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Abstract Regularization techniques based on the Golub-Kahan iterative bidiagonal-
ization belong among popular approaches for solving large ill-posed problems. First,
the original problem is projected onto a lower dimensional subspace using the bidi-
agonalization algorithm, which by itself represents a form of regularization by pro-
jection. The projected problem, however, inherits a part of the ill-posedness of the
original problem, and therefore some form of inner regularization must be applied.
Stopping criteria for the whole process are then based on the regularization of the
projected (small) problem.

In this paper we consider an ill-posed problem with a noisy right-hand side (ob-
servation vector), where the noise level is unknown. We show how the information
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from the Golub-Kahan iterative bidiagonalization can be used for estimating the noise
level. Such information can be useful for constructing efficient stopping criteria in
solving ill-posed problems.

Keywords Ill-posed problems · Golub-Kahan iterative bidiagonalization · Lanczos
tridiagonalization · Noise revealing

Mathematics Subject Classification (2000) 15A06 · 15A18 · 15A23 · 65F10 ·
65F22

1 Introduction

Consider an ill-posed linear algebraic system with the right-hand side b contaminated
by white noise

Ax ≈ b, A ∈ R
n×n, b = bexact + bnoise ∈ R

n, (1.1)

with A nonsingular and the goal to numerically approximate the exact solution

x ≡ xexact = A−1bexact. (1.2)

Linear approximation problems of this form arise in a broad class of applica-
tions. In many cases the matrix A represents a discretized smoothing operator with
the singular values of A decaying gradually without a noticeable gap. Since A is
ill-conditioned, the presence of the noise makes the naive solution xnaive = A−1b

meaningless. Therefore it is necessary to use regularization techniques for finding
an acceptable numerical approximation to (1.2) which reflects a sufficient amount
of information contained in the data, while suppressing the devastating influence of
the noise. In image processing A typically represents a discretized blurring operator.
In other applications A might be of different origin. Throughout the paper we as-
sume A square and nonsingular. The presented methods can be extended to a general
rectangular case, which is also confirmed by numerical experiments. However, the
analysis contains some subtle points which would further extend the length of the
paper.

For the unknown noise component bnoise we assume

‖bnoise‖ � ‖bexact‖, (1.3)

where ‖v‖ denotes the standard Euclidean norm of the vector v. We will further
assume that multiplication of a vector v by A and AT results in smoothing which
reduces the relative sizes of the high frequency components of v. In particular, in
comparison to v, the vectors AT Av and AAT v have significantly reduced high fre-
quency components.

The Golub-Kahan iterative bidiagonalization algorithm [14] is widely used for
solving large ill-posed problems. In hybrid methods, see, e.g., [18, Chap. 6.7,
pp. 162–164] or [10, 27, 28, 36], the outer bidiagonalization (which itself represents
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a regularization of the original large problem by projection) is combined with an in-
ner regularization of the projected small problem. The bidiagonalization is stopped
when the regularized solution of the projected problem matches some selected stop-
ping criteria. They are typically based, amongst others (see [1, 2]) on estimation of
the L-curve and it’s curvature [4–6], estimation of the distance between the exact
and regularized solution [35], the discrepancy principle [32, 33], and cross validation
methods [7, 15, 34]. These techniques have been studied and compared in the context
of regularization, e.g., in [18, Chap. 7, pp. 175–208] and in [27].

It is worthwhile recalling that the regularization idea was mentioned, although
not fully developed, by Golub and Kahan [14]. It was described in detail in relation
to using the Golub-Kahan iterative bidiagonalization, under the name damped least
squares, by Paige and Saunders in [42]; see also [41] or [48]. Paige and Saunders
alluded to some older interesting references in [42]. From the more recent literature
we mention [16], where hybrid methods based on bidiagonalization are described as
least-squares projection methods, and [51], where bidiagonalization is used to com-
pute low-rank approximations of large sparse matrices. Numerical stability of the
bidiagonalization algorithm was studied and new stable variants have been proposed,
e.g., in [3, 51], with a simplified analysis of [3] presented in [40].

A new contribution to the theoretical background for hybrid methods has recently
been presented in [43–45]. In exact arithmetic, the bidiagonalization provides a fun-
damental decomposition of the matrix of the data [b,A]. When the bidiagonalization
stops, it reveals the so called core problem represented by the computed bidiagonal
matrix. The core problem is minimally dimensioned and it contains the necessary and
sufficient information for solving the original orthogonally invariant linear approxi-
mation problem Ax ≈ b. Whenever the bidiagonalization is stopped before reaching
the core problem, it gives (in exact arithmetic) its leading left upper part. Conse-
quently, the approximate solution computed at the given step is based on information
which is necessary for solving the original problem and it is not influenced by any part
of the redundant or irrelevant information. From the properties of the core problem
it then follows (see [23, 45]) that further possible steps can be considered a refine-
ment of the current approximation. Ill-posed problems from the core problem point of
view were studied in [49, 50]. It should be mentioned that the application of the core
problem theory to results of finite precision computations needs further investigation.

In this paper we focus on the Golub-Kahan iterative bidiagonalization and in-
vestigate how the noise contained in the right-hand side b is propagated to the pro-
jected problem. We demonstrate under the given assumptions that the unknown noise
level can be determined from the information available during the bidiagonalization
process. The knowledge of the noise level can further be used in construction of stop-
ping criteria for hybrid methods.

Similar ideas are used in [20, 46, 47] for selection of a value of the regulariza-
tion parameter for which the residual vector changes from being dominated by the
remaining signal to being white-noise like. This leads to a parameter-choice method
based on Fourier analysis of residual vectors. In [25] regularization properties of it-
erative methods GMRES, MINRES, RRGMRES, MR-II and CGLS are studied. It
is shown that MINRES, MR-II and CGLS filter out large singular value decomposi-
tion (SVD) components of the residual, but this is not always true for GMRES and
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RRGMRES, where the SVD components are mixed [25, Sect. 3]. The noise propa-
gation to reconstructed images computed by regularizing iterations is further studied
in [19]. Our approach, which uses information from the iterative bidiagonalization
algorithm for estimating the level of the noise in the data, offers another view on the
noise propagation studied in [19, 20, 25, 46, 47].

The paper is organized as follows. Section 2 gives a brief recollection of the Golub-
Kahan iterative bidiagonalization, its relationship to the Lanczos tridiagonalization
and to approximation of the distribution function in the corresponding Riemann-
Stieltjes integral. Section 3 describes propagation of the noise in the bidiagonaliza-
tion vectors. Section 4 shows how to estimate at a negligible cost the unknown noise
level in the original data. This can lead to construction of stopping criteria for the
bidiagonalization process as well as to construction of the regularized solution us-
ing many different approaches which can be applied in subsequent steps, cf. [27,
Sect. 3.2]. It is important to emphasize that the first four sections of our paper deal
with mathematical properties of the problem and of the methods, i.e., they assume ex-
act arithmetic. Therefore, unless specified otherwise, the presented experiments were
performed with double reorthogonalization of the computed sequences of the bidiag-
onalization vectors, which ensures preserving orthogonality close to machine preci-
sion. Up to now, effects of rounding errors in solving ill-posed problems were not, to
our knowledge, thoroughly investigated. In the references known to us, loss of orthog-
onality in solving ill-posed problems is not considered a fundamental issue although
there are papers that acknowledge that it can be a potential problem. If the loss of
orthogonality occurs, then the reader is referred to some form of reorthogonalization,
with no further investigation of the differences between the non-reorthogonalized and
reorthogonalized computations. In many cases the implementation details are miss-
ing, and it is unclear whether the experiments used reorthogonalization or not. We
will show in Sect. 5 that effects of rounding errors in solving ill-posed problems
can be substantial and the matter should be investigated further. Concluding remarks
summarize the main ideas and formulate open questions.

2 Golub-Kahan iterative bidiagonalization

Given the initial vectors w0 ≡ 0, s1 ≡ b/β1, where β1 ≡ ‖b‖ �= 0, the Golub-Kahan
iterative bidiagonalization computes for j = 1,2, . . .

αjwj = AT sj − βjwj−1, ‖wj‖ = 1,
(2.1)

βj+1sj+1 = Awj − αj sj , ‖sj+1‖ = 1

until αj = 0 or βj+1 = 0, or until the process is stopped by reaching the dimensional-
ity of the problem. Let Sk = [s1, . . . , sk] and Wk = [w1, . . . ,wk] be the matrices with
the left and right bidiagonalization vectors as their (orthonormal) columns, and

Lk ≡

⎡
⎢⎢⎢⎣

α1
β2 α2

. . .
. . .

βk αk

⎤
⎥⎥⎥⎦ , Lk+ ≡

[
Lk

βk+1e
T
k

]
, (2.2)
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where ek is the kth vector of the standard Euclidean basis. Then the first k steps of
the Golub-Kahan iterative bidiagonalization can be written in the matrix form as

AT Sk = WkL
T
k , AWk = [Sk, sk+1]Lk+, (2.3)

see [14, 38].
This algorithm is closely related to the Lanczos tridiagonalization of a symmetric

matrix [29, 30]. The Lanczos tridiagonalization of the matrix AAT with the starting
vector s1 = b/β1, β1 = ‖b‖, yields in k steps the symmetric tridiagonal matrix Tk

such that

AAT Sk = SkTk + αkβk+1sk+1e
T
k , (2.4)

and

Tk = LkL
T
k =

⎡
⎢⎢⎢⎢⎣

α2
1 α1β2

α1β2 α2
2 + β2

2
. . .

. . .
. . . αk−1βk

αk−1βk α2
k + β2

k

⎤
⎥⎥⎥⎥⎦

,

i.e. the matrix Lk from the Golub-Kahan iterative bidiagonalization represents a Cho-
lesky factor of the matrix Tk . For a more detailed description of the outlined relation-
ship we refer to [23] and to the literature given there.

Using the results from [22, Sect. 14], the Lanczos tridiagonalization of a given ma-
trix B generates at each step k a non-decreasing piecewise constant distribution func-
tion ω(k), with the nodes being the (distinct) eigenvalues of the Lanczos matrix Tk and
the weights ω

(k)
j being the squared first components of the corresponding normalized

eigenvectors. The distribution functions ω(k), k = 1,2, . . . represent approximations
to the distribution function ω, a non-decreasing piecewise constant function with the
nodes being the distinct eigenvalues λ1, . . . , λt of the matrix B and the weights ωj

being the squared components of the normalized starting vector in the direction of the
j th invariant subspace of B , j = 1, . . . , t , for more details see, e.g., [31, Sect. 2.2],
[11].

Consider the singular value decomposition (SVD) of the bidiagonal matrix of the
projected problem

Lk = PkΘkQ
T
k , (2.5)

where P −1
k = P T

k , Q−1
k = QT

k , and Θk is a diagonal matrix with singular values

θ
(k)
1 , . . . , θ

(k)
k of Lk on its diagonal ordered in increasing order. Please note that here

the increasing order of the singular values follows the standard ordering of the Ritz
values in the Lanczos method. From (2.4) it follows that if B = AAT and the Lanczos
tridiagonalization starts with the vector s1 = b/β1, β1 = ‖b‖, then

Tk ≡ LkL
T
k = PkΘ

2
k P T

k
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is the spectral decomposition of Tk , (θ
(k)
� )2 are its eigenvalues and p

(k)
� ≡ Pke� its

eigenvectors, � = 1, . . . , k. Furthermore, consider the SVD of A,

A = UΣV T =
n∑

j=1

σjujv
T
j , (2.6)

where U = [u1, . . . , un], V = [v1, . . . , vn], U−1 = UT ,V −1 = V T , and Σ is a di-
agonal matrix with the singular values σ1, . . . , σn of A on its diagonal ordered in
nonincreasing order, σn > 0. Then

AAT = UΣ2UT

is the spectral decomposition of the matrix AAT , σ 2
j are its nonzero eigenvalues and

uj the corresponding eigenvectors, j = 1, . . . , n. Summarizing, the Lanczos tridiago-
nalization (2.4) generates at each step k the distribution function ω(k) with the nodes
(θ

(k)
� )2 and the weights |(p(k)

� , e1)|2 that approximates the distribution function ω

with the nodes σ 2
n , . . . , σ 2

1 and the weights |(b/β1, un)|2, . . . , |(b/β1, u1)|2.
The fact that the weights of ω are determined by the projections of the normalized

right-hand side vector b onto the left singular subspaces of A is especially important.
As we will see in Sect. 3, until the level determined by the noise is reached, the
absolute value of each of these projections is related to the size of the corresponding
singular value. This is because of the discrete Picard condition (see Sect. 3).

Mathematically, the bidiagonalization algorithm yields two sequences of subprob-
lems. Consider an approximation to the solution of (1.1) in the subspace generated
by the vectors w1, . . . ,wk , i.e. xk = Wkyk , so that in seeking AWkyk ≈ b,

rk = b − AWkyk = Sk+1(e1β1 − Lk+yk) = Sk(e1β1 − Lkyk) − sk+1βk+1e
T
k yk.

If the approximation is computed by ensuring that the residual rk is orthogonal to Sk ,
then we obtain

Lky
CGME
k = e1β1, Lk ∈ R

k×k, (2.7)

which corresponds to the CGME method; see, e.g., [16]. If the approximation is com-
puted by minimizing the norm of the residual rk , then we get

‖Lk+y
LSQR
k − e1β1‖ = min

y
‖Lk+y − e1β1‖, Lk+ ∈ R

(k+1)×k, (2.8)

which corresponds to the CGLS or LSQR method; see [22, 41, 42]. In both cases,
[β1e1,Lk] respectively [β1e1,Lk+] approximate the core problem within Ax ≈ b;
see [23, 24, 43]. In short, the bidiagonalization concentrates the useful information
from the data [b,A] to the leading principal bidiagonal block. In noisy ill-posed
problems (1.1), however, the subproblems (2.7), (2.8) can also be polluted by the
noise.
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3 Propagation of the noise in the Golub-Kahan iterative bidiagonalization

Noise propagation in the Golub-Kahan iterative bidiagonalization is illustrated for the
problem shaw from the Regularization Toolbox [17]. The matrix A, the exact right-
hand side bexact and the exact solution x were determined by [A,b_exact,x]
= shaw(400). We add the noise bnoise as a random vector using the MATLAB
function randn(400,1), scaled in order to obtain different noise levels δnoise,

δnoise ≡ ‖bnoise‖
‖bexact‖ . (3.1)

Figure 1(a) shows the singular values σj of the matrix A (solid line) computed by the
MATLAB function svd, and the absolute values of the projections |(b,uj )| of the
noisy right-hand side b onto the left singular vector subspaces of the matrix A. We
use the noise levels δnoise = 10−14, 10−8, and 10−4. Until the noise level is reached,
the absolute values of the right-hand side projections onto the left singular vector
subspaces are close to the corresponding singular values. This is given by the fact
that, for this problem, |(bexact, uj )|, j = 1,2, . . . satisfy the discrete Picard condition:
on average, they decay faster than the singular values of A; see [25], [20, Sect. 4] and
Fig. 1(b). For the subspaces corresponding to small singular values, the projections
of b are completely dominated by the noise, and the discrete Picard condition for b is
thus drastically violated.

Consider the vectors sk , wk generated by the bidiagonalization algorithm (2.1)
described in the previous section. The starting vector s1 = b/‖b‖ is the normalized
noisy right-hand side and therefore it is contaminated by the noise. The vector s2
is obtained from s1 as follows. First, application of the smoothing operator AAT

Fig. 1 The singular values σj and the absolute values of the projections of the noisy right-hand side b

onto the left singular vectors of A for the problem shaw(400) and the noise levels δnoise = 10−14, 10−8,
and 10−4 (a). The singular values of the matrix A computed by the statement [A,b,x]=shaw(60)
using the standard routine from the Regularization Toolbox [17] (solid line) compared with the singular
values of the matrix A computed by the modified routine shaw_vpa, cf. http://www.cs.cas.cz/krylov,
section ‘Software’, (dash-dotted line) using high precision arithmetic guaranteeing 128 decimal digits (b).
The discrete Picard condition is illustrated by plotting |(bexact, uj )|, where bexact is computed using the
routine shaw_vpa

http://www.cs.cas.cz/krylov
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(see (2.4)) smooths out the high frequency components in both bexact and bnoise;
see also [25, Sect. 3.1], [19, Sect. 4.3]. The subsequent orthogonalization of AAT s1
against s1 represents a linear combination of s1 contaminated by the noise and AAT s1
which has been smoothed. Therefore the contamination of s1 by the high frequency
part of the noise is transferred, with multiplication by a scalar coefficient, to s2.
Adding a multiple of AAT s1 eliminates a portion of the smooth part of s1. There-
fore the relative level of the high frequency part of the noise can be expected to be
higher in s2 (which is orthogonal to s1) than in s1. Analogous high frequency noise
transfer takes place for any k with the vector sk+1 obtained from AAT sk through the
orthogonalization against the vectors sk−1 and sk with a subsequent normalization.

The rest of Sect. 3 is structured into two complementary subsections. First we use
the relationship between the Golub-Kahan iterative bidiagonalization and the Lanc-
zos tridiagonalization described in Sect. 2. The noise amplification is described as
an effect of damping (filtering out) the smooth (low frequency) components due to
convergence of Ritz values to large eigenvalues. Then we show that smoothing and
orthogonalization in the Golub-Kahan iterative bidiagonalization can be interpreted
as a step-by-step elimination of the dominant smooth (low frequency) components,
and it therefore leads to revealing of the high frequency noise.

3.1 Lanczos tridiagonalization and filtering out the low frequency components

The white noise amplification can be described in the frequency domain by comput-
ing the spectral coefficients of sk with respect to the (noise-free) orthonormal left
singular vectors of the matrix A. Using (2.6), (2.4) gives the matrix identity for the
spectral components

Σ2(UT Sk) = (UT Sk)(LkL
T
k ) + αkβk+1(U

T sk+1)e
T
k ,

with the last column of the last term equal to

αkβk+1(U
T sk+1) = Σ2(UT sk) − (α2

k + β2
k )(UT sk) − αk−1βk(U

T sk−1). (3.2)

Consider for example shaw(400) for which the vector s1 has dominant components
in the directions of several left singular vectors representing low frequencies, with a
noticeable maximum in u1. This is illustrated in Figs. 1 and 2 which shows the left
singular vectors of A corresponding to σ1, σ2, . . . , σ10. An analogous assumption can
be used for discrete ill-posed problems in general, see [20, Sect. 2]. At the first step

α1β2(U
T s2) = Σ2(UT s1) − α2

1(UT s1) = (Σ2 − α2
1I )UT s1,

and, apart from multiplication by α1β2, the spectral components UT s2 are given by
the spectral components of UT s1 scaled by Σ2 − α2

1I . The scaling acts as filtering
which damps the dominant lowest frequency component in the direction of u1. At the
same time, the high frequency components are multiplied by the factors σ 2

j /(α1β2)−
α1/β2, where the first term is negligible for large j , and the absolute value of the
second term is likely to be significantly larger than one (see the argument below). As
a consequence, the relative level of high frequency noise is likely to be much larger
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Fig. 2 The left singular vectors of A corresponding to σ1, σ2, . . . , σ10 for the problem shaw(400)

in s2 than in s1. At the general step, the Lanczos recurrence (3.2) can be rewritten in
terms of the (Lanczos) polynomial in the diagonal matrix Σ2,

UT sk+1 = ϕk(Σ
2)UT s1, (3.3)

where ϕk(λ) is the kth orthonormal polynomial with respect to the Riemann-Stieltjes
integral defined by the distribution function ω with the points of increase σ 2

n , . . . , σ 2
1

(please recall that we assume, for simplicity of exposition, σn > 0) and the weights
|(s1, un)|2, . . . , |(s1, u1)|2 respectively; see Sect. 2.1 The roots of ϕk(λ) are given by
(θ

(k)
� )2, � = 1, . . . , k (the Ritz values). Because of the dominance of the weights cor-

responding to the large nodes of ω, the large Ritz values (θ
(k)
k )2, (θ

(k)
k−1)

2, . . . closely
approximate σ 2

1 , σ 2
2 , . . .; see Fig. 3. This creates the damping effect of ϕk(λ) in the

direction of the smooth components (s1, u1)u1, (s1, u2)u2, . . . of s1. The constant
term

ϕk(0) =
k∏

j=1

αj

βj+1
(3.4)

then causes the relative amplification of the high frequency noise components present
in s1.

Summarizing, assume that the components of s1 in the directions of the left sin-
gular vectors u1, u2, u3, . . . decay faster than the associated singular values. Then,
as a consequence of the orthogonalization process (3.2), s2, s3, . . . will have domi-
nant components in the directions of the left singular vectors u2, u3, . . . respectively,
with the relative levels of the high frequency noise components gradually increas-
ing. Eventually, for some k ≡ knoise, the vector sknoise+1 will have comparable com-

1It is worth to mention that the polynomials orthogonal with respect to a given Riemann-Stieltjes integral
are called Stieltjes polynomials, and the associated three-term recurrence, given in its matrix form by
Lanczos, was described by Stieltjes and others in the 19th century, cf. [13, Sect. 1.4, p. 80].
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Fig. 3 The eigenvalues of AAT

(circles), and the Ritz values
(crosses) corresponding to the
8th (top plot) and 18th (bottom
plot) iterations respectively, for
the problem shaw(400). (All
the circles in the top plot
reappear as the nine rightmost
circles in the bottom plot)

Fig. 4 The absolute values of the first 80 spectral components of the vectors sk computed using the
double reorthogonalized Golub-Kahan iterative bidiagonalization for the problem shaw(400) with the
noise level δnoise = 10−14. The dashed line represents the machine precision εM

ponents in practically all subspaces generated by singular vectors corresponding to
σ 2

knoise+1, σ
2
knoise+2, . . . , and this will reveal the noise. Figure 4 shows the absolute

values of the components of several vectors UT sk (the spectral components) for the
problem shaw(400) with the noise level 10−14. The absolute values of the com-
ponents in the vector UT s18 corresponding to σ18, σ19, . . . are comparable, with no
dominant maximum. Consequently, the noise is revealed in s18 for k = knoise = 17.
In the next step the high frequency components in s19 slightly decrease, and this is
captured in Fig. 5. Components corresponding to low frequencies gradually decrease
to the machine precision level εM (plotted by the dashed line). Figure 5 nicely illus-
trates why knoise = 17 is the appropriate choice of the noise revealing iteration, i.e.
why the noise is fully revealed in s18.
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Fig. 5 Each graph shows for a given k the norms of the components of two consecutive vectors sk (the tri-
angle) and sk+1 (the circle) in the subspace span{u1, . . . , uk+1}, also called the signal subspace (the hori-
zontal axis), and the subspace span{uk+2, . . . , un}, also called the noise subspace (the vertical axis), for the
problem shaw(400) with the noise level δnoise = 10−14. Since the vectors sj are normalized, the points
are on the unit circle. One can see that until the noise level is reached, each step of the Golub-Kahan itera-
tive bidiagonalization algorithm moves the subsequent vector counterclockwise, i.e. each sk+1 is closer to
the noise subspace (the vertical axis) than sk . The vector s19, on the other hand, moves significantly clock-
wise due to the fact that the noise is partially projected out, and therefore the noise is revealed in s18. This
justifies the choice of the noise revealing iteration knoise = 17. We are grateful to an anonymous referee
for suggesting this visualization of the noise propagation process

3.2 Smoothing and orthogonalization in the Golub-Kahan iterative
bidiagonalization

In order to further illustrate the (high frequency) white noise amplification, we con-
sider the decomposition of s1 into the exact component sexact

1 and the noise compo-
nent snoise

1 , s1 = sexact
1 + snoise

1 . Then the second equation in (2.1) gives

β2s2 = Aw1 − α1(s
exact
1 + snoise

1 ),

where Aw1 is smooth with the low frequency components of the noise negligible rel-
atively to the low frequency components of the exact data. This justifies the following
definition of sexact

2 and snoise
2 ,

β2s
exact
2 ≡ Aw1 − α1s

exact
1 ,

β2s
noise
2 ≡ Aw1 − α1s1 − β2s

exact
2 = −α1s

noise
1 ,

giving

β2(s
exact
2 + snoise

2 ) = Aw1 − α1(s
exact
1 + snoise

1 ).

Analogously, for k = 2,3, . . .

βk+1s
exact
k+1 ≡ Awk − αks

exact
k , (3.5)

βk+1s
noise
k+1 ≡ −αks

noise
k , (3.6)

sk+1 = sexact
k+1 + snoise

k+1 , βk+1sk+1 = Awk − αksk. (3.7)
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It should be understood that sexact
k and snoise

k do not represent true exact data and noise
components of sk , respectively. If the multiplication by AAT represents a significant
smoothing of the high frequency components, then one can however expect that while
‖sexact

k ‖ � ‖snoise
k ‖, ‖sexact

k ‖ is close to the norm of the true data component and
‖snoise

k ‖ is close to the norm of the true noise component of sk . Using (3.6),

snoise
k+1 ≡ − αk

βk+1
snoise
k ≡ (−1)kρ−1

k snoise
1 (3.8)

where the cumulative amplification ratio

ρ−1
k ≡

k∏
j=1

αj

βj+1
= ϕk(0), (3.9)

see (3.4), on average (rapidly) grows as k increases.
In order to justify the expectation that ρ−1

k on average (rapidly) grows with in-
creasing k, we rewrite the Golub-Kahan bidiagonalization (2.1) for the spectral com-
ponents UT sj and V T wj ,

α1(V
T w1) = Σ(UT s1), (3.10)

β2(U
T s2) = Σ(V T w1) − α1(U

T s1), (3.11)

and for k = 2,3, . . .

αk(V
T wk) = Σ(UT sk) − βk(V

T wk−1), (3.12)

βk+1(U
T sk+1) = Σ(V T wk) − αk(U

T sk). (3.13)

From (3.10) we see that (V T w1) is dominated by the same components as (UT s1),
with the dominance even enlarged as a consequence of the scaling by Σ . In (3.11),
however, Σ(V T w1) is orthogonalized against UT s1 in order to get, after normaliza-
tion, UT s2. This requires that the dominance in Σ(V T w1) and UT s1 is cancelled
out, otherwise the orthogonality UT s2 ⊥ UT s1 can not hold. If the dominance is sig-
nificant, one can therefore expect β2 � α1. An analogous argument can be applied to
the general step (3.12) and (3.13). Since the dominance in Σ(UT sk) and (V T wk−1)

is shifted by one component, one can not expect a significant cancellation, and, as a
consequence

αk ≈ βk

should roughly hold. On the other hand, the vectors Σ(V T wk) and UT sk do ex-
hibit dominance in the direction of the same components. If this dominance is strong
enough, then the required orthogonality of sk+1 and sk can not be achieved without a
significant cancellation, and

βk+1 � αk

can be expected, giving the large cumulative amplification ratio ρ−1
k (small ρk) as k

progresses. The process is illustrated in Fig. 6.
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Fig. 6 The absolute values of the first 25 components of the vectors Σ(V T wk), αk(UT sk), and
βk+1(UT sk+1) for the problem shaw(400) for k = 7, β8/α7 = 0.0542 (a), and k = 12, β13/α12 =
0.0677 (b)

Summarizing, starting with s1 = b/β1 contaminated by white noise, the Golub-
Kahan iterative bidiagonalization algorithm applied to the discrete ill-posed problem
Ax ≈ b, where A represents a smoothing operator, amplifies the relative level of the
noise in sk+1 as k increases with the cumulative amplification ratio ρ−1

k . Note that the
recurrence for the vectors wk starts with the smoothed vector w1 = AT s1/‖AT s1‖.
Consequently, all vectors wk are smoothed, and, in comparison to the vectors sk , they
do not contain significant information about the noise.

Remark Here we deal with mathematical properties (assuming exact arithmetic) and
we do not need to consider specific implementation details. It should be noted, how-
ever, that the transfer of the high frequency noise from sk−1 and sk to sk+1 is a lo-
cal phenomenon which seemingly does not require preserving global orthogonality
among the vectors s1, . . . , sk . Since in practical implementations the local orthogo-
nality among sk−1, sk and sk+1 is well preserved, cf. [39], one can intuitively expect
that the preceding considerations are valid, with a small inaccuracy, also in practi-
cal finite precision computations. As we will demonstrate numerically, although such
an intuitive argument is to some extent valid, the transfer of noise in finite precision
computations is much more complicated; see Sect. 5.

The amplification of white noise in the Golub-Kahan iterative bidiagonalization
is illustrated in Figs. 7–12. Figures 7–9 show individual components of several left
bidiagonalization vectors sk and their components sexact

k and snoise
k , computed using

(3.5)–(3.7), for the problem shaw(400) with the noise level 10−14. The Golub-
Kahan iterative bidiagonalizations were performed with double reorthogonalization
of the computed vector sequences, which ensures preserving orthogonality close to
machine precision. Here we use the low noise level on purpose to illustrate the propa-
gation of the noise through many steps of the iterative bidiagonalization. Results with
larger noise levels will be presented below. As k increases, we observe the increas-
ing oscillating pattern of sk . For the vectors s17 and s18 the basic oscillating pattern
(determined by sexact

k ) is strongly modulated by the high frequency noise; compare
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Fig. 7 Individual components of several left bidiagonalization vectors sk computed using the double
reorthogonalized Golub-Kahan iterative bidiagonalization for the problem shaw(400) with the noise
level δnoise = 10−14

Fig. 8 Individual components of several vectors sexact
k

computed by (3.5) and (3.7) using the double
reorthogonalized Golub-Kahan iterative bidiagonalization for the problem shaw(400) with the noise
level δnoise = 10−14

Figs. 7 and 8. It is interesting to observe that the level of the high frequency noise
in the subsequent vector s19 is significantly lower than in s18. As a consequence of
smoothing and the orthogonality of s19 to s18 and s17, the high frequency noise is
partially projected out, cf. Fig. 5. Figure 10 presents the norms of the components
sexact
k , snoise

k and the smallest singular value of the matrix Sk as k increases, which
nicely complements the visual description in Figs. 7–9. Please notice that the de-
composition of sk into the components sexact

k and snoise
k , which should be close to the

(unknown) exact data and noise components, is no longer relevant for k ≥ knoise. Fi-
nally, Fig. 11 gives the values of the normalization coefficients αk,βk+1 and of their
cumulative ratio ρk , and Fig. 12 depicts αk,βk and the cumulative ratio

k∏
j=2

βj

αj

. (3.14)
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Fig. 9 Individual components of several vectors snoise
k

computed by (3.6) and (3.7) using the double
reorthogonalized Golub-Kahan iterative bidiagonalization for the problem shaw(400) with the noise
level δnoise = 10−14. Note that the scale on the y axis is for different k different

Fig. 10 The norms of sexact
k

, snoise
k

and the smallest singular value of the matrix Sk for the problem

shaw(400) with the noise level δnoise = 10−14, computed by the Golub-Kahan iterative bidiagonaliza-
tion with double reorthogonalization (a), and without reorthogonalization (b). For comparison, the trian-
gles in (b) represent the norm of the components snoise

k
computed with double reorthogonalization. Please

note the different vertical scales in (a) and (b)

The experimental results in Figs. 10(a), 11(a) and 12 correspond to the Golub-Kahan
iterative bidiagonalization with double reorthogonalization, while Figs. 10(b) and
11(b) correspond to the results obtained without reorthogonalization. The differences
will be discussed in Sect. 5 below.

The basis consisting of the left singular vectors of A is computationally expen-
sive, and computing the corresponding components of the vectors sk is practically
infeasible. Analogous noise-revealing behavior can be observed in any other suitable
orthonormal basis. Consider, e.g., the standard Fourier trigonometric basis

fj (x) ≡ e( 2πι
n

)jx, for j = 0,±1, . . . ,±n, (3.15)
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Fig. 11 Normalization coefficients αk,βk+1 and their cumulated ratio ρk , see (3.9), for the problem
shaw(400) with the noise level δnoise = 10−14, computed by the Golub-Kahan iterative bidiagonaliza-
tion with double reorthogonalization (a), and without reorthogonalization (b)

Fig. 12 Normalization
coefficients αk,βk and their
cumulated ratio (3.14) for the
problem shaw(400) with the
noise level δnoise = 10−14,
computed by the Golub-Kahan
iterative bidiagonalization with
double reorthogonalization

where ι is the imaginary unit. Fourier coefficients in this basis can be computed ef-
ficiently using the fast Fourier transform, [8, 9]. Figure 13 shows similar results as
Fig. 4 computed for the basis (3.15) using the MATLAB function fft.

Similar behavior can be observed for other noise levels, as well as for noise-free
problems. In this last case the “high frequency noise” is simply caused by local round-
ing errors from the finite precision arithmetic. Recall here that, because of the double
reorthogonalization, the local rounding errors do not cause loss of orthogonality of
the computed bidiagonalization vectors (the loss of orthogonality is kept close to the
machine precision level). For more details see Sect. 5.

4 Determination of the noise level in the data and detection of the noise
revealing iteration

As mentioned in Sect. 3, Fourier coefficients of the vectors sk can be computed
cheaply using, e.g., MATLAB function fft. Then some kind of statistical criteria
can be used to identify the iteration where the Fourier coefficients k + 1, . . . , n of
the vector sk+1 are (on average) comparable, i.e. sk+1 resembles (except the first k
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Fig. 13 The absolute values of the first 80 Fourier components of the vectors sk , computed using the
double reorthogonalized Golub-Kahan iterative bidiagonalization, in the trigonometric basis (3.15) for the
problem shaw(400) with the noise level δnoise = 10−14

components) white noise. Such statistical tools are used in a different context in [20,
46, 47] to decide whether a given residual vector is white-noise like. Here we pro-
pose a different approach which is more straightforward. The connection between
the Golub-Kahan iterative bidiagonalization and the Lanczos tridiagonalization de-
scribed in Sect. 2 suggests a new way of determining the noise level in the data
without computing spectral or Fourier coefficients of sk .

4.1 Automatic determination of the noise level based on approximation
of the Riemann-Stieltjes distribution function

As recalled in Sect. 2, the Lanczos tridiagonalization generates a sequence of distrib-
ution functions ω(k) with the nodes (θ

(k)
� )2 and the weights |(p(k)

� , e1)|2, � = 1, . . . , k,
that approximate the distribution function ω with the nodes σ 2

j and the weights

|(b/β1, uj )|2, j = n,n − 1, . . . ,1; see [12, 31, 37, 52]. Depending on the noise level,
for the smaller nodes of the distribution function ω the weights are completely dom-
inated by noise, i.e., there exists an index Jnoise such that for j ≥ Jnoise

|(b/β1, uj )|2 ≈ |(bnoise/β1, uj )|2,

and the weight of the set of the associated nodes is given by

δ2 ≡
n∑

j=Jnoise

|(bnoise/β1, uj )|2, (4.1)

for illustration see Fig. 1. Since ‖bnoise‖ � ‖bexact‖, we can approximately write

δ2
noise = ‖bnoise‖2

‖bexact‖2
≈ ‖bnoise‖2

‖b‖2
=

n∑
j=1

|(bnoise/β1, uj )|2. (4.2)
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With discrete ill-posed problems one can assume Jnoise � n, and therefore, assuming
white noise,

δ2 ≈ n − Jnoise

n
δ2

noise ≈ δ2
noise. (4.3)

Please recall that the large nodes σ 2
1 , σ 2

2 , . . . are well-separated relative to the
small ones and their weights on average decrease faster than σ 2

1 , σ 2
2 , . . . . Therefore

the distribution function ω(k) approximates the distribution function ω in a special
way—the large nodes essentially control the behavior of the early stages of the Lanc-
zos tridiagonalization; see also Sect. 3, in particular Fig. 3. For k = 1,2, . . . the large
singular values of Lk become close to the largest singular values of A due to the
dominance described above. At any iteration step the weight corresponding to (θ

(k)
1 )2

must be larger than the sum of weights of all σ 2
j smaller than (θ

(k)
1 )2; see [12, 26], [11,

Sect. 5.3]. As k increases, some (θ
(k)
1 )2 eventually approaches (or becomes smaller

than) the node σ 2
Jnoise

, and its weight |(p(k)
1 , e1)|2 becomes

|(p(k)
1 , e1)|2 ≈ δ2 ≈ δ2

noise. (4.4)

Using the notation of Sect. 3, this iteration step is equal to knoise + 1. Indeed,
|(p(k)

1 , e1)| is proportional to the noise level only after all smooth components of s1

with the norms larger than the noise level are damped at the iteration step knoise. The
smallest nodes (θ

(knoise+1)
1 )2, (θ

(knoise+2)
1 )2, . . . strictly decrease due to the strict inter-

lacing property of the Ritz values, but the corresponding weights (which also strictly
decrease) remain in the subsequent steps approximately the same until the set of the
smallest nodes {σ 2

n , . . . , σ 2
Jnoise

} is approximated by more than one Ritz value and the
weight (4.1) is split, which happens when

(θ
(k)
1 )2 < σ 2

j for j � Jnoise. (4.5)

Summarizing, the weight |(p(k)
1 , e1)|2 corresponding to the smallest Ritz value (θ

(k)
1 )2

is strictly decreasing. At some iteration step k = knoise +1 it sharply starts to (almost)
stagnate on the level close to the squared noise level δ2

noise, see (4.3) and (4.4). In
order to determine knoise and to estimate δnoise, it is therefore sufficient to monitor the
first component of the left singular vector |(p(k)

1 , e1)| of the bidiagonal matrix Lk that

is associated to its smallest singular value θ
(k)
1 ; see (4.4). When it starts to stagnate,

δnoise ≈ |(p(knoise+1)
1 , e1)|. (4.6)

The stagnation can be detected by an automated procedure that does not rely on
human interaction.

Figure 14 shows the positions of the leftmost points [(θ(k)
1 )2, |(p(k)

1 , e1)|2], k =
1,2, . . . with respect to the distribution function ω(λ) (a) and |(p(k)

1 , e1)| as a function
of k (b) for the problem shaw(400) with the noise level δnoise = 10−14; (c) and (d)
show the same for the noise level δnoise = 10−4.
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Fig. 14 The positions of the leftmost points [(θ(k)
1 )2, |(p(k)

1 , e1)|2], k = 1,2, . . . with respect to the distri-

bution function ω(λ) (a) and the absolute value of the first component |(p(k)
1 , e1)| of the left singular vector

of Lk corresponding to its smallest singular value (b) for the problem shaw(400) with the noise level
δnoise = 10−14; (c) and (d) show the same for the noise level δnoise = 10−4. The horizontal dashed-dotted
lines represent the squared noise level δ2

noise and the noise level δnoise, respectively

4.2 An additional way of estimating the noise level in the data

Knowing the iteration knoise where the noise is revealed in the Golub-Kahan iterative
bidiagonalization, one can also estimate the level of the noise in the original data
from the bidiagonalization coefficients. Here knoise can be determined as described in
the previous section. This section therefore describes an additional way of checking
the estimate of δnoise obtained in Sect. 4.1. Using (3.8),

snoise
k+1 = (−1)kρ−1

k

bnoise

‖b‖ ,

where ρk is defined by (3.9), which gives

‖bnoise‖
‖b‖ = ρk‖snoise

k+1 ‖. (4.7)
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At the iteration step knoise the noise is revealed, and we can assume that on average
the components sexact

k and snoise
k are of about the same norm, cf. sexact

18 and snoise
18 in

Figs. 8 and 9. Therefore

1 = ‖sknoise+1‖ = ‖sexact
knoise+1 + snoise

knoise+1‖ ≤ ‖sexact
knoise+1‖ + ‖snoise

knoise+1‖

gives, considering that sexact
knoise+1 is much smoother than snoise

knoise+1 and thus there is not
much cancellation between the individual components,

‖snoise
knoise+1‖ ≈ 1

2
.

Assuming ‖bnoise‖ � ‖bexact‖, the left part of (4.7) can be approximated, as in (4.2),
by

‖bnoise‖
‖b‖ = ‖bnoise‖

‖bexact + bnoise‖ ≈ ‖bnoise‖
‖bexact‖ ,

which finally gives the estimate of the noise level in the original data

δnoise = ‖bnoise‖
‖bexact‖ ≈ 1

2
ρknoise . (4.8)

Table 1 shows the iterations knoise (second row) and the corresponding estimates of
the noise level |(p(knoise+1)

1 , e1)| (third row) and 1
2ρknoise (last row) for the problems

shaw(400) and ilaplace(100,1) from the Regularization Toolbox [17] with
different noise levels δnoise. The estimates are average values computed using the
set of 1000 randomly chosen sample vectors bnoise. In our experiments knoise was

Table 1 Noise level in the data (first row), iteration knoise where the noise is revealed (second row), the

estimated noise level |(p(knoise+1)

1 , e1)| (third row) and 1
2 ρknoise (last row), see (4.6) and (4.8) respectively,

for problems shaw(400) and ilaplace(100,1). The estimates represent average values computed
using 1000 randomly chosen vectors bnoise

problem shaw(400)

noise level δnoise 1 × 10−14 1 × 10−10 1 × 10−6 1 × 10−4 1 × 10−2

knoise 16 13 9 7 4

|(p(knoise+1)

1 , e1)| 1.80 × 10−14 8.99 × 10−11 1.31 × 10−6 1.01 × 10−4 1.03 × 10−2

estimate 1
2 ρknoise 8.93 × 10−15 4.95 × 10−11 6.55 × 10−7 5.24 × 10−5 5.55 × 10−3

problem ilaplace(100,1)

noise level δnoise 1 × 10−13 1 × 10−10 1 × 10−7 1 × 10−2 1 × 10−1

knoise 22 18.75 15.30 6.02 2

|(p(knoise+1)

1 , e1)| 9.12 × 10−14 1.24 × 10−10 1.34 × 10−7 1.02 × 10−2 1.11 × 10−1

estimate 1
2 ρknoise 4.77 × 10−14 6.42 × 10−11 7.11 × 10−8 8.98 × 10−3 5.57 × 10−2
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determined as the first iteration step k for which

|(p(k+1)
1 , e1)|

|(p(k+1+step)

1 , e1)|
<

(
|(p(k)

1 , e1)|
|(p(k+1)

1 , e1)|

)ζ

, (4.9)

where ζ was set to 0.5 and step was set to 3. We emphasize that (4.9) should be
considered as an example of a possible automated stopping criteria. Its form has not
resulted from an extensive research; such work is yet to be done and the results will
most probably depend on particular application areas. For the problem shaw (4.9)
works well except for the noise level δnoise = 1 × 10−14 where the automatically
determined value knoise = 16 is one less than the value determined in Sect. 3. The
error is, however, negligible; see Fig. 14.

4.3 A comment on regularization and stopping criteria

When solving discrete ill-posed problems using hybrid methods based on the Golub-
Kahan iterative bidiagonalization, for sufficiently large k, k � n, the absolute value
of the first component of the left singular vector of Lk corresponding to its smallest
singular value (almost) stagnates close to the level of the noise present in the original
data. The beginning of the stagnation determines |(p(knoise+1)

1 , e1)| ≈ δnoise and the
iteration knoise when the noise level is revealed; see (4.6). Moreover, (4.8) gives the
additional (secondary) noise level estimate.

Knowing the noise level, many different approaches can be applied in the subse-
quent steps, cf. [27, Sect. 3.2] including the straightforward application of the dis-
crepancy principle [32, 33] (see also [18, Chap. 7.2, pp. 179–181]). It remains to
determine which of these are effective in this context. Results in this direction will be
reported elsewhere.

5 Noise propagation and the loss of orthogonality in the bidiagonalization
vectors

To our knowledge, the effects of rounding errors have up to now not been thoroughly
investigated in the literature on hybrid methods for solving discrete ill-posed prob-
lems, although they are sometimes acknowledged as a potential difficulty. As illus-
trated on Figs. 10 and 11, loss of orthogonality and subsequently loss of linear in-
dependence among the computed bidiagonalization vectors very significantly affect
the propagation of the noise in the Golub-Kahan iterative bidiagonalization process.
The corresponding Lanczos process without reorthogonalization computes multiple
approximations to the well-separated squared large singular values. Consequently,
the convergence of the Ritz values in the other parts of the spectrum can be signif-
icantly delayed, which affects convergence of the hybrid methods to the regularized
solutions. The noise-revealing phenomenon is then complicated by the fact that com-
putation of multiple approximations for the well-separated large singular values is
connected with reappearance of the smooth components in the computed left bidi-
agonalization vectors sk , which makes the propagation of the noise in the bidiago-
nalization process rather irregular. This is illustrated in Figs. 15–18, analogous to



690 I. Hnětynková et al.

Fig. 15 Individual components of several left bidiagonalization vectors sk computed by the double re-
orthogonalized Golub-Kahan iterative bidiagonalization for the problem shaw(400) with the noise level
δnoise = 10−4

Fig. 16 Individual components of several left bidiagonalization vectors sk computed by the Golub-Kahan
iterative bidiagonalization without reorthogonalization for the problem shaw(400) with the noise level
δnoise = 10−4

Figs. 7, 10 and 11. Figures 15 and 16 show individual components of several left
bidiagonalization vectors sk computed by the Golub-Kahan iterative bidiagonaliza-
tion with double reorthogonalization and without reorthogonalization, respectively,
for the problem shaw(400) with the noise level δnoise = 10−4. Figure 17 presents
the norms of the components sexact

k , snoise
k and the smallest singular value of the matrix

Sk as k increases. Finally, Fig. 18 gives the values of the normalization coefficients
αk , βk+1 and of their cumulated ratio ρk , see (3.9). We see that here the appearance
of the smooth left bidiagonalization vector s8 in the Golub-Kahan iterative bidiago-
nalization without reorthogonalization delays the revealing of the noise level by one
iteration. In more difficult examples the loss of orthogonality among the bidiagonal-
ization vectors can significantly delay the noise-revealing process. Nevertheless, as
illustrated in Fig. 19 presenting results computed by the Golub-Kahan iterative bidi-
agonalization without reorthogonalization, the determination of the noise level based
on monitoring the absolute value of the first component of the left singular vector
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Fig. 17 The norms of sexact
k

, snoise
k

and the smallest singular value of the matrix Sk for the problem

shaw(400)with the noise level δnoise = 10−4, computed by the Golub-Kahan iterative bidiagonalization
with double reorthogonalization (a), and without reorthogonalization (b). For comparison, the triangles in
(b) represent the norm of the component snoise

k
computed with double reorthogonalization

Fig. 18 Normalization coefficients αk,βk+1 and their cumulated ratio ρk , see (3.9), for the problem
shaw(400)with the noise level δnoise = 10−4, computed by the Golub-Kahan iterative bidiagonalization
with double reorthogonalization (a), and without reorthogonalization (b)

of Lk corresponding to its smallest singular value still works. The knoise determined
from Fig. 19(a) is, however, shifted by one step in comparison to Fig. 16, where
knoise = 8.

It is worth noting that the propagation of noise in the Golub-Kahan iterative bidi-
agonalization for discrete ill-posed problems is different from the propagation of the
elementary finite precision rounding errors which are present in each iteration. An in-
vestigation of this interesting topic is, however, outside the scope of this paper.

6 Conclusion

This paper considers discrete ill-posed problems represented by the linear system
(1.1) with the following properties:
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Fig. 19 The absolute value of the first component |(p(k)
1 , e1)| of the left singular vector of Lk corre-

sponding to its smallest singular value for the problem shaw(400) with the noise level δnoise = 10−4

(a) and 10−2 (b). The matrix Lk was computed using the Golub-Kahan iterative bidiagonalization without
reorthogonalization. The horizontal dashed-dotted line represents the noise level δnoise

– the matrices A,AT ,AAT have a smoothing property;
– the left singular vectors uj of A represent increasing frequencies as j increases;
– related to the last point, the system satisfies the discrete Picard condition; on aver-

age, the absolute value of the projections of the exact right-hand side bexact to the
left singular subspaces of A decays faster than the corresponding singular values;

– the noise component bnoise in the right-hand side represents white noise.

We showed that for this class of ill-posed problems it is possible to identify the it-
eration when the noise present in the data begins to propagate significantly to the
projected problem computed by the Golub-Kahan iterative bidiagonalization. The
unknown level of the noise in the original data can be estimated at a negligible cost
from the absolute value of the first component of the left singular vector of the bidi-
agonal matrix of the projected system corresponding to its smallest singular value.
This estimate is reliable and accurate. It can also be subsequently compared with the
secondary estimate which uses the computed bidiagonalization coefficients. The es-
timated noise level can be used for construction of efficient stopping criteria based
on many different approaches. We emphasize that throughout the paper the assump-
tion on the white noise character of bnoise is substantial. Possible generalizations to
cases with colored noise of varying degrees of dispersion, but dominated by high
frequencies, need further investigation.

It is worth recognizing that if any of the assumptions made is not satisfied, then
the presented noise revealing techniques may not succeed. Figures 20 and 21 show
individual components of several left bidiagonalization vectors sk computed by the
double reorthogonalized Golub-Kahan iterative bidiagonalization, and their compo-
nents in the basis of the left singular vectors of A, for the problem phillips(256)
from the Regularization Toolbox [17] with the noise level 10−6. Even though we ob-
serve an increase of the high frequency components in the vectors s1, s2, . . . , it is
not possible to identify the noise revealing iteration knoise so clearly as proposed in
Sect. 3. The reason is that in phillips(256) the discrete Picard condition is par-
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Fig. 20 Individual components of several left bidiagonalization vectors sk computed using the double
reorthogonalized Golub-Kahan iterative bidiagonalization for the problem phillips(256) with the
noise level δnoise = 10−6

Fig. 21 The absolute values of the first 80 spectral components of the vectors sk computed using the
double reorthogonalized Golub-Kahan iterative bidiagonalization for the problem phillips(256)with
the noise level δnoise = 10−6. The dashed line represents machine precision εM

tially violated due to oscillations of the absolute value of the individual components.
The technique presented in [20, 46] based on the Fourier analysis of the residual
vectors works well also for this problem.

In this paper we have proposed noise revealing tools which may have potentially
wide application for the solution of discrete ill-posed problems. The numerical ex-
periments presented in this paper report only results obtained for the problem shaw
(and to some extent also ilaplace and phillips) from the Regularization Tool-
box [17]. Further experiments were performed with ilaplace, phillips, de-
riv2, and, without reorthogonalization, with ODF (here the matrix is rectangular
of dimensions 5290 × 3375; see [21]) and with image deblurring examples Elephant
(square problem of dimension 152280) and Barbara (two square problems of dimen-
sions 65536 and 262144), cf. http://www.cs.cas.cz/krylov, section ‘Software’. Based
on the results, which can be found on the given www page, we believe that the con-
clusions derived from our observations and their mathematical justification offered

http://www.cs.cas.cz/krylov


694 I. Hnětynková et al.

in Sects. 3 and 4 will find wide applications subject to the assumptions given above.
We have also formulated several open questions which will be the subject of further
investigation. The paper presents a step in understanding the noise revealing and reg-
ularizing properties of the Golub-Kahan iterative bidiagonalization. An application
of the methods presented here to large scale problems needs further work. Results
will be reported elsewhere.

Throughout the paper we have assumed A square and nonsingular. An extension
of the results presented in this paper to problems with rectangular and even rank defi-
cient matrices would require an additional assumption on the norm of the component
of the right side b in the nullspace of AT .

Acknowledgements We wish to thank Petr Tichý for his advice concerning numerical experiments and
Gerard Meurant for useful comments. We are indebted to Per Christian Hansen for providing his codes and
test examples used in additional tests, to Chris Paige for suggestion several corrections and clarifications,
and to two anonymous referees for the very insightful remarks and suggestions which has led to significant
improvements of our presentation.

Appendix

The terminology “Golub-Kahan iterative bidiagonalization” used throughout the pa-
per is worth a short explanation. In their seminal paper [14], Golub and Kahan pro-
posed two approaches for orthogonal bidiagonalization of a given matrix. In the first
approach the bidiagonalization is computed by a sequence of Householder transfor-
mations from the left and right of A. The second approach, called here the Golub-
Kahan iterative bidiagonalization, is introduced in the paper by the following words
(here we use, for consistency, our notation for the lower bidiagonalization of A, while
in [14] the authors consider the upper bidiagonalization):

An alternative approach to bidiagonalization of A is to generate the columns of
S and W sequentially as is done by the Lanczos algorithm for tridiagonalizing
a symmetric matrix. The equation

AW = SL and ST A = LWT

can be expanded in terms of columns si of S and wi of W to yield . . . ,

where W,S and L denote the results of the full bidiagonalization; see [14, p. 210].
For computation of the singular values of the bidiagonal matrix their paper refers
to the idea of computation of the eigenvalues of the augmented matrix, which leads
(through the Lanczos algorithm) to computation of the eigenvalues of the symmetric
tridiagonal matrix, with reference to [29, Chap. 3].

Golub and Kahan gave by their reference to Lanczos an example of fairness which
should be appreciated and followed. But their iterative bidiagonalization algorithm
can not be attributed, according to our opinion, to Lanczos. The iterative bidiago-
nalization was proposed in [14]. Though the term “Lanczos bidiagonalization” is
widespread in a part of literature, we concur with the remaining literature, in par-
ticular with [41, 42], that it is appropriate to use the name Golub-Kahan iterative
bidiagonalization.
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24. Hnětynková, I., Plešinger, M., Strakoš, Z.: Lanczos tridiagonalization, Golub-Kahan bidiagonaliza-
tion and core problem. PAMM 6, 717–718 (2006)

25. Jensen, T.K., Hansen, P.C.: Iterative regularization with minimum-residual methods. BIT 47, 103–120
(2007)

26. Karlin, S., Shapley, L.S.: Geometry of Moment Spaces. American Mathematical Society, Providence
(1953)

27. Kilmer, M.E., O’Leary, D.P.: Choosing regularization parameters in iterative methods for ill-posed
problems. SIAM J. Matrix Anal. Appl. 22, 1204–1221 (2001)

28. Kilmer, M.E., Hansen, P.C., Español, M.I.: A projection-based approach to general form Tikhonov
regularization. SIAM J. Sci. Comput. 29, 315–330 (2006)

http://www2.imm.dtu.dk/~pch/Regutools/index.html


696 I. Hnětynková et al.

29. Lanczos, C.: Linear Differential Operators. Van Nostrand, London (1961)
30. Lanczos, C.: An iteration method for the solution of the eigenvalue problem of linear differential and

integral operators. J. Res. Nat. Bur. Stand. 45, 255–282 (1950)
31. Meurant, G., Strakoš, Z.: The Lanczos and conjugate gradient algorithms in finite precision arithmetic.

Acta Numer. 15, 471–542 (2006)
32. Morozov, V.A.: On the solution of functional equations by the method of regularization (in Russian).

Sov. Math. Dokl. 7, 414–417 (1966)
33. Morozov, V.A.: Methods for Solving Incorrectly Posed Problems. Springer, New York (1984)
34. Nguyen, N., Milanfar, P., Golub, G.H.: Efficient generalized cross-validation with applications to

parametric image restoration and resolution enhancement. IEEE Trans. Image Proces. 10, 1299–1308
(2001)

35. O’Leary, D.P.: Near-optimal parameters for Tikhonov and other regularization methods. SIAM J. Sci.
Comput. 23, 1161–1171 (2001)

36. O’Leary, D.P., Simmons, J.A.: A bidiagonalization-regularization procedure for large scale discretiza-
tions of ill-posed problems. SIAM J. Sci. Stat. Comput. 2, 474–489 (1981)

37. O’Leary, D.P., Strakoš, Z., Tichý, P.: On sensitivity of Gauss-Christoffel quadrature. Numer. Math.
107, 147–174 (2007)

38. Paige, C.C.: Bidiagonalization of matrices and solution of linear equations. SIAM J. Numer. Anal. 11,
197–209 (1974)

39. Paige, C.C.: Accuracy and effectiveness of the Lanczos algorithm for the symmetric eigenproblem.
Linear Algebra Appl. 34, 235–258 (1980)

40. Paige, C.C.: A useful form of unitary matrix obtained from any sequence of unit 2-norm n-vectors.
SIAM J. Matrix Anal. Appl. 31, 565–583 (2009)

41. Paige, C.C., Saunders, M.A.: LSQR: An algorithm for sparse linear equations and sparse least squares.
ACM Trans. Math. Softw. 8, 43–71 (1982)

42. Paige, C.C., Saunders, M.A.: ALGORITHM 583 LSQR: Sparse Linear equations and least squares
problems. ACM Trans. Math. Softw. 8, 195–209 (1982)

43. Paige, C.C., Strakoš, Z.: Scaled total least squares fundamentals. Numer. Math. 91, 117–146 (2002)
44. Paige, C.C., Strakoš, Z.: Unifying least squares, total least squares and data least squares. In: Van

Huffel, S., Lemmerling, P. (eds.) Total Least Squares and Errors-in-Variables Modeling, pp. 25–34.
Kluwer Academic, Dordrecht (2002)

45. Paige, C.C., Strakoš, Z.: Core problem in linear algebraic systems. SIAM J. Matrix Anal. Appl. 27,
861–875 (2006)

46. Rust, B.W.: Parameter selection for constrained solutions to ill-posed problems. Comput. Sci. Stat.
32, 333–347 (2000)

47. Rust, B.W., O’Leary, D.P.: Residual periodograms for choosing regularization parameters for ill-
posed problems. Inverse Probl. 24 (2008). doi:10.1088/0266-5611/24/3/034005

48. Saunders, M.A.: Computing projections with LSQR. BIT 37, 96–104 (1997)
49. Sima, D.M., Van Huffel, S.: Using core formulations for ill-posed linear systems. PAMM 5, 795–796

(2005)
50. Sima, D.M.: Regularization techniques in model fitting and parameter estimation. Ph.D. thesis, Dept.

of Electrical Engineering, Katholieke Universiteit Leuven (2006)
51. Simon, H.D., Zha, H.: Low-rank matrix approximation using the Lanczos bidiagonalization process

with applications. SIAM J. Sci. Stat. Comput. 21, 2257–2274 (2000)
52. Strakoš, Z.: Model reduction using the Vorobyev moment problem. Numer. Algorithms 51, 363–376

(2009)

http://dx.doi.org/10.1088/0266-5611/24/3/034005

	The regularizing effect of the Golub-Kahan iterative bidiagonalization and revealing the noise level in the data
	Abstract
	Introduction
	Golub-Kahan iterative bidiagonalization
	Propagation of the noise in the Golub-Kahan iterative bidiagonalization
	Lanczos tridiagonalization and filtering out the low frequency components
	Smoothing and orthogonalization in the Golub-Kahan iterative bidiagonalization

	Determination of the noise level in the data and detection of the noise revealing iteration
	Automatic determination of the noise level based on approximation of the Riemann-Stieltjes distribution function
	An additional way of estimating the noise level in the data
	A comment on regularization and stopping criteria

	Noise propagation and the loss of orthogonality in the bidiagonalization vectors
	Conclusion
	Acknowledgements
	Appendix
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


