values o;([B1]A11]) with mul-
tiplicities o;, and g1 = dim(N([B1]A11])). Let V; € RO+DX0 he matrices
having orthonormal bases of right singular vector subspaces of [By|A11] cor-
responding to o;([Bi|An1]) for j = 1,...,k, and of N([B1|A11]) for j = k+1,
as their columns. The leading d x o; submatrices of V; are of full column rank
equal to o; < d, for j =1,...,k+ 1; see [6, Corollary 4.7(b)].

(CP6) Let 0;(A11) denote distinct singular values of A;; with multiplicities r;, then
r; <d and >, 15 =T, which follows from (CP3) and (CP1).

(CPT) Let 0;([B1|A11]) denote distinct singular values of [B1]|A11] with multiplicities
0j; then g; < d and Z]. 0j = m, which follows form (CP5) and (CP4).

It is worth noting that matrices Al _and B of the core problem within AX ~ B are
not unique. Any problem A;; X7 &~ B; obtained by an orthogonal transformation

(2.6) [Bi1|A11] = [PTBR|PT A11Q) = ﬁT[Bl‘A11]|: l(l)% % }7

where P~1 = PT, -t = QT, R~! = RT, also represents a core problem within
AX = B; see [5, Remark 3.1]. The properties (CP1)-(CP7) are invariant with
respect to the orthogonal transformation of the form (2.6).

Remark 2.3. Revealing the core problem using the SVD of A with the SVD-
preprocessing of B leads to the so-called SVD form of the core problem with B having
mutually orthogonal columns, and A;; diagonal (possibly with some additional zero
rows); see [5]. The approach based on the band generalization of the Golub-Kahan
bidiagonalization algorithm leads to the so-called band form with By upper triangular,
A1y lower triangular in a column echelon form, and [By|A11] upper triangular in a
row echelon form; see [6].
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2.3. Basic results on solvability of core problems. Using (2.5), the original
problem AX = B transforms into the block form

A 0 B |0
{ 011 Azz}(QTXR)z[ 01 0]'

A conformal partitioning of the matrix of unknowns

T | Xz ] in
e axn-[ 3 2] 1
penin ot
d d—d

allows us to split the original problem AX =~ B into subproblems
A11X1 ~ Bl and A1121 ~ 07 A22X2 ~ 0, A22Z2 ~ 0.

The last three subproblems are homogenous. Following the arguments in [7], X3 = 0,
Z1 =0, and Z3 = 0, and only the core problem

(2.8) A1 X1 =~ By or, equivalently, [Bi|A11] { ;(IE ] ~0,
1
has to be solved. If X; is some solution (e.g., the TLS solution) of (2.8), then
_ X1 0| por
(2.9) X=Q { oo } R

represents a reasonable solution of the original problem AX = B, fully determined
by the solution of the core problem. This leads us to the fundamental question of
existence (and possibly also uniqueness) of a TLS solution of (2.8).

For a problem with single right-hand side, i.e., d = d = 1, the properties (CP5)
and (CP7) guarantee solvability of the corresponding core problem in the TLS sense;
see [3], [7], and [4].

COROLLARY 2.4. Let Ax = b be an approximation problem and Aij1x1 ~ by the
core problem within Az = b. Then the following hold:

e The smallest singular value om11([b1]A11]) of [b1|A11] is simple.
o The first entry of the right singular vector of [bi|A11] corresponding to the
singular value omi1([b1|A11]) is nonzero.
Consequently, the core problem Aj1zq = by belongs to the set Fy and has the unique
TLS solution.

As a result, the core problem reduction simplifies the classification of single right-
hand side problems and gives (through the back-transformation) a clear interpretation
framework for a solution of the original problem.

Now consider a core problem with multiple right-hand sides,

A Xy = By, Ay € R”™X7 By € R™¥4,

and its SVD analogous to (2.1)-(2.3), where g + € is the multiplicity of the singular
value omiq of [Bi]|A1n], and the matrix V' of right singular vectors of [B1|A11] is
partitioned with respect to integers 7@, d, g, and €. Since the columns of

Viz (A+d) x (G+2)
2.10 ceR are
(2.10) [ Ve ]
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form an orthonormal basis of the right singular vectors subspace corresponding to
Omy1, the leading d x (g+¢€) submatrix of (2.10), i.e., the matrix Via, is of full column
rank by (CP5). This observation together with the results summarized in section 2.1
gives the following corollary.

COROLLARY 2.5. Let A11 X1 =~ By be a core problem. Then the following asser-
tions are equivalent:
e The problem A11X1 ~ By has a unique TLS solution.
o The problem A1 X, =~ B; belongs to the set Fi.

For multiple right-hand sides problems with core problems in i, this corollary
states solvability results generalizing the results for single right-hand side problems.
However, we show that a core problem with multiple right-hand sides may belong to
any of the sets Fi, Fa, F3, or S. We do it constructively, by building examples of core
problems belonging to these sets. In order to do this, we first prove that core problems
may have some further internal structure not present in problems with d = 1.

3. Internal structure of core problems. The following theorem shows that
a core problem with multiple right-hand sides may be composed of two or more
independent subproblems having the core problem properties.

THEOREM 3.1. The problems
Agclk)Xia) ~ B{&), A(llf) € RMeXTa B{a) c Rﬁ0x3a7
ADXD £ g0 4D cpmaxTs BO) ¢ graxds
represent two core problems, i.e., both satisfy (CP1)—(CP3), if and only if the problem

B 0 }
o B[

AY o

(31) A11X1 ~ Bl, where A11 = |:
0 A

| = |

represents a core problem, i.e., satisfies (CP1)—(CP3).
Proof. Obviously (CP1) are (CP2) hold; thus we concentrate on (CP3). Let

A =UOSOWON, L=a,p,

be SVDs with the standard ordering of singular values. Denote by ay) the distinct
nonzero singular values of A(lzl), by Ui([) the blocks of corresponding left singular

vectors, and let <I>§£) = (Ui([))TBYZ), ¢ =q,B. Let Uy, Ur be permutation matrices
such that

U o [ @ 0 c[ve o 1"
All:({ 0 U(ﬁ)}%> <\IJL 0 u® Vr )| Yk 0o v®

Un Y1 Vi

is an SVD of A;; with the standard ordering of singular values. Denote by o; the
distinct nonzero singular values of A;1, by U; the blocks of corresponding left singular
vectors, and let ®; = UiT B;. For each o; one of the following assertions is true:

° 0= G‘;a) for some j, and it is not a singular value of A(ﬁ]);

e 0, = Jff) for some k, and it is not a singular value of A(ﬁ};
° 0 = a;a) = U,(f) for some j and k, so it is a singular value of both A(S), A(l/j).
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Let the permutations ¥, ¥ be chosen such that

(a) (a)

U; 0 U; 0

U, = J U, = U, = J

' { 0 } o { U } o { o u® }

in these cases, respectively. This gives

(@)

@ . B . [ 0

o, =@ 0] or @ =1[0,2/] or @i:{ ) @(ﬂ)},
k

and ®; is of full row rank if and only if <I>;U‘) or ‘P;ﬁ) or both are of full row rank,
respectively. The same result can be obtained analogously also for &5 = UL B; and
é%) = (Ul(\f))TBl, where Uy, U}\f) are bases of N'(A%), N((AY“;))T), respectively. 0

It is worth introducing the following theorem, although it can be considered as a
special case of the previous one.

THEOREM 3.2 (degenerate version of Theorem 3.1). The problem
APX® ~ B, Al eRTTe B g RTeXdo

represents a core problem, i.e., satisfies (CP1)-(CP3), and B%ﬁ) € Rmexds jg square
nonsingular, if and only if

A(a) :| |: B(Dé) 0 :|
3.2 A1 Xy = By, A = 11 | By = L p
(3.2) nXy 1 1 { 0 1 0o B®W
represents a core problem, i.e., satisfies (CP1)—(CP3).
Proof. The proof is straightforward. Technically, one can use Theorem 3.1 with
Aﬁ) € R™#%0 4 system matrix with no columns. 0
The following definition completes Theorems 3.1 and 3.2.

DEFINITION 3.3 (reducible core problem). Any core problem [Bi|A11] having,
after some transformation of the form (2.6), the block structure (3.1) or (3.2), i.e.,

AW o }

R 0}_{3@ 0
0o A

(3.3) ﬁT[Bl‘Au]{ 0 0 0 BYJ)

where P~1 = IST, @’1 = @T, R1= }AET, including the case ofA(ﬂ) with no columns,
is called reducible (or composed or decomposable). A core problem which is not re-
ducible is called irreducible.

Individual subproblems [Biz)\A(lél)], ¢ = a,f, are called components of [Bi1|Ai1].
If R(By’)) C R(A(l?), then [B%Z)|A§?] is called a compatible component. A compo-
nent which is not compatible is called incompatible. If A(lll) has mo columns, then
[B§[>|A(1€>] = [By)] is called a degenerate component.

Based on the previous results, we may conclude that when some core problem is
reducible, it would be more reasonable to solve the individual subproblems indepen-
dently. However, the question of constructing the block-structure-revealing transfor-
mation (3.3), or at least of detecting whether the given (core) problem is reducible or
not, remains open.
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Remark 3.4. An extreme example of an incompatible reducible core problem con-
sists only of one compatible and one degenerate component. The compatible compo-
nent A9 X ~ B R(B{*) ¢ R(A\Y) has a square nonsingular system matrix
(see (CP1) and (CP4)), and thus (if it is treated separately) it has the unique solution
X = (A9))=1B{*) The right-hand side of the degenerate component cannot be
approximated by the columns of Aj;; see (3.2). Thus, while solving a TLS problem
(1.4), the degenerate component only increases the norm of the correction matrix G.

4. TLS solvability of core problems. Now we employ Theorem 3.1 to get
examples of core problems with multiple right-hand sides in all four sets F1, Fa, F3,
and S.

4.1. Examples of reducible core problems. Consider three incompatible
core problems with single right-hand sides A(l?x(lé) ~ bﬁ‘% A(lgl) € R3*2, b(lé) € R3, for
{=a,B,7. Let

® T
oy 0 0

@1) pAY =vOsOVOT=vO | o 0| o
0 0 |

be the SVDs of their extended matrices. The partitioning (2.3) of V) is suggested
by the lines. (The third block-column is not present since the “right multiplicities”
of Uf(f) are equal to one; see (2.2).)

Ezample 4.1. Consider a reducible core problem containing two subproblems (4.1)
as components:
AL o
0o Ap

B o

[Bl|A11]E[ 0 o

:|€Rm><(ﬁ+2)7 m=6, n=4, d=2.

There exist permutation matrices ¥, ¥ g such that

U@ 0

[Bl‘All] = UEVT: U= |: 0 U(ﬁ)

n@ 0
} Uy, L=v] { R;

0 x®

va) v§g> UY;) 0 0 0

0 0 0 o o o)
’vé‘f) vég) vég) 0 0 0
0 0 0 véf) vég) v<§)

2,
0 0 0 o ufP o

V= Y

represents an SVD with standard ordering of singular values. Denote by o;, j =
1,...,6, the sorted singular values of [Bi|A11], and consider Vi € R&X@He) yp4 €
R4*(4=%) the blocks of V analogous to (2.3). If, e.g.,

min{aéa),aéﬂ)} > Illax{0§a>-,0§ﬁ)}7

then
o4>05>06 ¢=0, e€{l,2}
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and
() () (@)
[y 0 Ve 0 0 | v
Vio. Vi — 13 :| or |: 13 :| or |: 13 :|7
vavid=[ V] 0 ol |0
depending on the relation between Uéa) and Uéﬁ> (>, =, <, respectively). The parti-

tioning of [Vi2, Vi3] is suggested by the vertical line. (If Ué“) = a:(f ), then the matrix
Vi3 has no columns.) The matrix [Vi2, Vi3] is in any case square nonsingular, and this

core problem belongs to the set F; having the unique TLS solution. 0
Ezample 4.2. Consider [B1|A11] as in Example 4.1. If, e.g.,
Jéa) _ U;ﬁ)7
then
o9 0 | o
03 >04=05>0¢, =1, €=1, and [Vlg,‘/w]: |: 13 B) B) :|
0 vy | vy

Since rank(Vis) = 2 > € and rank(Vi3) = 1 = d — €, this core problem belongs to the
set F» having a nonunique TLS solution. 0

Ezample 4.3. Consider [B1|A11] as in Example 4.1. If, e.g.,

aéa) > a;ﬁ),
then

0
o4 >05 >0 and [Vig,Vig] = { Ugé’)

i
[j .
Ugs)
The matrix [Vi2, Vi3] is rank deficient, and this core problem belongs to the set S
having no TLS solution. 0
Now we present an example in the set Fs.
Exzample 4.4. Consider a reducible core problem containing all three subproblems
(4.1) as components, i.e.,

o 0 o A9 o0 o )
[Bl‘All] = 0 b(lﬁ) 0 0 Aﬁ) 0 c Rmx(ﬁ+d)’
o o ¥ o o Ay
and M = 9,7 = 6, d = 3. An SVD of [B;|A;;] with standard ordering of singular

values can be written in a way analogous to that in Example 4.1. Denote by o,
j=1,...,9, the sorted singular values of [B;|A411]. If, e.g.,

() _ (B) _ ()

oy =03 =0,
then
04> 05 =0¢=07>08>09, =2, e=1,
and
2 0 ol o o
Vi, Visl= | 0 o9 0 0 0
A
Since rank(Vi2) = 3 > € and rank(Viz) =1 < d — €, this core problem belongs to Fs
having no TLS solution. 0
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4.2. Example of irreducible core problem in F,. Examples 4.1-4.4 may
motivate a tempting conjecture, that each core problem which does not belong to F;
is reducible. The following irreducible problem stands as a counterexample.

Ezample 4.5.3 Consider a problem A;1X; ~ By, Ay € R**2, B € R**2 given
by its SVD, with the partitioning (2.3) of V' revealing that it belongs to Fa,

310 0]0 —1‘—3\/3‘\/5
02 0|0 11 3| -1 V3|-v3
4.2 BilAn] = L -
(42) [1‘“]40020 4| V3l V3 1| 3
0l0 01 V3l=v3 =3] 1

v

Because [Bi|A11] is of full column rank, then Ay; and B are of full column rank,
and the problem satisfies (CP1) and (CP2). Employing the SVD of A;; = U'S/(V/)T
reveals that (CP3) is also satisfied; i.e., (4.2) represents a core problem. It will be
useful to consider its SVD form

b1 biz|o1 0

4.3)  (UHT[B1|AnV] = bor by | 0 where 019 = /4 + 35,
b3 bz2| 0 0 |~ ’ 8
bgr b | O O

Now we show by contradiction that this core problem is irreducible.
Let [by)\A(l?], ¢ = a, 3, be the components of (4.2)—(4.3) in their SVD forms.
They are either both incompatible,
g2
0 )

« a b o b
@y pPMARI=| e pag=|
3a
or one is incompatible and one is degenerate (with, e.g., Aﬁ) having no columns),

0 bag

b]a o1 0 5
(4.5) BOIAL = | b | 0 oo |, BPIAD] = [bag).
b3a | O 0

Since the SVD form (4.3) of a reducible core problem can be composed of SVD forms
of its components (4.4) or (4.5), there exist orthogonal matrices G, Gr € R?*? (see
(2.6)) such that

bi1 b2 bia 0 bia 0
I 0 bo1 b2 L 0 bog bae O
(4.6) { 0 Gr } bs1 b Gr s equal to bae 0 or be 0
bsr  ba 0 bag 0  bap
In both cases,
b31  b32 bsa O T
4.7 =G G
(@7 { ba1  baz } L{ 0 bag ] R

3We include MATLAB scripts exadSsym.m [local/web 5.66KB] and exa45num.m [local/web
5.56KB] in supplementary materials, so one can easily follow and verify the subsequent steps by
symbolic (using the Symbolic Math Toolbox) and numeric calculations, respectively. The same
problem was used in [4, eq. (4.8)], however in a different context.
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represents an SVD (up to possibly negative signs of bg, or byg). Since for the con-
sidered example |bsq| # |bag|, the decomposition in (4.7) is unique, fully determining
the matrices G, Gg (up to signs of their columns). Computation of G and Gg for
(4.2), followed by the transformation (4.6), however, does not yield either of the two
patterns of nonzero entries in the right-hand-side matrix, nor a permutation of them,
contradicting the assumption of reducibility. 0

The question of whether there exist irreducible core problems also in sets F3 and
S, i.e., having no TLS solution, remains open.

5. Outputs of the classical TLS algorithm. The classical TLS algorithm
[12, pp. 87-90] represents a powerful approach for solving TLS problems (1.1). In
exact arithmetic, it returns for any input data A € R™*", B € R™*? an output
matrix

(5.1) X ¢ class TLS.alg(A4,B), X € R"™ 9,

constructed as follows. Consider the SVD (2.1). Find the smallest k, n > > 0, such
that

(5.2) ¥ :[ il ig ]7 O—min(il) =0p—r > Opn—prtl = Umax(i2)v
n—ek K+d
(5.3) andV :[ “;; “%z } ]%Z . rank(Vi) = d.
——
n—k k+d

(If kK = n, then oy, il, 1711, and Va1 do not exist.) The output (5.1) is then
(5.4) X =~V

Recalling the classification in section 2.1, if AX ~ B belongs to the sets F1, F2, or F3,
then k = ¢, and the partitioning (5.3) coincides with (2.3) such that V1o = [Vi2, Vis);
compare (2.2)-(2.3) with (5.2)-(5.3). If AX ~ B belongs to the set S, then k > ¢; see
also the discussion below Algorithm 1 in [4, p. 767]. Further, if AX ~ B belongs to
the set F1, then X = Xrprg (compare (2.4) and (5.4)), which is not true for problems
in the sets Fa, F3, or S. This allows us to extend Corollary 2.5 as follows.

COROLLARY 5.1. Let A;1 Xy =~ By be a core problem. Then the following asser-
tions are equivalent:
e The problem A11X1 ~ By has a unique TLS solution.
o The problem A1 X, =~ B; belongs to the set Fi.
e The output of the classical TLS algorithm for the data Ai1, By represents a
TLS solution.

In order to study how core reduction influences the TLS algorithm, we now com-
pare the outputs of the classical TLS algorithm for a problem AX =~ B and its core
problem, and for a reducible problem and its components.

5.1. Classical TLS algorithm and the core problem reduction. Consider
a single right-hand side problem Az = b and its core problem

(5.5) Avzi ~ by, where PT[b|AQ]:[b1 Au | 0 }

0 0 | A
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Define x < class.TLS_alg(A,b) and x; < class_TLS_alg(Ai1,b1). In [7], it was
shown that

(5.6) x:cz[’ﬂ;

i.e., the algorithm gives the same output (up to the orthogonal transformation) for
the original problem and for the core problem. The following theorem extends this
result to d > 1.

THEOREM 5.2. Let AX = B be an approzimation problem (1.1) and

B0 A ]| 0
o o] 0 [Az

(5.7) An Xy =~ By, PT[BRIAQ] = {

be a core problem within AX ~ B. Let
(5.8) X < class_TLS_alg (A4, B), Xy < class_TLS_alg(A11,B1)

be the outputs of the classical TLS algorithm. Then
_o| % O pr
- o O]an

i.e., the classical TLS algorithm gives the same output (up to the orthogonal transfor-
mation) for the original problem and for the core problem.

Notice that there is a clear resemblance between (5.9) and the basic solution
equality (2.9). However, since the TLS algorithm returns the TLS solution only for
problems from the set Fi, neither of the matrices X, X; has to represent a TLS solution.
The theorem states an important consistency result, that the original problem and
the core problem are solved in the same sense by the TLS algorithm.

Proof. The SVD (2.1) of [B|A] € R™*(4+") with the partitioning (5.2)—(5.3) gives

oy ~ T
(5-10) PT[BRIAQ}:(PTU)[il,EQ][ RTViy RTVi } |

QTVar QTVhy
Consider further the SVD of [B;|A11] with the partitioning analogous to (5.2)—(5.3),
v @) 1T
S )|V Vi
(5.11) [Bi|An] = UWEO(vO)T = gD, 5 H[ 7 } :
described by the smallest &, m > % > 0, for which
(612)  oas((BilAn]) = owin(E1") > onax(55) = onria (Bi]An))
and ‘71(21 ) € R¥*(@+%) is of full row rank. Then
B =TT
is the output of the algorithm for the core problem. Consider also the SVD of Ass,

Agy = UDEO(VONT = gOFR) @17 7o),

122




CrANEK:(WeK) STIMAX 2016

SOLVABILITY OF CORE PROBLEM IN THE TLS SENSE 873

where U®), V®) are square orthogonal; the partitioning of $(?) satisfies
(5.13) Tuin(E) > onax(B5) > omax(557);
and the partitioning of V(®) is conformal with the partitioning of (). Then

B |0 A 0 ]
o [

v 0 7Y o o 17
_[u® o s o |2 0 0 0 0 0 0 I, 5
7{ 0 U<2)H 0o =P o0 =P 0] viDo o vy 0 o

0 T 0 w2 o

From (5.12) and (5.13) it immediately follows that

s 0 s 0 o0 S
(5.15) ammq L, D > am&xq 2 D = omax(Z5 )
0o =@ 0o =P o

Since (5.10) and (5.14) represent two SVDs of the same matrix, and since (5.15) holds,
there exist permutation matrices ¥y, Wg,, Vg, such that

$(1) S(1)
S S p 0 % 0 0
(5.16) [21722]:‘1%“ (1] i(z)] R [ (2) S 0}‘1’1?.2}
1 2
Consequently
i ) B “7;21) 0 o
S e N R M [ EA
Q"Var Qi oo [ vy 0 o 0 Wp, |’
(2 (2

where V;5) € RP*(@+5) is of full row rank d, and thus

(v o o
(5.18) rank ( 12 Vg, | =d.
L 0 0 I, 2

The partitioning of the matrices on the right-hand sides of (5.16)—(5.17) has properties
(5.15) and (5.18) analogous to (5.2)—(5.3).

Recall that % is the smallest integer in the partitioning (5.11) of [B1]A11], and the
largest singular value on the right-hand side of the inequality (5.15) is originated in
[B1|A11]. Consequently, the blocks suggested by the lines in the partitioning (5.16)—
(5.17) are of the same dimensions as the blocks in (5.2)—(5.3). Then (5.17) gives

(1
D00

vy oo o o
o V@ o

V12:R{ e 0 Id—E:|lDR27 sz:Q{ ]‘1’327

and the output X of the algorithm for the original data is given by

= Vi) 000
X:*V22V1TQ:*<Q[ 2 go g | U, 0 0o |R"
0 I, 5
) (Nt
- _ Vaa (V12) 0 T _ X 0 T
n Q{ 0 0 B=Q 0o ol|®- 0
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5.2. Classical TLS algorithm and reducible core problems. Now we study
the outputs of the TLS algorithm for a reducible core problem and its components.
Consider two core problems,

(519) A(lil)Xy) ~ B%Z), A(lpl) c Rmz Xﬁy7 B{[) c Rﬁz ><317 (= a, B’
and their SVDs with the block partitionings (5.2)—(5.3),

=) () T
£ £ () (e V V
7141 = v (v )T = v [Ei > >] o o |
21 22

and denote

39« class TLS a1g (A4S, B, ie, x\9 = -V (V).

Further consider a reducible core problem and its SVD,

(5.20) [B1|A11] = =yWs®ynT,

Bl o |4 o
o BP| o a®

and denote
X1 « class.TLS.alg (411, B1).

We focus on two particular cases of relations among the singular values of the indi-
vidual components in (5.20).

Ezample 5.3. If, e.g.,
a-min(i(la)) > O-Ill‘dx(i(lﬁ))7 (Tmin(igﬁ)) > ”max(igu))a a’min(iga)) > Ulnax(igﬁ)):

then, for some permutation matrix ¥y,

v o ‘Vf;” 0

e w[zp 0 IS 0 ] v _ |0 v 0 v
L 0 Egﬁ) 0 2(25) ’ sz(ll]) 0 ‘ ‘/2(20‘) 0 ’

- 5

o Wl o vy

with the partitioning (5.2)—(5.3) suggested by the lines. Then
LA NEEY
1= 0 ‘72(2/3) 0 ‘71(2@ - 0 Xgﬁ) :
The output of the classical TLS algorithm for this reducible problem is a direct sum
of outputs for the individual components. ]

Ezample 5.4. If, e.g.,
@ o (o (B
(52)  oun((BYAY) = o) > ona(S7) = |[B7140] |

then, for some permutation matrix ¥y,

£ | 5@ wi v B 50
»(1) — \I,T{ ) %y ~0 ~O ) v = ~0 ~0 Vit Vi

o | o Vv
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with the partitioning (5.2)—(5.3) suggested by the lines. Then

N V2<;‘> 0 0 }{Vf;‘) 0 0 y:{x(la) 0}.

0 Vz(lﬁ) V2(2ﬁ) 0 VI(IB) VI(ZB) 0 0
The output Xgﬂ ) corresponding to the second component is not present in the output
of the algorithm for this reducible problem. 0

Consequently, the output of the classical TLS algorithm for a reducible core prob-
lem depends not only on the individual components, but also on the relations between
them. Neglecting the component with a smaller 2-norm in Example 5.4 can be seen
as a sort of regularization.

Remark 5.5. Note that we have not used any of the particular properties (CP{),
¢ =1,...,7, of core problems in sections 5.1 and 5.2. Thus, Theorem 5.2 can be
extended to any subproblem A11X1 ~ Bj of the given problem AX = B obtained
by an orthogonal transformation of the form (5.7). The output of the classical TLS
algorithm is for AX ~ B fully determined by any A;;X; ~ B; obtained as in (5.7),
not necessarily the core problem. Similarly, Examples 5.3 and 5.4 can be generalized
to any approximation problems (5.19).

6. Conclusions. We have shown that core problems with multiple right-hand
sides may have a specific internal structure, which has led us to introduce the so-
called reducible and irreducible core problems. We have proved that, contrary to the
case with a single right-hand side, a core problem with multiple right-hand sides may
belong to any of the classification sets F; (if and only if it has a unique TLS solution),
F> (having infinitely many TLS solutions), F3, or S (having no TLS solution). We
have proved that the output of the classical TLS algorithm stays unchanged under the
core problem reduction (up to an orthogonal transformation), which is an important
consistency result fully generalizing the result obtained previously for problems with
a single right-hand side. We have shown that the output of the TLS algorithm for a
reducible core problem depends on its components as well as on the relations between
them. The question of detecting possible reducibility of a given problem remains
open.

Acknowledgments. The authors wish to thank Zdenék Strakos and Sabine Van
Huffel for valuable discussions about TLS problems. They also thank the anonymous
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Abstract Regularization techniques based on the Golub-Kahan iterative bidiagonal-
ization belong among popular approaches for solving large ill-posed problems. First,
the original problem is projected onto a lower dimensional subspace using the bidi-
agonalization algorithm, which by itself represents a form of regularization by pro-
jection. The projected problem, however, inherits a part of the ill-posedness of the
original problem, and therefore some form of inner regularization must be applied.
Stopping criteria for the whole process are then based on the regularization of the
projected (small) problem.

In this paper we consider an ill-posed problem with a noisy right-hand side (ob-
servation vector), where the noise level is unknown. We show how the information
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from the Golub-Kahan iterative bidiagonalization can be used for estimating the noise
level. Such information can be useful for constructing efficient stopping criteria in
solving ill-posed problems.

Keywords Ill-posed problems - Golub-Kahan iterative bidiagonalization - Lanczos
tridiagonalization - Noise revealing

Mathematics Subject Classification (2000) 15A06 - 15A18 - 15A23 - 65F10 -
65F22

1 Introduction

Consider an ill-posed linear algebraic system with the right-hand side b contaminated
by white noise

A.X%b, AGRVLX}’!’ bszXaCt+bHOiseeRil’ (11)
with A nonsingular and the goal to numerically approximate the exact solution
x = xexact — A—lbexacl. (1.2)

Linear approximation problems of this form arise in a broad class of applica-
tions. In many cases the matrix A represents a discretized smoothing operator with
the singular values of A decaying gradually without a noticeable gap. Since A is
ill-conditioned, the presence of the noise makes the naive solution xnaive — A—lp
meaningless. Therefore it is necessary to use regularization techniques for finding
an acceptable numerical approximation to (1.2) which reflects a sufficient amount
of information contained in the data, while suppressing the devastating influence of
the noise. In image processing A typically represents a discretized blurring operator.
In other applications A might be of different origin. Throughout the paper we as-
sume A square and nonsingular. The presented methods can be extended to a general
rectangular case, which is also confirmed by numerical experiments. However, the
analysis contains some subtle points which would further extend the length of the
paper.

For the unknown noise component "¢ we assume

”bnoise ” < ”bexact” , (13)

where |v|| denotes the standard Euclidean norm of the vector v. We will further
assume that multiplication of a vector v by A and AT results in smoothing which
reduces the relative sizes of the high frequency components of v. In particular, in
comparison to v, the vectors AT Av and AAT v have significantly reduced high fre-
quency components.

The Golub-Kahan iterative bidiagonalization algorithm [14] is widely used for
solving large ill-posed problems. In hybrid methods, see, e.g., [18, Chap. 6.7,
pp- 162-164] or [10, 27, 28, 36], the outer bidiagonalization (which itself represents
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a regularization of the original large problem by projection) is combined with an in-
ner regularization of the projected small problem. The bidiagonalization is stopped
when the regularized solution of the projected problem matches some selected stop-
ping criteria. They are typically based, amongst others (see [1, 2]) on estimation of
the L-curve and it’s curvature [4—6], estimation of the distance between the exact
and regularized solution [35], the discrepancy principle [32, 33], and cross validation
methods [7, 15, 34]. These techniques have been studied and compared in the context
of regularization, e.g., in [18, Chap. 7, pp. 175-208] and in [27].

It is worthwhile recalling that the regularization idea was mentioned, although
not fully developed, by Golub and Kahan [14]. It was described in detail in relation
to using the Golub-Kahan iterative bidiagonalization, under the name damped least
squares, by Paige and Saunders in [42]; see also [41] or [48]. Paige and Saunders
alluded to some older interesting references in [42]. From the more recent literature
we mention [16], where hybrid methods based on bidiagonalization are described as
least-squares projection methods, and [51], where bidiagonalization is used to com-
pute low-rank approximations of large sparse matrices. Numerical stability of the
bidiagonalization algorithm was studied and new stable variants have been proposed,
e.g., in [3, 51], with a simplified analysis of [3] presented in [40].

A new contribution to the theoretical background for hybrid methods has recently
been presented in [43—-45]. In exact arithmetic, the bidiagonalization provides a fun-
damental decomposition of the matrix of the data [, A]. When the bidiagonalization
stops, it reveals the so called core problem represented by the computed bidiagonal
matrix. The core problem is minimally dimensioned and it contains the necessary and
sufficient information for solving the original orthogonally invariant linear approxi-
mation problem Ax ~ b. Whenever the bidiagonalization is stopped before reaching
the core problem, it gives (in exact arithmetic) its leading left upper part. Conse-
quently, the approximate solution computed at the given step is based on information
which is necessary for solving the original problem and it is not influenced by any part
of the redundant or irrelevant information. From the properties of the core problem
it then follows (see [23, 45]) that further possible steps can be considered a refine-
ment of the current approximation. I1l-posed problems from the core problem point of
view were studied in [49, 50]. It should be mentioned that the application of the core
problem theory to results of finite precision computations needs further investigation.

In this paper we focus on the Golub-Kahan iterative bidiagonalization and in-
vestigate how the noise contained in the right-hand side b is propagated to the pro-
jected problem. We demonstrate under the given assumptions that the unknown noise
level can be determined from the information available during the bidiagonalization
process. The knowledge of the noise level can further be used in construction of stop-
ping criteria for hybrid methods.

Similar ideas are used in [20, 46, 47] for selection of a value of the regulariza-
tion parameter for which the residual vector changes from being dominated by the
remaining signal to being white-noise like. This leads to a parameter-choice method
based on Fourier analysis of residual vectors. In [25] regularization properties of it-
erative methods GMRES, MINRES, RRGMRES, MR-II and CGLS are studied. It
is shown that MINRES, MR-II and CGLS filter out large singular value decomposi-
tion (SVD) components of the residual, but this is not always true for GMRES and
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RRGMRES, where the SVD components are mixed [25, Sect. 3]. The noise propa-
gation to reconstructed images computed by regularizing iterations is further studied
in [19]. Our approach, which uses information from the iterative bidiagonalization
algorithm for estimating the level of the noise in the data, offers another view on the
noise propagation studied in [19, 20, 25, 46, 47].

The paper is organized as follows. Section 2 gives a brief recollection of the Golub-
Kahan iterative bidiagonalization, its relationship to the Lanczos tridiagonalization
and to approximation of the distribution function in the corresponding Riemann-
Stieltjes integral. Section 3 describes propagation of the noise in the bidiagonaliza-
tion vectors. Section 4 shows how to estimate at a negligible cost the unknown noise
level in the original data. This can lead to construction of stopping criteria for the
bidiagonalization process as well as to construction of the regularized solution us-
ing many different approaches which can be applied in subsequent steps, cf. [27,
Sect. 3.2]. It is important to emphasize that the first four sections of our paper deal
with mathematical properties of the problem and of the methods, i.e., they assume ex-
act arithmetic. Therefore, unless specified otherwise, the presented experiments were
performed with double reorthogonalization of the computed sequences of the bidiag-
onalization vectors, which ensures preserving orthogonality close to machine preci-
sion. Up to now, effects of rounding errors in solving ill-posed problems were not, to
our knowledge, thoroughly investigated. In the references known to us, loss of orthog-
onality in solving ill-posed problems is not considered a fundamental issue although
there are papers that acknowledge that it can be a potential problem. If the loss of
orthogonality occurs, then the reader is referred to some form of reorthogonalization,
with no further investigation of the differences between the non-reorthogonalized and
reorthogonalized computations. In many cases the implementation details are miss-
ing, and it is unclear whether the experiments used reorthogonalization or not. We
will show in Sect. 5 that effects of rounding errors in solving ill-posed problems
can be substantial and the matter should be investigated further. Concluding remarks
summarize the main ideas and formulate open questions.

2 Golub-Kahan iterative bidiagonalization

Given the initial vectors wg = 0, s; = b/B1, where
iterative bidiagonalization computes for j = 1,2, ...

IIb]| # 0, the Golub-Kahan

T
ajwj=A"s; —Bjw;_1, lw;ll =1,
(2.1)
Bit15j1 = Aw;j —aj;s;, lsj+1ll =1
until ; =0 or 811 =0, or until the process is stopped by reaching the dimensional-

ity of the problem. Let Sy = [s1, ..., sx] and Wy = [wy, ..., wi] be the matrices with
the left and right bidiagonalization vectors as their (orthonormal) columns, and
(231
B2 o Li
Ly = s Lis = s 2.2
=0T w=langl e
B ak
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where ¢y is the kth vector of the standard Euclidean basis. Then the first k steps of
the Golub-Kahan iterative bidiagonalization can be written in the matrix form as

ATS =WiLl,  AWi =[Sk, sk+11Li+, (2.3)
see [14, 38].

This algorithm is closely related to the Lanczos tridiagonalization of a symmetric
matrix [29, 30]. The Lanczos tridiagonalization of the matrix AAT with the starting

vector s1 = b/B1, B1 = ||b||, yields in k steps the symmetric tridiagonal matrix T
such that
AAT Sp = St Ti + axPrrisirief » 24)
and
ol a1 B2

2 2
arpy a5+
Ty =LiL] = p 2 h>
a—1PBk

ak—1Be o+ B7

i.e. the matrix Ly from the Golub-Kahan iterative bidiagonalization represents a Cho-
lesky factor of the matrix 7j. For a more detailed description of the outlined relation-
ship we refer to [23] and to the literature given there.

Using the results from [22, Sect. 14], the Lanczos tridiagonalization of a given ma-
trix B generates at each step k a non-decreasing piecewise constant distribution func-
tion w®, with the nodes being the (distinct) eigenvalues of the Lanczos matrix Ty and
the weights a)gk) being the squared first components of the corresponding normalized

eigenvectors. The distribution functions w®, k = 1,2, ... represent approximations
to the distribution function w, a non-decreasing piecewise constant function with the
nodes being the distinct eigenvalues Ap, ..., A, of the matrix B and the weights
being the squared components of the normalized starting vector in the direction of the
Jjth invariant subspace of B, j =1, ..., t, for more details see, e.g., [31, Sect. 2.2],
[11].

Consider the singular value decomposition (SVD) of the bidiagonal matrix of the
projected problem

Ly = P& 07, 2.5)

where Pk_l = PkT, Qk_1 = QZ, and @y is a diagonal matrix with singular values
91(k), ey G,Ek) of L on its diagonal ordered in increasing order. Please note that here
the increasing order of the singular values follows the standard ordering of the Ritz
values in the Lanczos method. From (2.4) it follows that if B = AAT and the Lanczos
tridiagonalization starts with the vector s; = b/81, B1 = |||, then

Ti = LiL] = PO}P]
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* _
0 =

is the spectral decomposition of T, (OK(k))2 are its eigenvalues and p Prey its

eigenvectors, £ =1, ..., k. Furthermore, consider the SVD of A,

n
A=UzVT =) ojuj], (2.6)
j=1

where U =[uy,...,u,), V=1[v1,...,0,, U =0T, V! = VT and ¥ is a di-
agonal matrix with the singular values o1, ...,0, of A on its diagonal ordered in
nonincreasing order, o, > 0. Then
AAT =vux*u’

is the spectral decomposition of the matrix AA”, o2 are its nonzero eigenvalues and
u j the corresponding eigenvectors, j =1, ..., n. Summarizing, the Lanczos tridiago-
nalization (2.4) generates at each step k the distribution function w® with the nodes
(Gék))2 and the weights |(p£k), e1)|? that approximates the distribution function w
with the nodes o2, ..., o7 and the weights |(b/B1, un)|*, ..., |(b/B1, u1)|*.

The fact that the weights of w are determined by the projections of the normalized
right-hand side vector b onto the left singular subspaces of A is especially important.
As we will see in Sect. 3, until the level determined by the noise is reached, the

absolute value of each of these projections is related to the size of the corresponding
singular value. This is because of the discrete Picard condition (see Sect. 3).

Mathematically, the bidiagonalization algorithm yields two sequences of subprob-
lems. Consider an approximation to the solution of (1.1) in the subspace generated
by the vectors wy, ..., wg, i.e. xy = Wi yx, so that in seeking AWy y; ~ b,

re=b— AWiyk = Skr1(e1B1 — Lisyk) = Sk(e1B1 — Liyk) — Sk+1Br+1€t Yi-

If the approximation is computed by ensuring that the residual 7 is orthogonal to Sk,
then we obtain

LiyS™E =18, Ly e RPK, 2.7)

which corresponds to the CGME method; see, e.g., [16]. If the approximation is com-
puted by minimizing the norm of the residual r¢, then we get

LSQR .
ILery ¥ —erprll = min | Liyy —eaprll, Lis eRETDE T 28)

which corresponds to the CGLS or LSQR method; see [22, 41, 42]. In both cases,
[Bie1, Li] respectively [B1e1, Liy+] approximate the core problem within Ax = b;
see [23, 24, 43]. In short, the bidiagonalization concentrates the useful information
from the data [b, A] to the leading principal bidiagonal block. In noisy ill-posed
problems (1.1), however, the subproblems (2.7), (2.8) can also be polluted by the
noise.
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3 Propagation of the noise in the Golub-Kahan iterative bidiagonalization

Noise propagation in the Golub-Kahan iterative bidiagonalization is illustrated for the
problem shaw from the Regularization Toolbox [17]. The matrix A, the exact right-
hand side 5** and the exact solution x were determined by [A,b_exact, x]
= shaw(400). We add the noise b"°*¢ as a random vector using the MATLAB
function randn (400, 1), scaled in order to obtain different noise levels Spoise,

- ||bl’101$e||

Snoise =

3.1)

” bexact ”

Figure 1(a) shows the singular values o; of the matrix A (solid line) computed by the
MATLAB function svd, and the absolute values of the projections |(b, u ;)| of the
noisy right-hand side b onto the left singular vector subspaces of the matrix A. We
use the noise levels Spoise = 1014, 1078, and 10~*. Until the noise level is reached,
the absolute values of the right-hand side projections onto the left singular vector
subspaces are close to the corresponding singular values. This is given by the fact
that, for this problem, | (b%*2°t, u DI, j=1,2,... satisfy the discrete Picard condition:
on average, they decay faster than the singular values of Aj; see [25], [20, Sect. 4] and
Fig. 1(b). For the subspaces corresponding to small singular values, the projections
of b are completely dominated by the noise, and the discrete Picard condition for b is
thus drastically violated.

Consider the vectors sx, wy generated by the bidiagonalization algorithm (2.1)
described in the previous section. The starting vector s; = b/||b|| is the normalized
noisy right-hand side and therefore it is contaminated by the noise. The vector s
is obtained from s; as follows. First, application of the smoothing operator AAT

10 —9 100 I o, d‘oub\e pre;:ision arit‘hmetic
0 o Ibu)fors = 107" - - - o, high precision arithmetic

10 % o b, "'J)‘ ford, . = 1078 10 o I(pb*et ui)\, high precision arithmetic
= Itb, ulfor s, ., = 107 10 T

10 N
ooo‘\\
107 ®
o \
© Ay
OO \
. 107 ®
10 050 100 150 200 250 300 350 400 0 10 20 30 40 50 60
singular value number singular value number
(a) (b)

Fig. 1 The singular values o and the absolute values of the projections of the noisy right-hand side b

onto the left singular vectors of A for the problem shaw (400) and the noise levels §pgise = 107 141078,
and 1074 (a). The singular values of the matrix A computed by the statement [A,b,x]=shaw(60)
using the standard routine from the Regularization Toolbox [17] (solid line) compared with the singular
values of the matrix A computed by the modified routine shaw_vpa, cf. http://www.cs.cas.cz/krylov,
section ‘Software’, (dash-dotted line) using high precision arithmetic guaranteeing 128 decimal digits (b).
The discrete Picard condition is illustrated by plotting |(b®*2°t i ), where beXat js computed using the
routine shaw_vpa !
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(see (2.4)) smooths out the high frequency components in both b®*2t and h"ise;
see also [25, Sect. 3.1], [19, Sect. 4.3]. The subsequent orthogonalization of AAT s,
against s1 represents a linear combination of 51 contaminated by the noise and AAT s
which has been smoothed. Therefore the contamination of s; by the high frequency
part of the noise is transferred, with multiplication by a scalar coefficient, to s>.
Adding a multiple of AAT s, eliminates a portion of the smooth part of s1. There-
fore the relative level of the high frequency part of the noise can be expected to be
higher in s, (which is orthogonal to s1) than in 5. Analogous high frequency noise
transfer takes place for any k with the vector si 4| obtained from AAT s; through the
orthogonalization against the vectors sx—; and s; with a subsequent normalization.

The rest of Sect. 3 is structured into two complementary subsections. First we use
the relationship between the Golub-Kahan iterative bidiagonalization and the Lanc-
zos tridiagonalization described in Sect. 2. The noise amplification is described as
an effect of damping (filtering out) the smooth (low frequency) components due to
convergence of Ritz values to large eigenvalues. Then we show that smoothing and
orthogonalization in the Golub-Kahan iterative bidiagonalization can be interpreted
as a step-by-step elimination of the dominant smooth (low frequency) components,
and it therefore leads to revealing of the high frequency noise.

3.1 Lanczos tridiagonalization and filtering out the low frequency components

The white noise amplification can be described in the frequency domain by comput-
ing the spectral coefficients of s; with respect to the (noise-free) orthonormal left
singular vectors of the matrix A. Using (2.6), (2.4) gives the matrix identity for the
spectral components

Z2UTSK) = (UTS)LiLT) + o Brr1 (U T sig1)ef
with the last column of the last term equal to
kBt (Ul sis1) = 22U T s0) — (@f + BHWU s1) — a1 (U si—1). (3.2)

Consider for example shaw (400) for which the vector s; has dominant components
in the directions of several left singular vectors representing low frequencies, with a
noticeable maximum in u ;. This is illustrated in Figs. 1 and 2 which shows the left
singular vectors of A corresponding to o1, 02, ..., 019. An analogous assumption can
be used for discrete ill-posed problems in general, see [20, Sect. 2]. At the first step

a1pa(U”s2) = 22U s1) —af(UTs1) = (Z* —ai U 51,

and, apart from multiplication by «( 82, the spectral components U7 s are given by
the spectral components of U7 s; scaled by X2 — af[ . The scaling acts as filtering
which damps the dominant lowest frequency component in the direction of u;. At the
same time, the high frequency components are multiplied by the factors ojz /(a152) —
a1/pB2, where the first term is negligible for large j, and the absolute value of the
second term is likely to be significantly larger than one (see the argument below). As
a consequence, the relative level of high frequency noise is likely to be much larger
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u, u, u, u, ug
0.1 0.1 0.1 0.1 0.1
0 v 0 0 0 0
-0.1 —0.1 —0.1 0.1 —-0.1
0 200 400 O 200 400 O 200 400 O 200 400 O 200 400
Ug Yz Ug Yg Yo
0.1 0.1 0.1 0.1 0.1
0 0 0 0 0
-0.1 0.1 0.1 0.1 0.1
0 200 400 O 200 400 O 200 400 O 200 400 O 200 400

Fig. 2 The left singular vectors of A corresponding to oy, 07, ..

., a1 for the problem shaw (400)

in 57 than in s1. At the general step, the Lanczos recurrence (3.2) can be rewritten in
terms of the (Lanczos) polynomial in the diagonal matrix 2

Ulsir1 = o (EHU 51, (3.3)
where @y (1) is the kth orthonormal polynomial with respect to the Riemann-Stieltjes
integral defined by the distribution function  with the points of increase o2, ..., 012
(please recall that we assume, for simplicity of exposition, o, > 0) and the weights
|(s1, u,,)|2, .o |Gt Lt])|2 respectively; see Sect. 2.1 The roots of @k () are given by

(Qék) )2, =1, ...,k (the Ritz values). Because of the dominance of the weights cor-
k)

responding to the large nodes of w, the large Ritz values (6’,5]())2, (0,5 1)2, ... closely

approximate 012, 022, ...; see Fig. 3. This creates the damping effect of ¢;(A) in the
direction of the smooth components (s1,u)uy, (s1,u2)uz, ... of s;. The constant
term

k

o0 =[]~

3.4

il Bj+1 G
then causes the relative amplification of the high frequency noise components present
ins 1-

Summarizing, assume that the components of s; in the directions of the left sin-
gular vectors uy, up, us, ... decay faster than the associated singular values. Then,
as a consequence of the orthogonalization process (3.2), s2, 53, ... will have domi-
nant components in the directions of the left singular vectors u», u3, ... respectively,
with the relative levels of the high frequency noise components gradually increas-
ing. Eventually, for some k = kyoise, the vector si ;.41 Will have comparable com-

1t is worth to mention that the polynomials orthogonal with respect to a given Riemann-Stieltjes integral
are called Stieltjes polynomials, and the associated three-term recurrence, given in its matrix form by
Lanczos, was described by Stieltjes and others in the 19th century, cf. [13, Sect. 1.4, p. 80].
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Fig.3 The eigenvalues of AAT 1 : :
(circles), and the Ritz values X Ritz values, (9‘(8)) 2
(crosses) corresponding to the 05F o eigenvalues, o,

8th (top plot) and 18th (bottom
plot) iterations respectively, for

the problem shaw (400) . (All 0 °© ° X x o
the circles in the top plot

reappear as the nine rightmost -0.5 5 - =) 5
circles in the bottom plot) 10 10 10 10

1 T T
X Ritz values, (ef“”) 2
2

eigenvalues, G
0.5t o €9 f

~05 ‘ ‘ ‘ ‘
107 107 107" 10°
T, T T T T,
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Fig. 4 The absolute values of the first 80 spectral components of the vectors s; computed using the
double reorthogonalized Golub-Kahan iterative bidiagonalization for the problem shaw (400) with the
noise level 8ppise = 10~'4. The dashed line represents the machine precision &y

ponents in practically all subspaces generated by singular vectors corresponding to
Ukznoise i1 akzn k27 and this will reveal the noise. Figure 4 shows the absolute
values of the components of several vectors U s (the spectral components) for the
problem shaw (400) with the noise level 10~1%. The absolute values of the com-
ponents in the vector U Tsis corresponding to o3, 019, ... are comparable, with no
dominant maximum. Consequently, the noise is revealed in s1g for k = kppise = 17.
In the next step the high frequency components in s19 slightly decrease, and this is
captured in Fig. 5. Components corresponding to low frequencies gradually decrease
to the machine precision level e, (plotted by the dashed line). Figure 5 nicely illus-
trates why kpoise = 17 is the appropriate choice of the noise revealing iteration, i.e.
why the noise is fully revealed in s;g.
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s, —>s, S, —> 8¢ Sg—> S, 10> S S137> Sy, S5 >S4
°
S167> 547 S17 7> S48 S187> 549 S197> Sy S20 7> S Sp17> Sy
°
A

Fig. 5 Each graph shows for a given k the norms of the components of two consecutive vectors sy (the tri-
angle) and sy 1 (the circle) in the subspace spanf{uy, ..., uj1}, also called the signal subspace (the hori-
zontal axis), and the subspace span{uy, ..., un}, also called the noise subspace (the vertical axis), for the
problem shaw (400) with the noise level &,pise = 10~14. Since the vectors s j are normalized, the points
are on the unit circle. One can see that until the noise level is reached, each stép of the Golub-Kahan itera-
tive bidiagonalization algorithm moves the subsequent vector counterclockwise, i.e. each s 1 is closer to
the noise subspace (the vertical axis) than sy . The vector 59, on the other hand, moves significantly clock-
wise due to the fact that the noise is partially projected out, and therefore the noise is revealed in s1g. This
justifies the choice of the noise revealing iteration kpgjse = 17. We are grateful to an anonymous referee
for suggesting this visualization of the noise propagation process

3.2 Smoothing and orthogonalization in the Golub-Kahan iterative
bidiagonalization

In order to further illustrate the (high frequency) white noise amplification, we con-
sider the decomposition of s; into the exact component s§**' and the noise compo-
nent 7%, 51 = s7¥*! + 5]°'%. Then the second equation in (2.1) gives

Basa = Aw — a1 (57 + 5]°0%),

where Aw is smooth with the low frequency components of the noise negligible rel-
atively to the low frequency components of the exact data. This justifies the following
definition of s§**°" and 53,

ﬂzsgxact = Aw| — a]s(lexact

noise _ exact noise
P25y " = Awy —aygsy — Basy = —ags) o,

giving
‘32(s§xact +s301se) — Aw1 _ a](slexact_l_slnmse).

Analogously, for k =2,3, ...

Brrispyt' = Awg — agsg, (3.5)
Brr1spse = —apsfoise, (3.6)
Sk4+1 = S;:’xfft + S,?Sf?e, Bk+1Sk+1 = Awg — oty S (3.7)
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It should be understood that sg**“* and s,‘:"ise do not represent true exact data and noise
components of sy, respectively. If the multiplication by AAT represents a significant
smoothing of the high frequency components, then one can however expect that while
g > ||s,‘(‘°ise||, lsgX*!|l is close to the norm of the true data component and
||s,‘<‘°ise || is close to the norm of the true noise component of si. Using (3.6),

ise ise k-1 .
S]I(lil?e = _ S/l;lOlSe = (_1) ,Ok S{lmse (3.8)

where the cumulative amplification ratio

k
o =[] L= eu0), (3.9)

e Bj+1
see (3.4), on average (rapidly) grows as k increases.

In order to justify the expectation that o, ! on average (rapidly) grows with in-
creasing k, we rewrite the Golub-Kahan bidiagonalization (2.1) for the spectral com-
ponents UTsj and Vij,

ai(VTw) =X WTs)), (3.10)
B2(UTs52) = Z(VIwy) — a1 (U 51), (3.11)
and fork=2,3, ...
ar(VIwg) = 20T sp) — B (VI wey), (3.12)
Ber1 (U sp) = DV wp) — o (U sp). (3.13)

From (3.10) we see that (VT wy) is dominated by the same components as (U TsD,
with the dominance even enlarged as a consequence of the scaling by X'. In (3.11),
however, X (VT w) is orthogonalized against U7 s| in order to get, after normaliza-
tion, UTs,. This requires that the dominance in X (VTw;) and UTs; is cancelled
out, otherwise the orthogonality U7 s, L UTs| can not hold. If the dominance is sig-
nificant, one can therefore expect 82 < «1. An analogous argument can be applied to
the general step (3.12) and (3.13). Since the dominance in X (U7 s;) and (VT wi_1)
is shifted by one component, one can not expect a significant cancellation, and, as a
consequence

ay ~ Py

should roughly hold. On the other hand, the vectors X (V7 wy) and U”s; do ex-
hibit dominance in the direction of the same components. If this dominance is strong
enough, then the required orthogonality of sx4+1 and s; can not be achieved without a
significant cancellation, and

Br+1 K o

can be expected, giving the large cumulative amplification ratio o, ! (small py) as k
progresses. The process is illustrated in Fig. 6.
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10°
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Fig. 6 The absolute values of the first 25 components of the vectors X VTwy), ap(UTsy), and
/Sk+1(UTsk+1) for the problem shaw (400) for k =7, Bg/a7 = 0.0542 (a), and k = 12, B13/a12 =
0.0677 (b)

Summarizing, starting with s = b/f; contaminated by white noise, the Golub-
Kahan iterative bidiagonalization algorithm applied to the discrete ill-posed problem
Ax ~ b, where A represents a smoothing operator, amplifies the relative level of the
noise in s as k increases with the cumulative amplification ratio ;- ', Note that the
recurrence for the vectors wy starts with the smoothed vector w; = ATs1 /|| AT s1].
Consequently, all vectors wy are smoothed, and, in comparison to the vectors s, they
do not contain significant information about the noise.

Remark Here we deal with mathematical properties (assuming exact arithmetic) and
we do not need to consider specific implementation details. It should be noted, how-
ever, that the transfer of the high frequency noise from s;_; and si to s+ is a lo-
cal phenomenon which seemingly does not require preserving global orthogonality
among the vectors s, ..., s¢. Since in practical implementations the local orthogo-
nality among si_1, sx and sx1 is well preserved, cf. [39], one can intuitively expect
that the preceding considerations are valid, with a small inaccuracy, also in practi-
cal finite precision computations. As we will demonstrate numerically, although such
an intuitive argument is to some extent valid, the transfer of noise in finite precision
computations is much more complicated; see Sect. 5.

The amplification of white noise in the Golub-Kahan iterative bidiagonalization
is illustrated in Figs. 7-12. Figures 7-9 show individual components of several left
bidiagonalization vectors s and their components s**“ and s,’{“’ise, computed using
(3.5)—(3.7), for the problem shaw (400) with the noise level 10~14. The Golub-
Kahan iterative bidiagonalizations were performed with double reorthogonalization
of the computed vector sequences, which ensures preserving orthogonality close to
machine precision. Here we use the low noise level on purpose to illustrate the propa-
gation of the noise through many steps of the iterative bidiagonalization. Results with
larger noise levels will be presented below. As k increases, we observe the increas-
ing oscillating pattern of s;. For the vectors s17 and s1g the basic oscillating pattern
(determined by sg**) is strongly modulated by the high frequency noise; compare
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Fig. 7 Individual components of several left bidiagonalization vectors s; computed using the double
reorthogonalized Golub-Kahan iterative bidiagonalization for the problem shaw (400) with the noise
level Spoige = 10714
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Fig. 8 Individual components of several vectors s,f’“’c‘ computed by (3.5) and (3.7) using the double
reorthogonalized Golub-Kahan iterative bidiagonalization for the problem shaw (400) with the noise
level 8pgige = 10714

Figs. 7 and 8. It is interesting to observe that the level of the high frequency noise
in the subsequent vector syg is significantly lower than in s;3. As a consequence of
smoothing and the orthogonality of s19 to s13 and s17, the high frequency noise is
partially projected out, cf. Fig. 5. Figure 10 presents the norms of the components
sf{’xa“, s,‘c10isc and the smallest singular value of the matrix S as k increases, which
nicely complements the visual description in Figs. 7-9. Please notice that the de-
composition of s; into the components s**“' and s,‘;"ise, which should be close to the
(unknown) exact data and noise components, is no longer relevant for k > kpgige. Fi-
nally, Fig. 11 gives the values of the normalization coefficients oy, Bx+1 and of their
cumulative ratio px, and Fig. 12 depicts ax, B¢ and the cumulative ratio

k
]—[ ﬁ. (3.14)
=2

J
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Fig. 9 Individual components of several vectors s£°ise computed by (3.6) and (3.7) using the double

reorthogonalized Golub-Kahan iterative bidiagonalization for the problem shaw (400) with the noise
level dppise = 10~14. Note that the scale on the y axis is for different k different
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and the smallest singular value of the matrix S; for the problem

exact . noise
s

Fig. 10 The norms of s;

shaw (400) with the noise level 8;4i5e = 10714, computed by the Golub-Kahan iterative bidiagonaliza-
tion with double reorthogonalization (a), and without reorthogonalization (b). For comparison, the trian-
gles in (b) represent the norm of the components s;°'*® computed with double reorthogonalization. Please
note the different vertical scales in (a) and (b)

The experimental results in Figs. 10(a), 11(a) and 12 correspond to the Golub-Kahan
iterative bidiagonalization with double reorthogonalization, while Figs. 10(b) and
11(b) correspond to the results obtained without reorthogonalization. The differences
will be discussed in Sect. 5 below.

The basis consisting of the left singular vectors of A is computationally expen-
sive, and computing the corresponding components of the vectors s is practically
infeasible. Analogous noise-revealing behavior can be observed in any other suitable
orthonormal basis. Consider, e.g., the standard Fourier trigonometric basis

() = oY) jx C_
fix)=e , forj=0,=%1,...,%n, (3.15)
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Fig. 11 Normalization coefficients oy, B4 and their cumulated ratio oy, see (3.9), for the problem
shaw (400) with the noise level 8gise = 1014, computed by the Golub-Kahan iterative bidiagonaliza-
tion with double reorthogonalization (a), and without reorthogonalization (b)

Fig. 12 Normalization " " " "
coefficients oy, B and their o -,:,_\/\/\_/\/\/\-—
cumulated ratio (3.14) for the 10 oy ]
. o
problem shaw (400) with the “en .
noise level 8ppise = 10714, - \L
computed by the Golub-Kahan 10 \'\-“\
iterative bidiagonalization with g
double reorthogonalization ’ N
10
1 O I_lk / \\_ Y
2 (B /) Nl
---o (RN \“
1078l - - B, ]
0 5 10 15 20

iteration number k

where ¢ is the imaginary unit. Fourier coefficients in this basis can be computed ef-
ficiently using the fast Fourier transform, [8, 9]. Figure 13 shows similar results as
Fig. 4 computed for the basis (3.15) using the MATLAB function ££ft.

Similar behavior can be observed for other noise levels, as well as for noise-free
problems. In this last case the “high frequency noise” is simply caused by local round-
ing errors from the finite precision arithmetic. Recall here that, because of the double
reorthogonalization, the local rounding errors do not cause loss of orthogonality of
the computed bidiagonalization vectors (the loss of orthogonality is kept close to the
machine precision level). For more details see Sect. 5.

4 Determination of the noise level in the data and detection of the noise
revealing iteration

As mentioned in Sect. 3, Fourier coefficients of the vectors s; can be computed
cheaply using, e.g., MATLAB function ££t. Then some kind of statistical criteria
can be used to identify the iteration where the Fourier coefficients k + 1, ...,n of
the vector sg4+1 are (on average) comparable, i.e. si4| resembles (except the first k
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Fig. 13 The absolute values of the first 80 Fourier components of the vectors s, computed using the
double reorthogonalized Golub-Kahan iterative bidiagonalization, in the trigonometric basis (3.15) for the
problem shaw (400) with the noise level 8;4jse = 10714

components) white noise. Such statistical tools are used in a different context in [20,
46, 47] to decide whether a given residual vector is white-noise like. Here we pro-
pose a different approach which is more straightforward. The connection between
the Golub-Kahan iterative bidiagonalization and the Lanczos tridiagonalization de-
scribed in Sect. 2 suggests a new way of determining the noise level in the data
without computing spectral or Fourier coefficients of s;.

4.1 Automatic determination of the noise level based on approximation
of the Riemann-Stieltjes distribution function

As recalled in Sect. 2, the Lanczos tridiagonalization generates a sequence of distrib-
ution functions ©® with the nodes (Glfk))2 and the weights |(p§k), et e=1,... k,
that approximate the distribution function w with the nodes sz and the weights
I(b/ﬁl,u_,)lz, j=n,n—1,...,1;see[12,31, 37, 52]. Depending on the noise level,
for the smaller nodes of the distribution function w the weights are completely dom-
inated by noise, i.e., there exists an index Jyoise such that for j > Jyise

b/ B, uj)I> ~ (BB, u ),

and the weight of the set of the associated nodes is given by

n

=Y 16"/ u)P, 4.1

J=Ynoise
for illustration see Fig. 1. Since b1 <« [|5S%2<|, we can approximately write
5 ”bnoise ”2 ”bnoise ”2 n

i 2
8110153 - ||bexact||2 ~ ||b||2 = Z |(bn01se//317 u])| . 4.2)
j=1
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With discrete ill-posed problems one can assume Jyoise << 1, and therefore, assuming
white noise,

zwn_Jnoisez o 2
8~ n (Snoise ~ (Snoise' (4.3)
Please recall that the large nodes 012, 022, ... are well-separated relative to the
small ones and their weights on average decrease faster than (712, 022, .... Therefore

the distribution function w® approximates the distribution function w in a special
way—the large nodes essentially control the behavior of the early stages of the Lanc-
zos tridiagonalization; see also Sect. 3, in particular Fig. 3. For k =1, 2, ... the large
singular values of L; become close to the largest singular values of A due to the
dominance described above. At any iteration step the weight corresponding to (Gl(k) )?
must be larger than the sum of weights of all ojz smaller than (Ql(k))z; see[12,26],[11,

Sect. 5.3]. As k increases, some («91(k))2 eventually approaches (or becomes smaller

than) the node ojzmise, and its weight |( pik), e 1)|2 becomes

(P e ~ 8% ~ 8 (4.4)
Using the notation of Sect. 3, this iteration step is equal to kpeise + 1. Indeed,
I(pgk), e1)] is proportional to the noise level only after all smooth components of s
with the norms larger than the noise level are damped at the iteration step kpoise. The
smallest nodes (ka“°‘s°+l))2, (91(](“°is°+2))2, ... strictly decrease due to the strict inter-
lacing property of the Ritz values, but the corresponding weights (which also strictly
decrease) remain in the subsequent steps approximately the same until the set of the
smallest nodes {02 afmise} is approximated by more than one Ritz value and the

PERRER)

weight (4.1) is split, which happens when

O <0? for j > Jnoise. (4.5)
Summarizing, the weight |( p}k), e1)|? corresponding to the smallest Ritz value (Gl(k) )2
is strictly decreasing. At some iteration step k = knoise + 1 it sharply starts to (almost)
stagnate on the level close to the squared noise level (Srzloise, see (4.3) and (4.4). In

order to determine kppise and to estimate Spojise, it 1S therefore sufficient to monitor the
first component of the left singular vector |( pik) , e1)| of the bidiagonal matrix Ly that

is associated to its smallest singular value Gl(k); see (4.4). When it starts to stagnate,

knoise 1
Snoise 2 |(p\reetD ey, (4.6)

The stagnation can be detected by an automated procedure that does not rely on
human interaction.

Figure 14 shows the positions of the leftmost points [(Ql(k))z, |(p§k), el)|2], k=
1,2, ... with respect to the distribution function w (1) (a) and |( pgk), e1)| as a function
of k (b) for the problem shaw (400) with the noise level dpoise = 1014 (¢) and (d)
show the same for the noise level dyoise = 1074,
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Fig. 14 The positions of the leftmost points [(91(1())2, I(Pik), el)lz], k=1,2,... with respect to the distri-

bution function w (1) (a) and the absolute value of the first component |( pgk) , e1)] of the left singular vector
of Ly corresponding to its smallest singular value (b) for the problem shaw (400) with the noise level
Snoise = 10~14; (¢) and (d) show the same for the noise level Snoise = 10~%. The horizontal dashed-dotted

. . 2 . .
lines represent the squared noise level & . . and the noise level dpojse. respectively

4.2 An additional way of estimating the noise level in the data

Knowing the iteration kpise Where the noise is revealed in the Golub-Kahan iterative
bidiagonalization, one can also estimate the level of the noise in the original data
from the bidiagonalization coefficients. Here kpoise can be determined as described in
the previous section. This section therefore describes an additional way of checking
the estimate of dpoise Obtained in Sect. 4.1. Using (3.8),

. v 1 noise
st = D e
where py is defined by (3.9), which gives
”bnoise” .
T = pxllsge - 4.7)
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At the iteration step knoise the noise is revealed, and we can assume that on average

the components s,fxa“ and s7*"*¢ are of about the same norm, cf. sf’ga“ and s7¢"*¢ in

Figs. 8 and 9. Therefore

exact noise exact noise
= . = <
1 ”sknmse+l ” ||Sknoise+l + Sknoise+l ” - ”sknoise+1 ” + ||Sknoise+l ”
gives, considering that s$**'  is much smoother than s/ . and thus there is not
knm%e+ kn0|se+

much cancellation between the individual components,

noise
”sknoisc+1 ” ~

N =

Assuming [|b"5¢|| « ||b®*2°||, the left part of (4.7) can be approximated, as in (4.2),
by
”bnoise ” ” bnoise ” ” bnoise ”

= . ~
||b|| ”bexact + bnmse” “bexact” ’

which finally gives the estimate of the noise level in the original data

”bnOISC” N 1
~ —

M B Dknoise * (4.8)

(Snoise =

Table 1 shows the iterations kyeise (second row) and the corresponding estimates of

the noise level |( pgk""‘”H), e1)| (third row) and %Ioknoise (last row) for the problems

shaw (400) and ilaplace (100, 1) from the Regularization Toolbox [17] with
different noise levels Spoise. The estimates are average values computed using the
set of 1000 randomly chosen sample vectors »"¢. In our experiments kppise Was

Table 1 Noise level in the data (first row), iteration kyqise Where the noise is revealed (second row), the
estimated noise level |( pik“"iseﬂ), e1)| (third row) and %pkmiSe (last row), see (4.6) and (4.8) respectively,
for problems shaw (400) and ilaplace (100, 1). The estimates represent average values computed

using 1000 randomly chosen vectors H0ise

problem shaw (400)

noise level 8poise 1x 1014 1x 10710 1x10°06 1x1074 1x1072
Knoise 16 13 9 7 4
(p\foise D oy 180 10714 8.99x 10711 131x 1076 1.01x 107 1.03 x 1072
estimate Jpg, ;. 893x 10715 4951071 655x 1077 524% 107 5.55x 1073
problem ilaplace(100,1)

noise level 8pise 1x 10713 1x 10710 1x1077 1x1072 1x 107!
Knoise 22 18.75 15.30 6.02 2

Iprse ™ el 012107 124% 10710 134x 1077 1.02x 1072 111 x 107!

estimate Spp .. 477x1071%  642x 1071 7.11x 1078 898 x 1073 557 x 1072
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determined as the first iteration step k for which

¢
(Pt e << 1P en) ) | “9)

k+1+ k+1
1V ey I, en)

where ¢ was set to 0.5 and step was set to 3. We emphasize that (4.9) should be
considered as an example of a possible automated stopping criteria. Its form has not
resulted from an extensive research; such work is yet to be done and the results will
most probably depend on particular application areas. For the problem shaw (4.9)
works well except for the noise level Sppise = 1 X 10~ where the automatically
determined value kyoise = 16 is one less than the value determined in Sect. 3. The
error is, however, negligible; see Fig. 14.

4.3 A comment on regularization and stopping criteria

When solving discrete ill-posed problems using hybrid methods based on the Golub-
Kahan iterative bidiagonalization, for sufficiently large k, k << n, the absolute value
of the first component of the left singular vector of Ly corresponding to its smallest
singular value (almost) stagnates close to the level of the noise present in the original
data. The beginning of the stagnation determines |( pik“”iseH), e1)| & Snoise and the
iteration kpoise When the noise level is revealed; see (4.6). Moreover, (4.8) gives the
additional (secondary) noise level estimate.

Knowing the noise level, many different approaches can be applied in the subse-
quent steps, cf. [27, Sect. 3.2] including the straightforward application of the dis-
crepancy principle [32, 33] (see also [18, Chap. 7.2, pp. 179-181]). It remains to
determine which of these are effective in this context. Results in this direction will be
reported elsewhere.

5 Noise propagation and the loss of orthogonality in the bidiagonalization
vectors

To our knowledge, the effects of rounding errors have up to now not been thoroughly
investigated in the literature on hybrid methods for solving discrete ill-posed prob-
lems, although they are sometimes acknowledged as a potential difficulty. As illus-
trated on Figs. 10 and 11, loss of orthogonality and subsequently loss of linear in-
dependence among the computed bidiagonalization vectors very significantly affect
the propagation of the noise in the Golub-Kahan iterative bidiagonalization process.
The corresponding Lanczos process without reorthogonalization computes multiple
approximations to the well-separated squared large singular values. Consequently,
the convergence of the Ritz values in the other parts of the spectrum can be signif-
icantly delayed, which affects convergence of the hybrid methods to the regularized
solutions. The noise-revealing phenomenon is then complicated by the fact that com-
putation of multiple approximations for the well-separated large singular values is
connected with reappearance of the smooth components in the computed left bidi-
agonalization vectors s, which makes the propagation of the noise in the bidiago-
nalization process rather irregular. This is illustrated in Figs. 15-18, analogous to
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Fig. 15 Individual components of several left bidiagonalization vectors s; computed by the double re-
orthogonalized Golub-Kahan iterative bidiagonalization for the problem shaw (400) with the noise level
Snoise = 1074
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Fig. 16 Individual components of several left bidiagonalization vectors s computed by the Golub-Kahan
iterative bidiagonalization without reorthogonalization for the problem shaw (400) with the noise level
Snoise = 1074

Figs. 7, 10 and 11. Figures 15 and 16 show individual components of several left
bidiagonalization vectors s; computed by the Golub-Kahan iterative bidiagonaliza-
tion with double reorthogonalization and without reorthogonalization, respectively,
for the problem shaw (400) with the noise level §ypise = 1074, Figure 17 presents
the norms of the components s, s1°I¢ and the smallest singular value of the matrix
Sk as k increases. Finally, Fig. 18 gives the values of the normalization coefficients
ak, PBr+1 and of their cumulated ratio pi, see (3.9). We see that here the appearance
of the smooth left bidiagonalization vector sg in the Golub-Kahan iterative bidiago-
nalization without reorthogonalization delays the revealing of the noise level by one
iteration. In more difficult examples the loss of orthogonality among the bidiagonal-
ization vectors can significantly delay the noise-revealing process. Nevertheless, as
illustrated in Fig. 19 presenting results computed by the Golub-Kahan iterative bidi-
agonalization without reorthogonalization, the determination of the noise level based
on monitoring the absolute value of the first component of the left singular vector
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Fig. 17 The norms of szxm, s,‘(wise and the smallest singular value of the matrix S for the problem
shaw (400) with the noise level 8,pise = 1074, computed by the Golub-Kahan iterative bidiagonalization
with double reorthogonalization (a), and without reorthogonalization (b). For comparison, the triangles in
(b) represent the norm of the component 57" computed with double reorthogonalization
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Fig. 18 Normalization coefficients oy, Bx41 and their cumulated ratio p, see (3.9), for the problem
shaw (400) with the noise level 8;,pise = 1074, computed by the Golub-Kahan iterative bidiagonalization
with double reorthogonalization (a), and without reorthogonalization (b)

of Ly corresponding to its smallest singular value still works. The kpoise determined
from Fig. 19(a) is, however, shifted by one step in comparison to Fig. 16, where
knoise = 8.

It is worth noting that the propagation of noise in the Golub-Kahan iterative bidi-
agonalization for discrete ill-posed problems is different from the propagation of the
elementary finite precision rounding errors which are present in each iteration. An in-
vestigation of this interesting topic is, however, outside the scope of this paper.

6 Conclusion

This paper considers discrete ill-posed problems represented by the linear system
(1.1) with the following properties:
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Fig. 19 The absolute value of the first component \(Pik), e1)| of the left singular vector of Ly corre-

sponding to its smallest singular value for the problem shaw (400) with the noise level 8ppise = 1074
(a) and 1072 (b). The matrix L} was computed using the Golub-Kahan iterative bidiagonalization without
reorthogonalization. The horizontal dashed-dotted line represents the noise level 8yqige

— the matrices A, AT, AAT have a smoothing property;

— the left singular vectors u; of A represent increasing frequencies as j increases;

— related to the last point, the system satisfies the discrete Picard condition; on aver-
age, the absolute value of the projections of the exact right-hand side »*** to the
left singular subspaces of A decays faster than the corresponding singular values;

— the noise component /"% in the right-hand side represents white noise.

We showed that for this class of ill-posed problems it is possible to identify the it-
eration when the noise present in the data begins to propagate significantly to the
projected problem computed by the Golub-Kahan iterative bidiagonalization. The
unknown level of the noise in the original data can be estimated at a negligible cost
from the absolute value of the first component of the left singular vector of the bidi-
agonal matrix of the projected system corresponding to its smallest singular value.
This estimate is reliable and accurate. It can also be subsequently compared with the
secondary estimate which uses the computed bidiagonalization coefficients. The es-
timated noise level can be used for construction of efficient stopping criteria based
on many different approaches. We emphasize that throughout the paper the assump-
tion on the white noise character of b™°I*¢ is substantial. Possible generalizations to
cases with colored noise of varying degrees of dispersion, but dominated by high
frequencies, need further investigation.

It is worth recognizing that if any of the assumptions made is not satisfied, then
the presented noise revealing techniques may not succeed. Figures 20 and 21 show
individual components of several left bidiagonalization vectors s; computed by the
double reorthogonalized Golub-Kahan iterative bidiagonalization, and their compo-
nents in the basis of the left singular vectors of A, for the problemphillips (256)
from the Regularization Toolbox [17] with the noise level 10~°. Even though we ob-
serve an increase of the high frequency components in the vectors sq, s2, ..., it is
not possible to identify the noise revealing iteration kyeise SO clearly as proposed in
Sect. 3. The reason is thatin phillips (256) the discrete Picard condition is par-
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Fig. 20 Individual components of several left bidiagonalization vectors s; computed using the double
reorthogonalized Golub-Kahan iterative bidiagonalization for the problem phillips (256) with the
noise level Spgise = 1070
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Fig. 21 The absolute values of the first 80 spectral components of the vectors s; computed using the
double reorthogonalized Golub-Kahan iterative bidiagonalization for the problem phillips (256) with
the noise level 8pise = 107°. The dashed line represents machine precision &y

tially violated due to oscillations of the absolute value of the individual components.
The technique presented in [20, 46] based on the Fourier analysis of the residual
vectors works well also for this problem.

In this paper we have proposed noise revealing tools which may have potentially
wide application for the solution of discrete ill-posed problems. The numerical ex-
periments presented in this paper report only results obtained for the problem shaw
(and to some extent also ilaplace and phillips) from the Regularization Tool-
box [17]. Further experiments were performed with ilaplace, phillips, de-
riv2, and, without reorthogonalization, with ODF (here the matrix is rectangular
of dimensions 5290 x 3375; see [21]) and with image deblurring examples Elephant
(square problem of dimension 152280) and Barbara (two square problems of dimen-
sions 65536 and 262144), cf. http://www.cs.cas.cz/krylov, section ‘Software’. Based
on the results, which can be found on the given www page, we believe that the con-
clusions derived from our observations and their mathematical justification offered
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in Sects. 3 and 4 will find wide applications subject to the assumptions given above.
We have also formulated several open questions which will be the subject of further
investigation. The paper presents a step in understanding the noise revealing and reg-
ularizing properties of the Golub-Kahan iterative bidiagonalization. An application
of the methods presented here to large scale problems needs further work. Results
will be reported elsewhere.

Throughout the paper we have assumed A square and nonsingular. An extension
of the results presented in this paper to problems with rectangular and even rank defi-
cient matrices would require an additional assumption on the norm of the component
of the right side b in the nullspace of A7 .
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Appendix

The terminology “Golub-Kahan iterative bidiagonalization” used throughout the pa-
per is worth a short explanation. In their seminal paper [14], Golub and Kahan pro-
posed two approaches for orthogonal bidiagonalization of a given matrix. In the first
approach the bidiagonalization is computed by a sequence of Householder transfor-
mations from the left and right of A. The second approach, called here the Golub-
Kahan iterative bidiagonalization, is introduced in the paper by the following words
(here we use, for consistency, our notation for the lower bidiagonalization of A, while
in [14] the authors consider the upper bidiagonalization):

An alternative approach to bidiagonalization of A is to generate the columns of
S and W sequentially as is done by the Lanczos algorithm for tridiagonalizing
a symmetric matrix. The equation

AW=SL and STA=LwWT

can be expanded in terms of columns s; of S and w; of W to yield ...,

where W, S and L denote the results of the full bidiagonalization; see [14, p. 210].
For computation of the singular values of the bidiagonal matrix their paper refers
to the idea of computation of the eigenvalues of the augmented matrix, which leads
(through the Lanczos algorithm) to computation of the eigenvalues of the symmetric
tridiagonal matrix, with reference to [29, Chap. 3].

Golub and Kahan gave by their reference to Lanczos an example of fairness which
should be appreciated and followed. But their iterative bidiagonalization algorithm
can not be attributed, according to our opinion, to Lanczos. The iterative bidiago-
nalization was proposed in [14]. Though the term “Lanczos bidiagonalization” is
widespread in a part of literature, we concur with the remaining literature, in par-
ticular with [41, 42], that it is appropriate to use the name Golub-Kahan iterative
bidiagonalization.
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SUMMARY

This paper is concerned with the numerical solution of symmetric large-scale Lyapunov equations with
low-rank right-hand sides and coefficient matrices depending on a parameter. Specifically, we consider the
situation when the parameter dependence is sufficiently smooth, and the aim is to compute solutions for
many different parameter samples. On the basis of existing results for Lyapunov equations and parameter-
dependent linear systems, we prove that the tensor containing all solution samples typically allows for an
excellent low multilinear rank approximation. Stacking all sampled equations into one huge linear sys-
tem, this fact can be exploited by combining the preconditioned CG method with low-rank truncation. Our
approach is flexible enough to allow for a variety of preconditioners based, for example, on the sign function
iteration or the alternating direction implicit method. Copyright © 2013 John Wiley & Sons, Ltd.
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KEY WORDS: Lyapunov equations; CG method; preconditioning; ADI preconditioner; sign function
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1. INTRODUCTION
Let us consider a Lyapunov matrix equation
A@)X(@)M(@)" + M@ X (@) A@)" = Bl@)B@". M

where the coefficient matrices A(a), M(a) € R™", B(a) € R™, and consequently also the
solution matrix X () € R"*", depend on a parameter « € R.

We are concerned with the problem of solving (1) for possibly many parameter samples. This is
needed in interpolatory model reduction techniques for parameterized linear control systems, see
[1,2]. For the rest of this paper, we will assume that A(«) and M(«) are both symmetric positive
definite for all parameter values o of interest. In particular, this implies that (1) has a unique symmet-
ric positive definite solution. Our assumption is satisfied, for example, for Lyapunov equations (1)
arising from the finite element discretization of an infinite-dimensional linear control system gov-
erned by a parameter-dependent parabolic PDE. In this case, A(«) and M(«) correspond to the
stiffness and mass matrices, respectively. We will comment on extensions to the nonsymmetric case
in Section 4.

For the rest of this paper, we suppose that the right-hand side of (1) has low rank, that is, t < n.
Under our assumptions, this implies that X(«) admits an excellent low-rank approximation for

*Correspondence to: Martin Plesinger, Department of Mathematics and Didactics of Mathematics, TU Liberec, Liberec,
Czech Republic.

TE-mail: martin.plesinger @tul.cz
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fixed «, see, for example, [3-6]. Virtually all existing algorithms for large-scale Lyapunov equa-
tions exploit this observation. This includes the low-rank Smith iteration and alternating direction
implicit (ADI) method [7, 8], subspace methods [9-13], and low-rank variants of the sign function
iteration [14, 15]. All these methods deal efficiently with a single Lyapunov equation evaluated at an
individual parameter sample, but none of them can be extended in an obvious way to deal efficiently
with many parameter samples.

In this paper, we propose new Krylov subspace based techniques to solve (1) for many param-
eter samples simultaneously. For this purpose, we combine our recently developed low-rank tech-
niques for solving parameter-dependent linear systems [4] with low-rank techniques for Lyapunov
equations. For this purpose, we proceed as follows.

In Section 2, we consider (1) for a fixed parameter sample and treat it as a Kronecker-structured
n?xn? linear system. This view, which has already been promoted in [16], allows more flexibility in
the choice of the solver and the preconditioner. More specifically, we combine the standard conju-
gate gradient (CG) method with preconditioners inspired by existing methods for solving Lyapunov
equations. One obvious disadvantage of this approach is that each iterate in the CG method is a vec-
tor of length n2, which is infeasible for large-scale applications. This can be avoided by applying
low-rank truncations to the iterates, an idea that has been successfully used in [17-19].

In Section 3, the approach from Section 2 is extended to m > 1 parameter samples by con-
sidering all m Lyapunov equations simultaneously in one huge block diagonal linear system of
size mn? x mn?. Again, a CG method is applied to solve this system. However, instead of low-
rank matrix truncation, we now consider the iterates of length mn? as third-order tensors of size
n xnxm and apply multilinear low-rank approximation [20]. The success of this approach crucially
depends on the approximability of the solution tensor. In the case of smooth dependence on a single
parameter, we prove rapid decay of the approximation error for increasing multilinear ranks. This
approach is also well suited for several parameters, provided that the number of samples does not
grow too large. This can be achieved for several parameters by sparse collocation techniques, see for
example [21].

In the technical report [22] accompanying this paper, we describe an alternative approach for
p > 1 parameters. Assuming that the samples are arranged in a tensor grid, the solutions of (1) are
collected into a tensor of order 2 + p, where the first two modes correspond to the rows/columns
of the solutions and each of the remaining p modes corresponds to a parameter. The associated
linear system is then solved by combining CG with low-rank truncation in the so called hierarchical
Tucker format [23,24].

Remark 1
All numerical experiments in this paper have been performed in MATLAB version 7.8 (R2009a) on
an Intel Core2 Duo (T8300) 2.40 GHz processor.

2. NO PARAMETER

We first consider (1) for a fixed parameter sample. For simplicity, we omit the dependence on the
parameter:

AXMT + MXAT = BBT, )

where A and M are both symmetric positive definite. It is well known that (2) can be cast as a
Kronecker product linear system

MRA+AR M)x =b, 3)

with x = vec(X) and b = vec(BBT), where vec(-) stacks the columns of an n x n matrix into a
vector of length n2.

Copyright © 2013 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2014; 21:666-684
DOI: 10.1002/nla
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2.1. The basic form of preconditioned CG

As the matrix in the linear system (3) is symmetric positive definite, we can apply the precondi-
tioned CG method to (3). We will base our preconditioner on existing methods for solving a standard
Lyapunov equation of the form

AX + XAT = BBT. )
Note that (2) and (4) are equivalent via the relations A4 = LX} AL;,T, B = LX,II B, and X =
LI_MT}Z L;}, with the Cholesky factorization M = Ly L?l:l' Given a preconditioner P~! for

A=T1®@A+AQ1 ®)
the Kronecker product formulation of (4), a preconditioner for (3) is obtained as
(L ® L) P~ (Laf ® Laf ). ©)

Algorithm 1 is the standard CG method [25] applied to (3) with the preconditioner (6). The only
difference to the standard formulation is that we recast all operations in terms of n x n matrices
instead of vectors of length n2. In particular, the inner product (-,-) should be understood as the
matrix inner product and the preconditioner P! is considered as a linear operator on R”*", Such
an approach is not new; it belongs to the class of so called global Krylov subspace methods, see, for
example, [26].

Algorithm 1 Conjugate gradient method for solving AXMT + M XAT = BBT.

Require: Symmetric positive definite matrices A, M € R"*" and right-hand side matrix B € R,
tolerance tol > 0.

Ensure: Approximation Xy to solution of Lyapunov equation (2).

: Ly < chol (M) {(sparse) Cholesky decomposition}
k<0,

Ry < BBT {initial residual corresponding to (2)}
: Compute Rg < L3} RoL;] .

: Compute Zg = P! (RO). {apply preconditioner for (4)}
: Compute Zo < L3} ZoLyf.

: 6% < (Ro, Zo)

P() <~ Z()

: repeat

k<k+1

Wi <= AP MT + MPy_ AT {apply Lyapunov operator}
12: agS < 08, / (W, Pr—t)

13: Xp < Xik—1 +(¥](C:GPk_1

14: Ry < Rp—1 —Ol]({:GWk

15: Compute Ry < L3} ReLyf.

16: Compute Z; = P~} (Iék). {apply preconditioner for (4)}
17: Compute Zy < L3} Ze Lyf

18: ng <~ (Ry, Zy)

L SR

20: Pk<—Zk+}3]SGPk_1

21: until | BBT —(AX, MT + MX; AT)| F < tol {test true residual for convergence}

TS Yo ®eN o U E v

It is well known that the solution X of the Lyapunov equation (2) is symmetric. It turns out that
Algorithm 1 automatically preserves this symmetry. More specifically, if the preconditioner !
applied to a symmetric matrix again results in a symmetric matrix, it can be easily seen that all
iterates Py, Ry, Xx, Wk, Zi generated by Algorithm 1 are symmetric n X n matrices.

Copyright © 2013 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2014; 21:666—-684
DOI: 10.1002/nla
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2.2. Incorporating low-rank truncation into the preconditioned CG method

A serious drawback of Algorithm 1 is that the storage requirements are O(n?) as the iterates are

generally dense 7 x n matrices. Motivated by the facts that the right-hand side BB” has low rank
(as we assumed ¢ < n) and that the solution X can be well approximated by a low-rank matrix, we
expect the iterates to be also approximable by low-rank matrices. The ranks of iterates can, however,

grow in a transient phase of convergence, see Figure 1, right (compare also to Figure 2). This rank
growth has to be avoided using a suitable preconditioner. We will explicitly enforce low rank by
truncating the iterates repeatedly.

Any symmetric matrix S € R"*" of rank r < n can be stored in O(nr) memory by means of a
decomposition

S =UsAsU ST s @)
where Ag € R™ is symmetric and Us € R"*". For example, this can be achieved by the spectral
decomposition of S. All iterates of Algorithm 1 will be represented in the factored form (7). This

allows all operations needed in Algorithm 1 to be performed efficiently:

Norms of computed residuals 350 Numerical ranks
10° — R, —— Numerical rank for X,
- - -Numerical rank for R,
100 300 l A v
250 Y
102 ’,"-‘ 0 "v
200
10 g |
150 / \
6 \
10 100 |
10°® 50 l.
1070 0 g
0 100 200 300 400 500 600 700 0
Iteration number

100 200 300 400 500 600 706
Iteration number

Figure 1. Algorithm 1 applied to the test problem, see Remark 3 or [27, Sec. 2.3.1]. The matrices A and M
are the stiffness and mass matrices, respectively, n = 11,036. The matrix B € R”"*! is chosen randomly.
Left: Convergence of the residual norms. Right: Numerical ranks for X and Ry for ¢ = 10710, The CG

method stops after 744 iterations (4 h, 1 min, 43 s) with residual norm 4.489 - 10-11,

Convergence of dominant eigenvalues
10* T T T T T T T
10?
10° ]
102
10 ]
106 L . . . AN . . .
0 100 200 300 400 500 600 700

Iteration number

Figure 2. Evolution of 15 largest singular values of Xy as k increases. Solid lines correspond to positive
eigenvalues, dashed lines to absolute values of negative eigenvalues.
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Matrix multiplication. An operation of the form § = L;ll S LIJT is performed as
S =Ly (UsAsUL) Lif = (L3 Us) As (UL Ly ) =: UsAsUT,

not increasing the rank and requiring O(nnz(Ls)r) instead of O(nnz(L ps)n) operations,
where nnz denotes the number of nonzero entries of a matrix.
Matrix addition. S = S + T is performed as

A 0
S+T =UsAsUL + UrArUf = [Us,UT][ o Ar ][US,UT]T

=:UghAsU].

While this operation has zero cost, the rank generally increases to rs +rr, where rg, rr are
the ranks of S, T, respectively. ~
Application of Lyapunov operator. S = ASMT + M SAT is performed in an analogous way:

ASMT + MSAT = AUsAsUFMT + MUsAsUT AT

As

0
:[AUS’MUS][ As 0

i|[AUS7MUS]T
= UgAsU],

doubling the rank and requiring O(nnz(M)r + nnz(A)r) instead of O(nnz(M)n +
nnz(A)n) operations.
Matrix inner product. (S, T') is performed as

(S, T)=tr(ST) =tr (UF UsAsUXT Ur A7),
where the last matrix product can be evaluated in O(nrgrr) instead of O(n?) operations,
provided that A g, A7 are diagonal.

The only operation not covered in the list earlier is the application of the preconditioner P~1; this
will be discussed in Section 2.3.

When applying Algorithm 1, the ranks of the iterates and consequently also the storage require-
ments will grow dramatically. This rank growth can be limited as follows. Given a factored matrix
S =UsAsU ST of rank r, we first perform a QR decomposition Us = QR with Q € R"*" having
orthonormal columns and R € R"*" being upper triangular. Then,

S =UsAsUI = 0 (RAsRT) 0.
We then compute a spectral decomposition
RAsRT = (v val| B0 0 |l
0 A
where A; € R is a diagonal matrix containing the 7 eigenvalues of largest absolute magnitude.
The truncated matrix S of rank 7 is obtained as
S§=UsAgUL, with Us=0QVi, A=A,

Note that [|S — |2 = [|Azll2 = 07+1(S), where o (-) denotes the jth largest singular value of a

matrix. It remains to discuss the choice of the parameter 7, the numerical rank to which the different
iterates of Algorithm 1 are truncated.

Numerical rank for Xj. For a desired user-specified accuracy ¢ > 0 and a safety factor C; < 1,
we let the numerical rank of X} denote the smallest j such that

0j+1(Xx) < Cr e[ Xgll2. ®)

In our experiments, we have observed that C; = 0.05 gives good performance.
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Numerical rank for R;. As the residuals can be expected to become small with increasing k, a
relative criterion of the form (8) would lead to unnecessarily high ranks in latter stages of the
CG method. Instead, we let the numerical rank of Ry denote the smallest j such that

0j+1(Rr) <max{Cj ¢ | Rill2, C2 & | Roll2}, )

for safety factors C; < 1 and C, < 1. Analogous criteria are used for the iterates Pk
and Wg. In our experiments, we have observed that choosing C; = 0, C; = 0.1 for Ry,
Cy = C, =0.25 for Py, and C; =0, C, = 1 for W}, gives good performance.

Summarizing the discussion, all iterates Xy, P, Rk, Wi, Zy of Algorithm 1 are represented in the
factored form (7). We apply truncation with the parameters described earlier after every operation
that increases the rank of the iterates, that is, in lines 5, 11, 13, 14, 16, and 20.

Remark 2

In exact arithmetic, the matrix Ry corresponds to the residual of the approximation X produced in
the kth step of CG. In finite-precision arithmetic, || Rx || remains a faithful convergence indicator
(up to machine precision) [28]. To a certain extent, this remains valid when introducing low-rank
truncations. However, it is safer to use the explicitly recomputed residual for the stopping criterion
in line 21 of Algorithm 1.

2.3. Preconditioners for Lyapunov equations

The convergence of Algorithm 1 is governed by classical results for the CG method. To attain fast
convergence, the use of an effective preconditioner P~ for A defined in (5) is therefore mandatory.
In the context of low-rank truncation, there is another important reason for preconditioning. As illus-
trated in Figure 1, Algorithm 1 without any preconditioner not only suffers from slow convergence
but also from a significant growth of the numerical ranks in the initial phase. As we will see later,
this transient growth is diminished when using effective preconditioners.

Remark 3 (Test problem)
As an example in all the presented numerical experiments (except the last one), we consider a
discretized heat equation

—V(ox)Vu)=f inQ=[-1,1]%
u=20 onI' =0Q.

The heat conductivity coefficient o (x) is assumed piecewise constant

(x) = 1+a forxeD,
o= 1 forx €D,

where D C  is a disc of radius 0.5 and o > 0 is the parameter. This system is discretized by
a finite element formulation with piecewise linear basis functions. This example is taken from
[27, Sec. 2.3.1].

In the following, we will discuss various possibilities for the preconditioner. On the one hand,
the preconditioner should preserve the symmetry and (approximately) low rank. The latter require-
ment is satisfied when 7P~ can be written as a short sum of Kronecker products. This rules out, for
example, the use of classical preconditioners such as Jacobi and SSOR [16]. On the other hand, the
preconditioner should reduce the condition number of A significantly. Fully structure-preserving
preconditioners, such as P~! = (P ® P)~!, may not offer enough flexibility to achieve this goal,
see [29] for a related discussion. We consider two preconditioners inspired by the ADI iteration and
the sign function iteration.

2.3.1. Alternating direction implicit preconditioner. Preconditioning a Krylov subspace method
with a few iterates of ADI was already proposed in [16] for Lyapunov equations, see also [9, 30].
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Algorithm 2 describes one cycle of ADI with £ real negative shifts ¢, ...

, ¢¢. The optimal choice

of shifts is discussed in [6, 31-33]. In each iteration of ADI, linear systems with the matrix
A—g;l, = L;ll (A—o;M )L;,[T need to be solved. Typically, this is performed by a sparse direct
solver, computing the sparse Cholesky factorization of A —¢; M only once in a preprocessing step.

Algorithm 2 ADI(¢) applied to AZ + ZAT = R.

1: ZO 0

2. forj=1,...,¢

3 solve: (A—g;I,) 7U-3) = R—zUG-D (,i—i-(ﬂjln)T
4 solve: zZU) (/f—(pjln)T =R—(A+¢;I,) 7(j-3%)

5: end

If the right-hand side R has low rank, then Algorithm 2 can be implemented efficiently in low-
rank arithmetic. As each iteration of Algorithm 2 increases the rank, it is necessary to truncate after
each iteration. While using £ > 1 yields more effective preconditioners, our numerical experiments
revealed that the computational time spent on low-rank repeated truncation offsets this benefit. We
have therefore restricted ourselves to £ = 1. In this case, Algorithm 2 reduces to

- - -1 5/ -T
Z+— =20 (A—o1l,)  R(A—oily) ", (10
which preserves the rank of R. The optimal value of the parameter ¢; in ADI(1) is given by
©1 = =1/ Amax (A_) Amin (z‘{), (11)

where A, Amin denote the largest/smallest eigenvalues of A and can be easily estimated by
applying a few steps of the Lanczos method [33].

Figure 3 and Table I show the performance of Algorithm 1 with the preconditioner (10). Com-
pared to Figure 1 (no preconditioner), the convergence is dramatically improved. The numerical
ranks of the iterates do not grow larger than twice the numerical rank of the solution. Both improve-
ments result into a dramatically reduced execution time: 16 s instead of 4 h. Figure 4 shows addi-
tional experiments for symmetric positive definite problems from the Oberwolfach Model Reduction
Benchmark Collection [34].

2.3.2. Sign function preconditioner. Instead of ADI, one can also use a few iterations of the sign
function method for solving Lyapunov equations as a preconditioner. A similar idea has been

Norms of computed residuals Numerical ranks

10° 30 ~
——n=11036, 37 iterations, 16 ——Numerical rank for X, L
419, 41 iterations, 40's - - -Numerical rank for R 7
n = 45072, 48 iterations, 190s|| 25 K L
102 !
10
10
10 0 10 20 30 40 0 5 10 15 20 25 30 35

Iteration number k Iteration number

Figure 3. Algorithm 1 applied to the example from Figure 1 with the alternating direction implicit precon-

ditioner (10) for three different mesh sizes n. Left: Convergence of the residual norms. Right: Numerical
ranks for X and Ry fore = 1078 and n = 11,036.
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Table I. Breakdown of the total execution time. The preprocessing step for constructing the
preconditioners is not included in the table and takes 0.248, 0.443, and 1.934 s, respectively.

Problem size  Plain CG (s) Low-rank truncation (s)  Application of preconditioner (s) Total time (s)

n=1I, R . . .
11,036 1.888 10.951 3.186 16.025
n=17, . . K R

17,419 3.192 31.219 6.457 40.868
n =45, R X . K
45,072 9.835 154.122 26.533 190.491
, Norms of computed residuals N Norms of computed residuals ) Norms of computed residuals
10 10 10 —
10° 102 o
0
10 10
1072
10°

107
5 10®

10 10°

10—6 10-10

107 10" 10"

0 50 100 150 200 0O 20 40 60 80 100 120 0 20 40 60 80 100
Iteration number Iteration number Iteration number
Numerical ranks Numerical ranks Numerical ranks for X
50 70 80 k
N I ank for X —n I rank for X,
45 [1_ _ _Numerical rank for R, 60 |- - -Numerical rnkor 8 | S 70
50 60
50
. 40
= 30
20
10
- 0
0 50 100 150 200 0 20 40 60 80 100 120 0 20 40 60 80 100
Iteration number Iteration number Iteration number

Figure 4. Algorithm 1 applied to three problems from [34]. Left column: Spiral Inductor PEEC Model,

n = 1434, ¢ = 1072, the final norm of the true residual is |BBT — A(Xy)||r = 3.1- 107!\, Middle

column: 2D Tunable Optical Filter, n = 1668, ¢ = 1012, the final norm of the true residual is 1.8 - 1018,

Right column: Boundary Condition Independent Thermal Model, n = 4257, ¢ = 107°; the system matrix

consists of four parts A = —Ag + o(Aop + Abotiom + Aside), the final norm of the true residual is 1.8 - 107°,
3.5:107°,2.4-1077, and 2.3 - 10~ 7, respectively.

successfully used for iterative refinement in the context of a hybrid CPU-GPU implementation
[35].

Algorithm 3 performs the first £ iterations of the sign function method. A discussion on the choice
of appropriate scaling parameters w; > 0 can be found, for example, in [36]. These parameters
can be estimated during the computation of the matrices AY). In particular, for £ = 1, the choice

W1 = 1/ Amax (/I) Amin (14[) is recommended, which coincides with (11).

Algorithm 3 Sign(£) applied to AZ + ZAT = R.
1. Z© R, A® 4

2. forj=1,...,4—1

3. 70 ﬁ (Z(j—l) + wjz(A(.i—l))—lZ(j—l)(A(j—l))—T)
j 1 j—1 2 —1)\—1

4 A(’)eﬁ, (A(j )+ w(AUD) )

5: end _ ~

6: 7 <« ﬁ (Z(Zfl) + w?(A(lfl))flZ(l*l)(A(lfl))fT)

Copyright © 2013 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2014; 21:666-684
DOI: 10.1002/nla

168




CLANEK:WK NLAA 2014

674 D. KRESSNER, M. PLESINGER AND C. TOBLER
Norms of computed residuals o5 Numerical ranks
036, 66 iterations, 1 min ——Numerical rank for )<k
10° 419, 73 iterations, 2 min - - -Numerical rank for R
072, 93 iterations, 11 min Ld
1072
107
10°°
1078 .
0 20 40 60 80 0 10 20 30 40 50 60

Iteration number k Iteration number

Figure 5. Algorithm 1 applied to the example from Figure 1 with the sign function preconditioner (12) for
three different mesh sizes n. Left: Convergence of the residual norms. Right: Numerical ranks for X and
Ry fore =108 and n = 11, 036.

Table II. Breakdown of the total execution time. The preprocessing step for constructing the
preconditioners is not included in the table and takes 0.059, 0.101, and 0.332 s, respectively.

Problem size  Plain CG (s) Low-rank truncation (s) Application of preconditioner (s) Total time (s)

n=11,036 9.227 40.648 8.037 57.913
n=17,419 17.446 101.295 18.448 137.189
n =45,072 70.258 485.153 88.473 643.883

Because the iterates AU, j =0,...,£ —1, in Algorithm 3 are independent of the right-hand
side R, they can be precomputed once in a preprocessing step. A major obstacle is that the matrices
AY for j = 1 cannot be represented in terms of sparse matrices and must be stored as dense matri-
ces. This can be avoided when using a data-sparse matrix format that allows for storage-efficient
(approximate) inversion and addition. Examples for such formats include hierarchical matrices [37]
and hierarchically semiseparable matrices [38—40]. Implementations of the sign function method in
these formats are discussed in [14,41,42]. For £ = 1, this is not needed. In this case, Algorithm 3
reduces to

7 L (R+a?dRAT), (12)
2&)1
which can be performed efficiently via Cholesky factorizations of M and A.

Figure 5 and Table II summarize a numerical experiment with the sign function preconditioner
for £ = 1. For the example under consideration, the performance is worse than for the ADI-based
preconditioner, see Figure 5, because of slower convergence of the preconditioned CG method. To
test whether we could gain advantage from using £ > 1, we have implemented Algorithm 3 in the
hierarchical matrix format using the HL1ib library [43]. The iterates Z/) are stored in the low-
rank format (7) and repeatedly truncated, see [14]. For the sake of simplicity, we have only tested
n = 11,036 and set M = I,,. Algorithm 1 with this preconditioner for £ = 2 takes 375 s and another
318 s are needed for setting up the matrix A This compares poorly with £ = 1, which leads to a
total execution time of 58 s.

3. ONE PARAMETER

In this section, we extend the preconditioned CG method discussed earlier to a Lyapunov equation
depending on a single parameter o:

A@)X(@)M (@) + M@)X(@)A(@)T = B@)B(@)”, acR. (13)
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More specifically, we consider the solution of (13) for m parameter samples «;,...,q, with
Omin =01 < ... <0y = Opax.
For each sample oy, we consider the corresponding linear system

(M () ® Aley) + A(ey) ® M(ey))vee(X(ey)) = vec (B(ey)Bley)T). (14)

2

Similar to the approach in [27], we collect these m linear systems into one huge mn? x mn? block

diagonal system

Ax=b (15)

with

A = diag((M(a1) @ A(xy) + A(aq) @ M(y)), ...,

(M (am) ® A(tm) + Alotm) @ M(am))).

and

vec(X(a)) vec (B(Otl)B(Oll)T)

X = : s b= :
vec(X(am)) vec (B(am)B(am)T)

‘We now rewrite (15) in terms of tensors in the sense of multidimensional arrays. For this purpose,
we collect the entries of the solution and the right-hand side into two tensors X', B € R™*"*™ with
the entries

T
Xiji=X(a1)ij» B;ji = (B(oy)B(ay) ),»J» .

Rnxnxm

Then, the matrix A can be reinterpreted as a linear operator on and (15) becomes

AX)=B. (16)

3.1. The Tucker format

To develop an efficient algorithm for solving (16), the low-rank matrix format (7) needs to be
replaced by a low-rank format for third-order tensors. For our purposes, a suitable low-rank format
is given by the Tucker format [44], which we will briefly introduce.

The Tucker format of a third-order tensor S € R"1*"2*"3 takes the form

vee(S) = (Us ® U ® Uy)vec(C), 17)

where U; € R"*7i for i = 1,2, 3 are the basis matrices and C € R"1*"2%73 ig the core tensor. If all
Uy, have full column rank, then the triple (rq, 2, r3) corresponds to the multilinear rank of S.

The Tucker format (17) is closely linked to the three different matricizations of S. The mode-
1 matricization SV e R”1>"2"3 s obtained by arranging the 1-mode fibers S(:,i5,i3) € R™
forin = 1,...,n2, i3 = 1,...,n3 into the columns of M. Similarly, S@ g Rr2xmins gpd
S3) e R"3*m1n2 gre obtained from the 2-mode fibers S(iy,:,13) and the 3-mode fibers S(iy, i2, ),
respectively. Then, the multilinear rank satisfies

r=(r,rpr;) = (rank(S(l)),rank(S(z)), rank(S(3))) .

Moreover, the truncation of an explicitly given tensor to a given lower multilinear rank 7 =
(r1,72,73) can be performed by means of singular value decompositions of S M §@ 5B the
so called higher order singular value decomposition (HOSVD) [20]. The obtained quasibest
approximation S satisfies the error bound

3 n;
|8 =8| = vec(S) —vee S) 5 < D" Y 02(5D). (18)
i=1j=r+1
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This shows that the neglected singular values determine the error, just as in the matrix case.
The right-hand side and solution tensors for the parameter-dependent Lyapunov equation (13) are
symmetric in the first two indices. This property,

Sitizis = Siziyiz  forall iy, ia, i3,

is equivalent to S = @ It can be easily seen that the HOSVD can be modified to preserve this
symmetry in the sense that U; = U, holds for the basis matrices and C") = C® holds for the core
tensor. The corresponding symmetric variant of the Tucker format takes the form

vee(S) = (Us ® Uy @ Up)vee(C), with ¢ =c®, (19)

3.2. Approximability of X in the Tucker format

In this section, we show that the solution tensor X" of (13) can be well approximated in the Tucker
format, provided that # < n and the parameter dependence is sufficiently smooth. According to the
error bound (18), this can be shown by bounding the singular values of the matricizations

X =Xx@ =[X(@)..... X(@m)], X® =[vec(X(e1)),...,vec(X(am))]”.

For theoretical purposes, we may assume M («) = I, without loss of generality, by a suitable trans-
formation of the Lyapunov equation. Moreover, by a suitable parameter transformation, we may
also assume that o € [—1, 1].

The error bound for X® can be immediately obtained by applying an existing result
[27, Thm 2.4] on parameter-dependent linear systems, as the columns of X 3 are solutions to the
linear system (14) with the system matrix A(a) = A(a¢) ® I + 1 @ A(w).

Lemma 1
Let B(a) : [-1,1] = R™ and A(x) : [—1,1] — R™" both have analytic extensions to the
Bernstein ellipse &£, for some pg > 1, and assume that .A(«) is invertible for all « € &, . Then,

Jm

2 _ _
ak(X‘”)s—lp — max A2 Crp 7%, (20)
—p ne€IEy

forany 1 < p < po, where Cp := max,ese, B3

In the case that A(«) is symmetric positive definite for all @ € [—1, 1], the bound (20) can be
simplified. In particular, if A() = Ag + @A, a perturbation argument can be used to show that
1
Mmin — (P - 1)2HAl ”2
for p — 1 sufficiently small, where j4;, is the minimal value of A, (Ag + aAy) for o € [—1,1].

The following theorem gives bounds for the singular values of X" = X®_ The result is only
shown for ¢ = 1; bounds for general ¢ can be obtained by superposition.

max A~z <
neIE,

Theorem 1

Let B(e) : [—1,1] — R™! A(a) : [-1,1] — R™" have analytic extensions to &,, for some
po > 1. Moreover, we assume that A(«) is symmetric positive definite on [—1, 1] and remains
positive definite* on &,,. Then, there exists a constant C > 0 not depending on k and B such that

!
ok+1(X(1)) <CCpexp|—m 0g(p) Vi),
log(8k)

*A general matrix B € C™*" is called positive definite if its Hermitian part (B* + B)/2 is positive definite.
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forany 1 < p < pg, where Cp := max,ese, [ B(n)3 and

_ Mmax

1
Mmin = = inf Amin(A(a) + A((X)*), Mmax = Max )Lmax(A(a))v K .
2 a€sy ae[—1,1] HMmin

Proof

We start by recalling existing results [4, 6, 45] on the singular value decay of X(«) for fixed
a € [—1, 1]. On the basis of the approximation of 1/x on the interval x € [2fmin, 2/4max] Dy sums of
exponentials, one obtains a low-rank approximation

k
X@)~X@) =) gj@gi@",  gj@:=y; exp—;A@)B),

j=1

for certain parameters y; > 0 and w; > 0 independent of «. The approximation error satisfies

s 8| B()|2 > r
[X(@) =X (@) < w exp (_10;(8/() k) .

min

For the 1-mode matricization of the corresponding tensor X, this directly implies the error bound

o= <5 o o (). o

By rearranging the terms contributing to each X (a;), we can write

RO = Gy 4o G077

with
Ui =llgj@)lz-gj@). ... g @m)l2-gj@m)] € R
_ 1 1
V; = diag (7g-(a1), vy —————gi(a )) e R
! g2’ lgj(@m)l2™ "
for j = 1,...,];.

Note that the columns of U ; are evaluations of the vector-valued function
lgj(@)l2-g;(),

which has an analytic extension to &,,. By [27, Corollary 2.3], there is, for every k< min{m,n}, a
matrix U i € R of rank k such that

o0

2py/m 2 —k
< max i .
S ma lg I

A classical result by Dahlquist [46] implies

lgiMllz < Vyillexp—w; A2l Bl2 < /7; exp(—@; pimin)CB

for all n € &,. Then, the approximation X0 = Z];=1 U i VI.T has rank & - k and satisfies

I3 2o i A
~a 51 - A i
IS R o
: —p :
j=1 j=1
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The remaining exponential sum turns out to be the approximation of 1/x at x = 2y, from [47]
and can be bounded by

k
1 8 72 - 8.5
Z V) €Xp(—20 min) € ——— + —— €xp (— k) < .
j=1 2:l’Lmin Mmin IOg(SK) Mmin
Hence, with € = %, we obtain
Jomin(1—=p~1)
”)Z“) - X<1>HF <Ccpp*. 22)

Combining (21) with (22) yields

0], <=5 00— )
F F F

2]€ N
<€ Cp (exp (—IO’;(SK)) + p") 23)

=C,Cp (exp (—rllg) + exp (—rzé)) R

where C; = max {8 1/ femins é} and 7; = 72/ (log(8k)), T2 = log(p). Recall that X has rank
k:=k-k.
For a given integer k, we now balance the influence of the two terms in (23) by choosing

lg::\‘ kT—ZJ, 12::[ kI—IJ.
T1 (%)

Then,
o (X W) <o, (X D) < ”X(l) _ X(DH
<C Cp (exp (—rlk) +exp ( k))
<Ci Cp (oxp ( ( K2/t — 1)) +exp (o (Vi /o - 1)))
= C1 Calexp(r1) + exp(r2)) exp (— V172K )
which completes the proof by setting C := Cy (exp(1) + exp(r2)). O

The bounds of Lemma 1 and Theorem 1 predict a pronounced difference between the singular
value decays of X® and of X, X®_ Such a significantly slower decay for XV, X® does not
appear to be an artifact of the proof but it also shows up numerically, see Figure 6.

3.3. The CG method with low-rank truncation in Tucker format

The basic idea from Section 2 carries over in a relatively straightforward manner to the solution
of the parameter-dependent Lyapunov equation (13). Formally, we apply the CG method to the
mn?xmn? linear system (15) and apply repeated low-rank truncation to keep the computational cost
low. For this purpose, we view all iterates as tensors Xy, Ry, Pk, Wk, Zx € R"?"*™ and store them
in the Tucker format (19). Although the formal algorithmic description of this CG method is virtu-
ally identical with Algorithm 1, the efficient implementation of the required operations demands a

more detailed discussion.
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Singular value decay of different matricizations of X

—o(X") =5(x®)
---o(x®)
100 [
107° 1
10710 L
hl L L L
0 10 20 30 40 50

Figure 6. Solution of parameter-dependent Lyapunov equation (Ao +a A1) X(@)M T + M X (Ao+ad1)T =
BBT withn = 371. Singular values for matricizations of X’ when using samples«; = j, j = 1,2,...,100.

3.3.1. Matrix multiplication. Lines 4, 6, 15, and 17 of the tensorized variant of Algorithm 1 require
the multiplication of a tensor S € R with L;} in modes 1 and 2. In the Tucker format (19),
this can be easily performed; the resulting tensor S takes the form

vec (S) = (U3 ® L;; Ui ® L;ll U1) vec(C).

The ADI(1) preconditioner (10) from Section 2.3.1 can be applied in a similar fashion, by multi-
plying modes 1 and 2 with the matrix (A4 (@) — ¢; [,,)_1, and the core tensor with the scalar —2¢;.
Here, & corresponds to an average of the parameter samples and ¢ = — \/ Amax (A (&) Amin (A (@)).

3.3.2. Addition of tensors. Given two tensors in the Tucker format,
vec(S) = (Us @ Uy ® Uy)vec(Cs), vece(T) = (V3 Vi ® Vy)vec(Cr), 24)
the sum S = S + 7T can be represented by concatenating the factors:
vee (8) = ([Us, V3] ® [Ur, V1] ® [Ur, Vi])vee (Cs).

with

~

<1

Cs = diagsp(Cs,Cr) = ! : (25)
| Cr

3.3.3. Application of the linear operator A. To discuss the efficient application of A, we first
assume that A(e) = Ag + aA; is affine linear in « and M(«) = M is constant. In this case,
the matrix representation of A takes the form

A=T1OM Q@A)+ 1 R4 IM+DIMRAI+DRAIOM,

where D = diag(ay,...,0,,) € R™*™. Applied to a tensor S, the operator A is a combination of
matrix multiplication and addition. For S given in the Tucker format (19), the tensor S = A(S)
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takes the form
vee () =(I@MRAy+ I @ A)®M+DOIMRA1+ DR A M)+
(Us @ Uy ® Uy)vec(Cs)
= ([Us, DU3] ® [AoUy, A1 Uy, MU{] ® [AoUy, A1Uy, MUi])vec (Cg) ,
with

Cs ‘ (26)

For general A(w«), M (o) depending nonlinearly on «, it is often also possible to apply A
efficiently, in particular when A(«), M () are low-degree matrix polynomials in « or can be
reparametrized to take this form. A more detailed discussion can be found in [27].

3.3.4. Inner product. The inner product between two tensors S and 7 in the Tucker format (24)
can be written as

(S, T) := (vec(S), vec(T))
= ((Us ® Uy ® Ur)vec(Cs), (V3 ® V1 ® Vi)vec(Cr))
= (vec(CS), (U3T Vi ® UIT 1 ® UIT Vl) vec(CT)).
In other words, we only need to form the two small matrices U IT Vi and U3T V3, apply them to one
of the Tucker cores, and then compute the inner product between the Tucker cores.

The computation simplifies for S = 7. In particular, when the columns of U; and Us are
orthonormal, we have ||S||? = (S, S) = (Cs.Cs) = ||Cs||%.

3.3.5. Low-rank truncation. Repeated addition and application of A lets the multilinear ranks of
the iterates of the CG method quickly grow. As in Section 2, this rank growth can be limited by
repeatedly truncating the iterates to lower multilinear ranks.

Given vec(S) = (Us ® Uy ® Up)vec(C) with C € R"1*71>*73 the first step of low-rank truncation
consists of computing QR decompositions U; = Q1R and U3 = Q3R3, where Q; € R"/*"/ has
orthonormal columns and R; € R"/*"/ is upper triangular. Then,

vee(S) = (03 ® 01 ® Q1)vec(Cg), with vec(Cp) := (R3® R; ® Ry)vec(C).

Forming Co becomes expensive for larger (ry,r,73). This cost can be reduced by exploiting the
block structures (25) and (26) of the core tensor C.
Upon completion of the orthogonalization step, we compress the Tucker core Cg by computing

SVDs of its matricizations C S) and C g). More specifically, for 7 = (rq,71,73) with r; < ry and
73 < r3, we compute the dominant left singular vectors Wy € R™1>71 and W3 € R™3*"3 of Cg) and
C g) , respectively. The truncated tensor S is then obtained by projection
vec (S) = (03 ® 01 ® 01) vec (C_) s
where
U, := 0107, Us:= Q3W;, vec (CT) = (W3T ® WIT ® WIT) vec(Cg).
Using (18), the truncation error can be bounded by
3 ri
[s=8<3> 3 aps.
i=1j=r;+1
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Table III. Computational cost of individual operations in low-rank tensor variant of the CG
method applied to the n x n parameter-dependent Lyapunov equation (13) with m parameter
samples. It is assumed that n >> r1 and m > r3.

Operation Computational cost
Addition O (nrZ +mr2 +rirs +rir?)
Application of A(-) O (nnz(Ag + Ay + M)ry +nr? +mr2 + r3rs +rir2)
Truncation O(rirs+r¥r2 +r3)
Inner product o (n 1‘12 + mr% + 1‘13r3 + rlzrg)
ADI(1) preconditioner O(nnz(L)ry)
Norms of computed and true residuals Multilinear rank of X,
—o.e[1, 10, m= 10, computed —ae [, 10, m= 10
10° © and true residuals ---ae[1, 10}, m=100
X ---ae[1, 10}, m=100 - —ae[1, 10, m=1e3
N --oe[l, 10, m=1e3 oe[1, 10, m=1e4
ae[1, 10, m=1e4 ---ae[l, 30, m= 30
N -=--oe [1, 30, m= 30, computed == o € [1,100], m = 100

> * and true residuals
o | == ae [1,100], m = 100, computed
- o and true residuals
T

% 8%-0850 04

80 100 120
Iteration number k Iteration number k

Figure 7. Solution of parameter-dependent Lyapunov equation (Ao+a A1) X(@)M T +M X (Ag+ad) =

BB with n = 371. Left: Convergence of low-rank tensor CG measured by decay of computed (and true)

residuals, and its dependence on number of samples of «, and on interval [oyin, ¥max]. Right: Multilinear
ranks (r1,r2,73) of Xi. The upper graphs correspond to r; = rp; the lower graphs correspond to r3.

The choice of 7; is based on the singular values of S, For truncating the iterates Xy of the CG
method, we use a relative criterion of the form (8). For truncating Ry, P, Wi, we use a mixed
relative/absolute criterion of the form (9).

3.3.6. Summary of computational cost. Table III summarizes the complexity of the operations dis-
cussed earlier. Note that the cost for the orthogonalization step needed for low-rank truncation
(Section 3.3.5) is included in the cost for addition and application of .4. Moreover, it is assumed
that A(e) = Ag + @Ay and M(«¢) = M. The cost for computing the Cholesky factorization
A (@) = LLT needed for the ADI(1) preconditioner depends on the sparsity pattern of 4 (&) and is
not included.

3.4. Numerical experiments

The described CG method with low-rank truncation in Tucker format has been applied to the exam-
ple from [27, Sec. 2.3.1], see also Figure 1. Here, the parameter dependence of the stiffness matrix
A(a) = Ao + aA; arises from a parametrization of the material coefficient in parts of the domain.
The right-hand side is a random rank-1 matrix independent of c.

We use the ADI(1) preconditioner with the optimal shift ¢; with respect to & = /Cmin0max-
The initial guess Xj is set to (Xo); ;1 = (X (@)); ;, where X (&) is the low-rank solution of (13)
computed by Algorithm 1.

Figure 7 and Table IV display the obtained results. Compared to the corresponding results with-
out parameter dependence (Figure 3), it becomes evident that the convergence is somewhat slower
and the ranks grow significantly larger. These effects become more pronounced as the parameter
variation increases. This is certainly because the average-based ADI(1) preconditioner becomes
less effective. Finally, Figure 8 shows the obtained results for an example from the Oberwolfach
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Table IV. Detailed results for low-rank tensor CG applied to parameter-dependent Lyapunov equation.
The individual columns contain the following: (1) parameter interval; (2) number of samples m; (3)
number of CG iterations Kpax; (4) multilinear rank of approximate solution after kpy,y iterations; (5)
)|l ; and (6) total computational time.

residual norm res := ﬁ |B— A(Xx

max

[@min, Qmax] m kmax  rank (X, res Computational time
[1,10] 10 60 (24,24,10) 8.14 - 1072 21s (0.355s/it)
[1,10] 30 60 (22,22,9) 6.27 - 107 1 min, 07s (1.12s/it)
[1,10] 100 60 (22,22,7) 552.1077 1 min, 58s (1.97s/it)
[1,10] 1000 60 (22,22,6) 5.11-107° 3min, 165 (3.27s/it)
[1,10] 10000 60 (22,22,6) 5.05- 1077 5min, 325 (5.54/it)
[1,30] 30 90 (34,34,16) 2.60 - 1078 3min, 57s (2.63s/it)
[1,100] 100 140 (44, 44,27) 1.39 - 1077 35min, 35s (15.2s/it)
[1,100] 300 140 (37,37,24) 1.18 - 1077 46 min, 26's (19.9s/it)
[1,100] 1000 140 (34,34,20) 7.16 - 1077 63 min, 31s (27.2s/it)
Norms of computed and true residuals Multilinear rank of X
10° —— computed residuals [} 250 —rankof XV, x®
71 o true residuals i kot XTSD k

10 200 .

102

103 150 /f

10* 100

10° ° .

° 50
1076 o o o o o ]
107 op==r T
0 10 20 30 40 50 0 10 20 30 40 50

Iteration number k

Iteration number k

Figure 8. Boundary Condition Independent Thermal Model from [34], see also Figure 4. We used & = 107°

and 30 samples of « in the interval [107, 108]. The final norm of the true residual is 9.30-10~7. Note that the

large gap between the true residual norms (for the generalized Lyapunov equation (13)) and the computed
residual norms (for the transformed Lyapunov equation with M = ) is primarily due to || M |2 ~ 107>,

Benchmark Collection [34]. This example is known to be quite a challenge, with system matrices
having condition number 10% and larger.

4. CONCLUSIONS AND FUTURE WORK

We have presented methods for solving Lyapunov matrix equations, possibly depending on a param-
eter. Our methods consist of applying the preconditioned CG method combined with low-rank
matrix truncation to a (huge) linear system formulation. While this point of view was mainly taken
to have enough flexibility for dealing with the parameter-dependent case, the method appears to
be quite competitive even for standard Lyapunov matrix equations. A more detailed comparison to
existing methods based on an optimized implementation of our method remains to be performed. In
the parameter-dependent case, the results are promising but also indicate that the rank growth in the
transient phase of the method may pose a bottleneck for more complex problems, which can only
be overcome by the development of more effective preconditioners, see [48] for an example.

While this paper has focused on Lyapunov equations with symmetric coefficients, the algorith-
mic extension to the nonsymmetric case is relatively straightforward, by replacing the CG method
with BiCGstab or restarted GMRES, as proposed in [17, 19, 27,49]. On the other hand, it is not
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clear how to extend the theoretical results, in particular the bounds on the singular value decay from
Theorem 1, to the nonsymmetric case.

As mentioned in Section 1, the solution of parameter-dependent Lyapunov equations plays an
important role in interpolatory approaches to model reduction of parametrized linear control sys-
tems. The methods developed in this paper represent a first step towards efficient algorithms for
such model reduction techniques.
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1. Introduction

Jacobi matrices

(61 &
& b &
T= § T ER™™ >0, £=1,...,n—1, (1)
677,—1 gn—l
én—l 6n

i.e., symmetric tridiagonal matrices with positive sub-diagonal entries, represent thor-
oughly studied objects with the origin in the first half of the 19th century; see the
historical note 3.4.3 in [14, Section 3.4]; see also [16, Chapter 7], [21, Section 5, §§ 36-48],
and [7, Chapter 1.3]. Jacobi matrices have many interesting spectral properties such as:
simple eigenvalues, strict interlacing of eigenvalues, eigenvectors with nonzero first and
last entries, etc.; see, e.g., [16]. They are closely connected to the Lanczos tridiagonal-
ization (see [13]), the Golub—Kahan bidiagonalization (see [9]), Gauss-type quadrature
rules, moment problems, etc.; see [14]. Different generalizations of Jacobi matrices were
proposed in different contexts; see [3,11,19].

In [12], the spectral properties of Jacobi matrices were used to prove fundamental
properties of the so-called core problem (see [15]) within linear approximation prob-
lems

AX ~ B, where AeR™™ BeR™ ATB +£0, (2)

with d = 1. (Note that the core problem is a useful tool in the analysis of the total least
squares solution of (2); see [15].) In [11], it was shown that the core problem within (2)
with d > 1 can be obtained by the band (or block) generalization of the Golub—Kahan bidi-
agonalization with exact deflations; see also [2]. (For further reading on finite precision
computations we refer to [4,20,10,18,5,1], or [6, Chapter 5].) Starting with an orthonor-
mal basis sq,...,s, of the range of B, p = rank(B), the generalized bidiagonalization
yields a block-bidiagonal matriz, e.g.,

aq

52,1 Qo

B31 Bs2 as <I’1T

STAWs = | v4 PBaaz Pas| s =| U, oF ) p=3,
Y5 | Bsa a5 Uy @F
Y% B
L Y7o %6

where o, > 0, Y, > 0, kK = 1,2,...; &y, ¥y y are full row rank blocks in upper
triangular row echelon forms; Sy = [s1, ..., k], Wi = [w1, ..., wg], S’,?Sk = WkTWk = Iy;
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see [11]. The closely related band (or block) Lanczos algorithm (see [16, Chapter 13.10])

applied to AAT with starting vectors 51,...,8, yields a symmetric block-tridiagonal
matriz
i @ @ @ Q174 T
o 0 0 Q@ =
o 0 0 QO asvs — -
T T =1 AQ .:g
S7; (AA")S7= | agyy © Q Q Q| asvs = =, A, =7 |
375 Q? Q? @ = Ag
agye O QO | asyr o
L asyr | ©

where © are in general nonzero dot-products of rows of ST AWg; blocks A are symmetric,
A1 € RP*P; and =, are full row rank blocks in upper triangular row echelon forms. It
was shown in [11] that real matrices of this block-tridiagonal form, called wedge-shaped
matrices, can be understood as a block generalization of Jacobi matrices. The property
of positive sub-diagonal entries of a Jacobi matrix is generalized to the property of full
row rank sub-diagonal blocks.

Basic spectral properties of Jacobi matrices follow only from their nonzero struc-
ture and thus can be generalized to wedge-shaped matrices, while reflecting their block
structure. It was proven in [11] that multiplicities of eigenvalues of a p-wedge-shaped
matrix are bounded by p, and that the eigenvectors have nonzero leading and so-called
quasi-trailing subvectors (i.e., subvectors with nonzero norms) of length p.

Here we extend the concept of wedge-shaped matrices to the complex field by pre-
serving the block form required in the real case. Then we analyze properties of eigen-
values and eigenvectors following from the nonzero structure of wedge-shaped matrices.
We give an illustrative schema for localization of nonzero subvectors of eigenvectors.
We show how the results can be simplified when we consider proper band matri-
ces.

Section 2 gives the definition of a p-wedge-shaped matrix and discusses some of its ba-
sic properties. Section 3 summarizes already known spectral properties of wedge-shaped
matrices and reformulates them to the complex case. Section 4 discusses the structure
of eigenvectors by describing a set of their nonzero subvectors, so-called running com-
ponents. Section 5 comments on interlacing of eigenvalues, and Section 6 concludes the
paper.

Throughout the text M7, MH = M7 and N(M) denote the transposition, the
conjugate transposition, and the null space of a matrix M, respectively; M ® N denotes
the Kronecker product of matrices (i.e., m, ;, the (¢,7)-th entry of M, is replaced by
the block Nm; ; in the product); I denotes the square identity matrix, and ej denotes
the k-th column of I. The following convention concerning the entries of matrices will
simplify the exposition:
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o club (&) stands for a nonzero entry, & # 0;
o heart (V) stands for a general entry which can also be zero;
e empty spaces in matrices always represent zero entries.

2. Definition and basic properties

For a Hermitian (self-adjoint) matrix 7' € C**™ with entries ¢ ;, we consider the
following notation
f(k,T) =min{j : tx; # 0} and kE=1,...

h(k,T)=k— f(k,T), (3)

7n7

in analogy to, e.g., [8, Chapter 4]. For simplicity, we often omit the second parameter
and write f(k) and h(k). The number f(k) is the column index of the first nonzero entry
in the k-th row of T' (provided it exists), and h(k) is the distance between this and
the diagonal entry. The number h(k) is called the k-th bandwidth of T.® The following
definition introduces complex wedge-shaped matrices; see also [11, Definition 4.1].

Definition 1 (p-wedge-shaped matriz). Let T € C™*™ be a Hermitian matrix, i.e., T = TH,
and p, 1 < p < n, an integer. If h(k) is positive and non-increasing for k = p+1,...,n,
then we call T' a p-wedge-shaped matriz. We denote WSZX" the set of all p-wedge-shaped
matrices of order n.

For clarity, we give an example of a 3-wedge-shaped matrix of order 9, and the corre-
sponding values of f(k) and h(k):

VERVERVAR 3
(VARVERVARVAR 3
(VERVERVERVERV
& 000 0Old k |4 5 6 7 8 9
T= & OO0 Q10 & , Jk |1 2 4 5 7 8. (4)
*O@@ hk) |3 3 2 2 1 1
& 0 Qs
L IR
L RV

The partitioning shows that a p-wedge-shaped matrix is a block-tridiagonal Hermitian
matrix with full row rank sub-diagonal blocks (in upper triangular row echelon forms).
Note that p-wedge shaped matrices satisfying

thk—p # 0, for k=p+1,...,n, (5)

3 Note that h = maxj—1,. . h(k) is called the bandwidth of a Hermitian matrix; see [8]. Other authors
call h the half-bandwidth and define the bandwidth as 2h + 1.
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ie, h(k) = p, for k = p+1,...,n, are called matrices with a constant bandwidth (or
proper band matrices; see [17]). They can be considered as basic building-blocks of general
wedge-shaped matrices. The following examples illustrate that any wedge-shaped matrix
contains overlapping principal blocks with constant bandwidth (highlighted by frames);
in all three cases p =3, n="T:

[VARVERVER ) 0 Q© O (VERVERV]
(VERVERVERV] (VEIRVERVARF 3 IVERVERVI
VARV IVERVIEF 3 [VEIVERVERVER [VERVERVERF )
$ 0000 & $ 000 PRI
$ 000 & & 00 & PRRVINY
PR IRVIRY $ 0 & s 0 & (0
$ 00 P & 0
k 4 5 6 7 k 4 5 6 7 k 5 6 7
f(k)y |1 3 4 5 f(ky|2 3 5 6 f(k)y|3 4 5 6
R(k) |3 2 2 2 Rk |2 2 1 1 REY |1 1 1 1

The following lemma gives some basic properties of wedge-shaped matrices.
Lemma 2. Let T € WS, ™".

(a) If p<n—1, then T € WS, I]". Consequently,

WS ™" C WS C - C WS X C Cv

=3

(b) If f(p+1) =1, then T is a (2p + 1)-diagonal matriz.

c) If f(p+1)>1, then T is at most a (2p — 1)-diagonal matriz.

—

Proof. Property (a) follows directly from Definition 1. If f(p+1) =1, then h(p+1) = p,
ie, h(k) <p fork=p+1,....,n. If f(p+1) > 1, then h(p+1) < p, i.e,, h(k) < p,
for Kk = p+1,...,n. Since the bandwidth of the leading principal block of order p is
trivially smaller than p, then T satisfying the assumption of (b) or (c) is a (2p + 1)- or
a (2p — 1)-diagonal matrix, respectively. 0O

Note that we are not necessarily interested in the smallest value of p for which a given
T is a wedge-shaped matrix. For example, in [11, Section 4.2], the aim is to verify that
T is wedge-shaped for one particularly prescribed value of p. The following lemma on
submatrices of wedge-shaped matrices will be useful later.

Lemma 3. Let T € WS’;X" with the following (n1,ng)-partitioning,

T — T1 L }TL1 . 0< < 7
=N | b ni +ng =n, <ni,ng <n. (7)
—~
ny ng
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(a) If ny > p, then Ty is a p-wedge-shaped matriz, Ty € WSZlX”’l.
b) If ng > h(n,T), then Ty is a w-wedge-shaped matriz, To € WS?*"2. The smallest
( n

possible value of 7 is defined as

T =m(ny,ne) = (argﬂg}cign{f(k,T) > nl}) —-n1—1, w<p. (8)

Proof. Assertion (a) follows directly from Definition 1. Let us focus on assertion (b). If
ng > h(n,T), then

fn,T)=n—"h(n,T) > ny,

i.e., the first nonzero entry in the last row of T is placed in the block T5. Let kpin,
P < kmin < n, be the first row of T" for which f(kwin,T") > ny. Since h(k,T) = k— f(k,T)

is positive, then
kmin = f(kmin, T) + h(kmin, T) > nq + 1,
i.e., the entry t . ¢(kwm,7) 18 Placed in the block T5. By employing
fna+6T)=f(l,T2) +n1, h(ni+£,T)=h(Ts), for €= kunn—n,...,ne,

we obtain Ty € WS> (and Ty ¢ WS!21"?), where 7 = kyin — 11 — 1.

T—1

Clearly, 1 <1 < ng. If ny < p, then m < p. If ng > p, then h(ny + p+1,7T) < p gives
fni+p+1,T)>n1+1, ie f(p+1,T2)>1
Consequently, T € VVSZQX"2 and the minimality of 7 results in 7 < p. O
The lemma directly implies that any sufficiently large principal block of a wedge-
shaped matrix is again a wedge-shaped matrix. Let us illustrate how to determine the

value of 7 from assertion (b). Consider, e.g., the (5,4)-partitioning of (4). One can see
that

(VAR
Q? @ & k 3=8—-n; 4=9-—ng
= ) kT2) |[2=7—-n; 3=8-ni , 9
’ & O & £E7€7T2; 1 1 (9)
& O

is 2-wedge-shaped; i.e., n1 =5, ny =4 yield m = 2.
Finally note that if ny < p or n2 < h(n,T), then T} or T have no particular
structure, respectively. Moreover, for the given wedge-shaped matrix and the given
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(n1,ng9)-partitioning it may happen that none of the conditions in assertions (a) and
(b) of Lemma 3 is satisfied; see, e.g., the following 2-wedge-shaped matrix:

, p=2, h(n,T)=2, and ny=ng=2.

3. Spectral properties of wedge-shaped matrices

Since p-wedge-shaped matrices are Hermitian block-tridiagonal with full row rank sub-
diagonal blocks, they can be seen as a block generalization of real symmetric tridiagonal
matrices with nonzero sub-diagonal entries (including the special case of the Jacobi ma-
trices). It is well known that a symmetric tridiagonal matrix with nonzero sub-diagonal
entries has distinct eigenvalues and its eigenvectors have nonzero first and last entries;
see, e.g., [16, Lemma 7.7.1 and Theorem 7.9.3 (7.9.5 in the original Prentice-Hall edi-
tion)]. These properties fully follow from the nonzero pattern of the matrix, allowing
their extension to wedge-shaped matrices.

The property of nonzero first entry can be generalized in two ways. We can either stay
with a single eigenvector and study its leading subvectors, or we can look at the whole
eigenspace corresponding to the given A. We start with the first approach. The proofs
are straightforward generalizations of proofs in [11] for real wedge-shaped matrices. Thus
we give only ideas.

Theorem 4. Let T € WS,™" and let A € R, v = [vy, ... ,vn)T € C™ be an eigenpair of T,
i.e., Tv = Av, v # 0. Then the subvector

vb = (v, )T e CP, (10)
called the leading component of the eigenvector v, is nonzero.

Assuming [vy, ..., V,)}T = 0, the comparison of the left and right-hand sides of the first
row of Tv = Av gives v,1 = 0. Repeating the argument gives v, = 0 for k = p+2,...,n
which contradicts v # 0; see [11, Theorem 4.2] for details.

The following result for the whole eigenspace clearly reflects the block structure of
the wedge-shaped matrix.

Corollary 5. Let T € WS,™" and let A € R be an eigenvalue of T with multiplicity .
Let ve = [V1.4,---,vne)T € C*, £ =1,...,7, be an arbitrary basis of the corresponding
eigenspace, i.e., TV = AV, where V = [v1,...,v,] € C"*". Then the leading p x r block
of V,
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Vi o Vi
vi=| .l ecr, (11)
Vp,1 Vp,r
is of full column rank r.
Proof. Since Vw = [wy,...,wy]T represents an eigenvector of T' for any w # 0 € C",
then Viw = [wy, ... ,wP}T is nonzero, by Theorem 4. Thus V* has linearly independent

columns, which gives the assertion; see also [11, Corollary 4.3]. O
Another corollary bounds the dimension of eigenspaces of a wedge-shaped matrix.
Corollary 6. An eigenvalue of T € WS,*"™ has multiplicity at most p.

The proof follows directly from Corollary 5; see also [11, Corollary 4.4]. It can also be
derived independently of Theorem 4 as follows: Consider S € C(*=P)*("=r) 3 submatrix
of T — M\, A € R, formed by rows p+ 1,...,n and columns f(p + 1),..., f(n). Since
f(k) <k, for k=p+41,...,n, S is upper triangular with nonzero entries ¢ ¢ on the
diagonal. Thus it is nonsingular for any A, giving dim(N (T — AI)) < p.

Generalization of the property of nonzero last entry is more complicated. The particu-
lar structure of the band of the given wedge-shaped matrix has to be taken into account.
The following theorem states the result on trailing subvectors of eigenvectors.

Theorem 7. Let T € WSZX” and let \€ER, v = [v1,...,v,]7 € C™ be an eigenpair of T,
i.e., Tv = Xv, v # 0. Denote

INT) = {s1,...,s,} ={1,...,n}\{f(k,T) : k=p+1,...,n}, (12)
§1 < Sz < -0 < Sy,

where f(k,T) is given by (3). Then the subvector
vl = [V, ..., v,])T € CP, (13)
called the quasi-trailing component of the eigenvector v, is nonzero.

The proof is similar to the proof of Theorem 4. Assuming [Vsl,...,usp] = 0, the
comparison of the left and right-hand sides of the last row of Tv = Av gives v,y = 0.
Repeating this argument gives v¢;) = 0 for k =n—1,n—2,..., p+ 1 which contradicts
v # 0; see [11, Theorem 4.5] for details.

Note that the vector (13) always contains the last entry of the eigenvector v, i.e.,
s, = mn, but in general it does not represent the trailing part of v. See the nonzero
quasi-trailing components of the above given examples of wedge-shaped matrices:
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e [v3,v6,19]T € C? of an eigenvector v € C? of (4),

o [v2,v6,v7]T € C? of an eigenvector v € C” of the first matrix in (6),

o [v1,v4,v7]T € C3 of an eigenvector v € C7 of the second matrix in (6),
e [v1,v2,v7]T € C3 of an eigenvector v € C7 of the third matrix in (6).

A simplified assertion can be obtained for p-wedge-shaped matrices with a constant
bandwidth. Here f(k,T) =k — h(k,T) = k — p giving

INT) = {s1,...,8,} ={n—p+1,...,n}

Thus v" = [V—ps1,...,v,]T € CP is the trailing part of v of length p.
Denote, similarly to (12),

HT) = {1,...,p}. (14)

The sets ZH(T) and ZT(T') of indices describing components v+ and v7, respectively, can be
observed from the pattern of T'. See for example the matrix (4) for which Z+(T) = {1, 2, 3}
and Z'(T) = {3,6,9}:

VN, Vg V3 Vg Vs Vg UVr Vg g
1L _
© 0 0 &
© 0 0 0 &
© 0 0 0 9
& O 0 0 0O &
T = O 0O O 0O & (15)
T & © 0 0
; & 0 0 &
T & O &
_ | .
' ' T
v Vo V3 Vg Vs Vg Vy Vg Vg
The numbers si,...,s,—1 € Z'(T) in Theorem 7 represent row (and column) indices

where the effective bandwidth of T is reduced.
Theorem 7 has a corollary analogous to Corollary 5 dealing with the whole eigenspace,
which reflects the block structure of the wedge-shaped matrix.

Corollary 8. Let T € WS,™" and let A € R be an eigenvalue of T with multiplicity 7.
Let vg = (V1,05 -, Vn,g]T e C", ¢ =1,...,r, be an arbitrary basis of the corresponding
eigenspace, i.e., TV = AV, where V. = [v1,...,v,] € C"*". Let T(T) = {s1,...,s,}
Then the p x r submatriz of V,
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Vsi,1 " Vsyor
vi=| + . |ecr, (16)
Vsp,l o Vsp,r
s of full column rank r.
Proof. Since Vw = [wi,...,w,]T represents an eigenvector of T for any w # 0 € C,
then VTw = [wy,, ... ,wsp}T is nonzero, by Theorem 7. Thus VT has linearly independent

columns, which gives the assertion. 0O
4. Running nonzero components of eigenvectors

In this section we focus on the characterization of a set of nonzero subvectors of
eigenvectors of wedge-shaped matrices. We start with another well-known property of
symmetric tridiagonal matrices with nonzero sub-diagonal entries, that will be demon-
strated on the Jacobi matrix 7" in (1). We include the derivation in order to motivate

further steps. Let A € R, v = [vq,...,v,]T € C" be an eigenpair of T, i.e., Tv = Av,
v # 0. Then

(01 = N1+ &ive =0, (17)

€£71V571+(6€_)\)VZ+£€VZ+1 :07 522,...777,—1, (]‘8)

En—1Vn—1+ (0n — A)vy, = 0. (19)

Assume that vy = vp11 = 0 for some 1 < ¢ < n. Then from (18) it successively follows
that 11 = - -+ = v, = 0 contradicting v # 0. Thus two subsequent entries of an eigenvector
of a symmetric tridiagonal matriz with nonzero sub-diagonal entries cannot be zero.
In other words, violating this property would imply that either the leading principal
submatrix of T of order ¢ has an eigenvector with zero last component, or the trailing
principal submatrix of T' of order (n — ) has an eigenvector with zero first component.
However, none of these situations can occur.

Now we use similar ideas to generalize this property to a wedge-shaped matrix T
Consider the nontrivial (ni,ng)-partitioning (7), i.e. satisfying 0 < nq,ns < n. Define
two corresponding independent eigenvalue problems

Tlf}'l = /\1@'1, 51 75 0, and Tgi)'g = )\2’7‘}’2, 52 7'é 0, (20)

where, T} € C™*™ Ty, € C™*™ If ny > p, then T; represents a p-wedge-shaped
matrix and indices ZT(T}) form the nonzero quasi-trailing component ﬁf e C* of vy;
see Lemma 3 (a) and Theorem 7. Analogously, if ny > h(n,T), then T represents a
m-wedge-shaped matrix for 1 = 7(n1,n2) < p defined in (8) and indices Z4(Tp) =
{1,...,7} form the nonzero leading component ﬂé € C™ of vy; see Lemma 3 (b) and
Theorem 4. Otherwise, if ny < p or na < h(n,T), then Ty or Ty are general square
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Hermitian matrices, respectively. For a general square Hermitian matriz H € C*** and
its eigenvector w # 0 we formally define

IVH)=TY(H)={1,...,k} and  w'=w'=w. (21)

The following schema shows all possible nontrivial (n;,ns)-partitionings of (4); the up-
and down-arrows denote positions of entries belonging to components EI and 5%’ , respec-
tively, similarly to (15):

(VARVERVIRY (O Q0 & (VERVERVEINY
P (VERVERVIRVENF S [VERVERVERVIRF }
(VARVERVERVENY ol (VARVERVARVERV
(VARVERVERVERV VERVERVERVERV) ESHS SHRS S
Y RVERVERVIRVIN X REVERVERVERVIN X NVERVARVERVIR X
RVERVERVERVIN ) [ RVERVERVIRVIN ) RVERVERVERVIN Y
[ RRVERVERV] CRVERVERVI CRVERVERY
& O 0 & 00 & & 00 &
& 0 & & 0O & & 0 &
| 0 | & O & O
[0 © 0 & (VARVIRVIRN X MO © 0 &
(VERVERVERVEN VERVERVERVEN Y (VERVERVERVEN X
(VERVERVERVERV VIRVERVERVIRV (VERVERVERVERV
REVERVERVERVIN Y FREVERVERVERVEF ) RRVERVERVIRVIN )
SR B [ RRVERVERVERVIR X NVERVERVERVEF Y
L JRVERVERVIRVER 1+ IR BV RV
Y RVERVERV] & 0|0 © E SN
& 00 &0 0 & & 0|0 &
& 0 & & 0 & & 0 &
L 0 | & Q|| & O
[0 © 0 & (VARVERVIRK Y |
[VARVERVERVINFY (VERVERVERVIN Y
(VERVERVERVERV VERVERVIRVERV
RRVERVERVIRVIN ) REVERVERVERVIN X
REVERVERVERVIN ) REVERVERVIRVIN X 929
R IVARVARY [ IVARVIRY ) (22)
REVERVEF & 00 &
P T & O&
&0 & -+
L & © &[0 |

Note that ny < p holds in the first three partitionings, and ny < h(n,T') in the last one.
Denote

I(nl,nz)(T) = I/r(Tl) U (IJ’(TQ) + TL1)7 (23)

where the set (Z¥(T:) + ny) contains indices from Z¥(T3) increased by ni. Let v =
[V1,...,vn]T € C" be an eigenvector of T. Denote by v(":"2) a subvector (component)
of v containing entries with the indices Z(""2), The following set lists all v(""2) com-
ponents of v for the matrix (4):
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n 151 9] V3

4! V3 V3 V3
— | V2 9] V3 Vy

va | Vs Vg Ve

HRZE R V3 ) V4 ) Vs ) ) )

U3 — |— [—] | Ve vr Vg
Vy vy Vs Vg

Z vr vg Yy
Vg v

1 T R
p(18) ((271) y(3.6) (@5) 4(5,4) (6:3) (7,2) 4 (8.1)

The horizontal lines separate the entries determined by the indices of the quasi-trailing
and leading components ?71 and 'ﬁé of 71 and ¥y, respectively. We prove that v("1:72) are
nonzero components of v, i.e. indices of nonzero subvectors of eigenvectors of submatrices
T and T, define indices of nonzero subvectors of eigenvectors of the matrix 7T'.

Theorem 9. Let T € WS,™" and let A € R, v = [V1,...,v])T € C™ be an eigenpair
of T, i.e., Tv = M, v # 0. Consider the nontrivial (nq,ng)-partitioning (7) of T,
0 < ny1,ne <n, and the conformal partitioning of v,

_ Tl L _ U1 NgXng ng _ _
T= Lo T, ,v{w , T,eC , v eC™, 0=1,2, ny+ng=n.
Denote
Zrune)(T) = {ty,...,t,} = IT(Th) U (THT2) + n1),
(see (23)),
t1 <t2<"'<t,“
where
Sly--+ySpty when ny > see (12)),
g = { ) 1> (see (12))
{1,...,n1}, when ny < p (see (21)),
1,...,m(n1,n2)}, when ng > h(n,T see (14)),
THT) = {{ (n1,n2)} 2> h(n,T)  (see (14))
{1,...,na}, when ny < h(n,T) (see (21)),

and where 7(ny,na) is given in (8), and h(n,T) in (3). Then subvectors
o) = [y T (24)
called running components of the eigenvector v, are nonzero.

Proof. The eigenvalue problem

Ty L

Ty —
T LE T,
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yields
Tivi = Avy — Loy and Tovy = Mg — LTy, (26)
Assume that v("1*2) = 0. The following situations may occur:

o If ny > p, then ZH(TY) = {1,...,m} \ {f(k,T1) : k = p+1,...,n1}, and, in
particular, entries of vy with indices f(ni,71) + 1,...,n; are zero. Since h(k,T) is
positive and non-increasing for k = p+1,...,n, we get

h(ni,T) > h(ny +1,7T) and
f(’l’ll,Tl) = f(nl,T) < f(’l’ll + 1,T),

i.e., the first f(n1,T1) columns of L are zero. Consequently L v; = 0.

o If ny < p, then ZI(T}) = {1,...,n1} giving v; = 0, and L¥v; = 0 independently of
the structure of L.

o If ng > h(n,T), then TH(Ty) = {1,...,7(ny1,n2)} giving the first 7(n1,ns) entries of
vy zero. Because T is a m(n1, ng)-wedge-shaped matrix, we get

fk,To) = f(k+n1,T) — ny, for k=m(ny,ng) +1,...,n,

i.e., the first nonzero entry of the (k 4+ nj)-th row of T is localized in the block T%
while the k-th row of L is zero. Consequently Lvy = 0.

o If ny < h(n,T), then Z¥(Ty) = {1,...,ny} giving v» = 0, and Lvy = 0 independently
of the structure of L.

Summarizing, in any case all nonzero entries of L are multiplied in (26) by the leading
zeros in vy, and all nonzero entries of L are multiplied by the trailing zeros in v; giving

Lvp=0 and L9 =0; (27)
see also (22) for an example. Thus (26) becomes
Tive = A and Tovy = Avs.
Since v # 0, then at least one of the vectors v, vy is nonzero and thus represents an
eigenvector of T} giving v; = v; or of Ty giving ve = Vs, respectively; see (20). Using
(23) the assumption v("1:"2) = ( contradicts the property that '77I # 0 and T)% #0. O
Note that the theorem can be extended to the trivial partitionings withny =0, ne =n
(i.e., Ty =[] is an empty matrix and 75 = T') and with nqy = n, ne =0 (i.e.,, Ty =T and

Ty = []). Here the running components are identical to the leading and quasi-trailing
components, respectively, i.e.,
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p(01) = ot and (0 = 4T,

Although the statement of the theorem is complicated, schemata (15) and (22) give a
simple and illustrative approach to localize nonzero components of eigenvectors based
on the structure of the matrix. Finally note that Theorem 9 has a corollary analogous
to Corollaries 5 and 8 that we do not formulate explicitly.

In the special case of a p-wedge shaped matrix T' € C™*" satisfying (5), i.e., with a
constant bandwidth, and n > 2p, we get

crte, for £=0,...,p—1,
om0 e { o2e, for £=p,...,n—p,
crtn—t, for t=n—p+1,...,n.
The running components have the constant length 2p (except for several leading and

trailing components). Consequently, Theorems 4, 7, and 9 have the following corollary.

Corollary 10. Let T € WS'ZX" and let N € R, v = [vy,...,v,]T € C™ be an eigenpair
of T, i.e., Tv= v, v#0. If

tek—p 70 for k=p+1,...,n,

then:
a) The leading component vO™ =t =[vy, ... 1,]T € CP of v is nonzero.
g p
o (n,0) —_ ,,7 — T p ;
= = [Vn— sy .
(b) The trailing component v v [Vn—pt+1 v|' € CP of v is nonzero

(c) Provided n > 2p, any running component v4"= = [y_,i1,... vey,|T € C* for

{=p,....,n—p of v is nonzero.
5. Note on the interlacing property

It is well-known that eigenvalues of Jacobi (and all 1-wedge-shaped) matrices have
the so-called strict interlacing property. Let T,, be a 1-wedge-shaped matrix of order n,

and Tj its leading principal submatrices of orders j, j =1,...,n -1, i.e,,
_ Ix1 _ 5
Tl—[51]€(C s 51—517
o7 - o _
Tj: J% € 1§J ! E(CJX], (Sj:(Sj, fj,l#O,j:Q,...,n,
&6 9
[61 & ) 1
&1 62 &2
T,=| & ™ ecmm, (28)
(snfl gnfl
L gnfl (5n i
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Table 1

217

Interlacing of eigenvalues of leading principal submatrices of T3 = T3 ® I, of order k.
Eigenvalues A; of T3 € C3*3 are strictly interlaced by eigenvalues AL of its leading principal
submatrix T> € C2*2, i.e., A1 < M| < A2 < A, < As.

Submatrix of order k

Characteristic polynomial

T3 € CF*F k =30
k=30c—-1
k=30—2
k=30c—-3
k=20+3
k=20+2
k=20+1

T, € CF*F k=20

(A=)

(A= A2)7

(A= 2)7 T (= A
(A= M) (A= M2

(A= 22)77 (A= 2!
(A =22)772 (A = 23)?

(A= X3)?
(A= Xg)7
(A = Xg)° 2

A =2a)72 (A= A)°

(>'\* Ar)?

A =x)?
(A =2x)!

A =2)772 (A= 22)?
A =2D)772 (A = A2)?
A =277 (A = x2)!
(A=)

A =22)772 (A= Ay)°

(A= Xg)7

(A =2)772 (A = Ag)°
(A =2)772 (A = Ag)?
A =25)7"1(A = xg)!
A =257

The eigenvalues Ap, £ = 1,...
s=1,...,5—1,0of Tj_4,

,j, of Tj are strictly interlaced by the eigenvalues A,

AL <A <A <Ay < <A <N <Ay

see, e.g., [16, section 7.10].
The p-wedge-shaped matrices have multiplicities of eigenvalues bounded by p, by
Corollary 6. Employing the 1-wedge-shaped matrix (28) yields

I Iaél Iagl
Iafl 1062 Iaf?
T,=T,®1, = I,& e Croxne,
Ia(sn—l Iaén—l
L Iagn—l Iacsn

a o-wedge shaped matrix satisfying (5), i.e., with a constant bandwidth. Matrices T,
and T, have the same spectra; since all eigenvalues of (28) are simple, all eigenvalues of
T',, have multiplicities o, i.e., multiplicities of all eigenvalues reach the maximal bound
given by Corollary 6. The multiple cigenvalues of T'; are strictly interlaced by multiple
eigenvalues of its leading principal submatrix T';_;. Spectra of all o — 1 interjacent
leading principal submatrices of T';, having T';_; as the leading principal submatrix, are
fully given by the standard (not the strict) interlacing, as illustrated on the example in
Table 1. The strong interlacing property therefore cannot hold for general wedge-shaped
matrices. Note that the wedge-shaped matrix T, is for o > 1 reducible, whereas Jacobi
matrices are always irreducible.

6. Conclusion

We have extended some of the well-known spectral properties of symmetric tridiago-
nal matrices with nonzero sub-diagonal entries (including Jacobi matrices) to the class
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of complex matrices called wedge-shaped. In particular, we have characterized a set of
nonzero subvectors (running components) of eigenvectors of wedge-shaped matrices and
described an illustrative schema for their localization based on the structure of the ma-
trix. We have shown how the presented properties can be reformulated when we consider
a wedge-shaped matrix with a constant bandwidth (a proper band matrix). The concept
of (real) wedge-shaped matrices has been already used in [11] in the analysis of the band
(or block) generalization of the Golub—Kahan bidiagonalization closely connected to the
band (or block) Lanczos algorithm, and also in the analysis of core problems within
linear approximation problems (2) with multiple right hand sides, i.e., with d > 1. Thus,
we believe that the presented results will be useful, e.g., in further study of band and
block Krylov subspace methods for complex data and related topics.
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