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I ska�ite—zaqem �e mne be�at~ za millionom?!

I know how to control the Universe.
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Já v́ım, jak ovládat Vesmı́r.
Tak mi řekněte — proč bych se měl hnát za milionem?!
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Abstrakt

Tato habilitačńı práce se zabývá maticovými a tenzorovými výpočty aplikované
a numerické lineárńı algebry. Sestává ze čtyř kapitol věnovaných čtyřem v́ıce-či-
méně samostatným témat̊um. Prvńı kapitola je věnována lineárńım aproximačńım
úlohám, konkrétně tzv. problému nejmenš́ıch čtverc̊u (TLS). Zabývá se jednak (kap.
1.2) řešitelnost́ı tohoto problému v př́ıpadě, že pracujeme s úlohou s v́ıce pravými
stranami, jinak řečeno s maticovou pravou stranou; a jednak (kap. 1.3) tzv. teoríı
core problému v lineárńıch aproximačńıch úlohách a jeho TLS řešitelnost́ı. Kapitola
také stručně zmiňuje možnost rozš́ı̌reńı TLS problémů na lineárńı aproximačńı úlohy
zformulované ve světě tenzor̊u.

Druhá kapitola se zabývá tzv. ill-posed problémy a regularizačńımi metodami,
které se použ́ıvaj́ı k jejich řešeńı. Zabýváme se zejména odhadem velikosti odstupu
signálu od šumu v datech pomoćı Golubovy–Kahanovy bidiagonalizace pro šumy
s r̊uznou charakteristikou (barvou) a velikost́ı, a pro úlohy r̊uzného p̊uvodu. Dále se
zabýváme odhadováńım tzv. filtračńıch faktor̊u regularizačńıch metod postavených
na tzv. truncated-TLS.

Ve třet́ı kapitole se zabýváme tenzorovými problémy, zejména (hierarchickými)
rozklady tenzor̊u a jejich praktickému užit́ı v tzv. low-rank aritmetice. Ukazu-
jeme, jak lze metodu sdružených gradient̊u přeformulovat pro symetrikcý pozi-
tivně definitńı operátor žij́ıćı na prostoru tenzor̊u. Ukazujeme, že jsou-li nav́ıc ten-
zory uloženy ve tvaru např. Tuckerova, nebo hierarchického Tuckerova rozkladu
(formátu), můžeme v metodě sdružených gradient̊u snadno uplatnit právě low-rank
aritmetiku. Na závěr také ukážeme, že existence tenzorových rozklad̊u obsahuj́ıćıch
cyklické součiny pomáhá motivovat lineárńı aproximačńı úlohy zformulované jazy-
kem tenzor̊u zmı́něných v prvńı kapitole.

Posledńı a nejkratš́ı kapitola se zaměřuje na analýzu krylovovských metod. Struč-
ně zmiňujeme výsledky, z nichž většina byla obsažena již v předchoźıch třech kapi-
tolách: použit́ı krylovovských metod na řešeńı ill-posed úloh, numerické vlastnosti
krylovovských metod s low-rank aritmetikou, vztahy mezi Golubovou–Kahanovou
bidiagonalizaćı a Lanczosovou tridiagonalizaćı. Nav́ıc se zde podrobněji zabýváme
blokovým, resp. pásovým zobecněńım dvou posledně jmenovaných algoritmů a je-
jich vztahu; přesněji řečeno věnujeme se tzv. wedge-shaped (kĺınovým) matićım,
které jsou zobecněńım tridiagonálńıch Jacobiho matic, a jejich spektrálńım vlast-
nostem. Všechny části textu jsou na vhodných mı́stech doplněny odkazy na reprinty
p̊uvodńıch publikaćı, které jsou přiloženy.

Kĺıčová slova: úplný problém nejmenš́ıch čtverc̊u (TLS); TLS algoritmus; orto-
gonálńı regrese; modelováńı chyb v datech; násobná pravá strana; lineárńı apro-
ximačńı problém; unitárńı invariance; core problém; (zobecněná) Golubova–Kaha-
nova bidiagonalizace; Lanczosova tridiagonalizace; (zobecněná) Jacobiho matice;
wedge-shaped matice; ill-posed úlohy; image deblurring; regularizace; identifikace
hladiny šumu; truncated-TLS; filtrovaćı faktory; redukce modelu (MOR); ljapu-
novské rovnice, metoda sdružených gradient̊u (CG); předpodmiňováńı; Tucker̊uv
rozklad tenzoru; low-rank aritmetika
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Použité značeńı a zkratky

V textu se snaž́ıme dodržovat následuj́ıźı značeńı. Znač́ıme
vektory pomoćı malých ṕısmen

u1, u2, ur, v1, v2, vr, x, atd.;
matice pomoćı velkých ṕısmen (latinských i řeckých)

A, B, C, D, E, F , U , V , Σ, atd.;
tenzory řádu k, k ≥ 3 pomoćı velkých ṕısmen psaných kaligraficky

A, B, C, D, E , F , T , S, atd.;
množiny pomoćı velkých ṕısmen psaných Scriptem

D , S , T , Xj , atd.

Pomoćı malých ṕısmen (latinských i řeckých) také znač́ıme prvky matic a tenzor̊u a
také skaláry. Speciálńı význam pak maj́ı ṕısmena i, j, `, jimiž zpravidla indexujeme
prvky matic a tenzor̊u, a k, m, n, r, která použ́ıváme k označeńı řádu tenzoru,
dimenze matice nebo tenzoru, resp. hodnosti (ranku) matice nebo tenzoru, atp.

Č́ıselné množiny a prostory

Značeńı Význam

R, C pole reálných, resp. komplexńıch č́ısel;
i imaginárńı jednotka komplexńıch č́ısel, i2 = −1;
re(γ), im(γ) reálná a imaginárńı část komp. č́ısla, γ = re(γ) + i im(γ);
γ komplexně sdružené č́ıslo, γ = re(γ) − i im(γ);
F ∈ {R,C} obecné, ale pevně zvolené pole reálných, nebo komp. č́ısel;
Fm prostor sloupcových vektor̊u (délky m) nad polem F;
Fm×n prostor matic (s m řádky a n) sloupci nad polem F;
Fm1×⋯×mk prostor tenzor̊u řádu k (s vlákny délky mj v módu j) nad F;
0, 0m, 0m,n, . . . nula či nulový prvek prostoru, nulový prvek Fm, Fm×n, atd.;
dim(V ) dimenze prostoru V ;
span{v1, . . . , v`} lineárńı obal vektor̊u v1, . . . , v`;
V ⊕W direktńı součet podprostor̊u V a W ;
V ⊥W (V /⊥W ) podprostory V a W (ne)jsou ortogonálńı;
K`(A,v) `-tý krylovovský prostor, K`(A,v) = span{v,Av, . . . ,A`−1v}.

Vektory

Značeńı Význam

v = [ν1, . . . , νm]T sloupcový vektor s prvky νi;

∥v∥2 euklidovská norma vektoru, ∥v∥2 = (∑i ∣νi∣2)
1
2 ;

⟨v,w⟩ standardńı skalárńı součin vektor̊u v a w, ⟨v,w⟩ = ∑i ωiνi;
v⊥w (v /⊥w) vektory v a w (ne)jsou ortogonalńı, v⊥w ⇐⇒ ⟨v,w⟩ = 0;
v⊥W (v /⊥W ) vektor v je (neńı) ortogonálńı na podprostor W ;
v∣W projekce vektoru v na podprostor W .
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Matice

Značeńı Význam

A = (ai,j) matice s prvky ai,j ;
A = [a1, . . . , an] matice se sloupci aj ;
AT tranpozice matice A;

AH = AT = AT Hermitovské sdružeńı matice A;
R(A) obor hodnot matice A;
N (A) jádro (nulový prostor) matice A;
∥A∥2 spektrálńı norma matice, ∥A∥2 = max∥v∥2=1 ∥Av∥2;

∥A∥F Frobeniova norma matice, ∥A∥F = (∑i∑j ∣ai,j ∣2)
1
2 ;

rank(A) hodnost matice A
trace(A) stopa čtvercové matice, ∑i ai,i;
A−1 inverze čtvercové regulárńı matice A;
A† Mooreova–Penroseova pseudoinverze matice A;
I, In, ei, δi,j jednotková matice řádu n, I = [e1, . . . , en] = (δi,j);
diag(A,B) blokově diagonálńı matice, direktńı součet matic A a B;
A⊗B Kronecker̊uv součin dvou matic.

Tenzory

Značeńı Význam

A = (ai1,i2,i3) tenzor třet́ıho řádu o rozměrech s prvky ai1,i2,i3 ;
A = (ai1,...,ik) tenzor řádu k s prvky ai1,...,ik , A∈Fm1×⋯×mk ;

a
(`)
I ∈ Fm` I -té vlákno `-tého módu tenzoru A;

vec(A) ∈ RM vektorizace tenzoru, M =∏jmj ;

A(`) ∈ Fm`×M` rozvoj tenzoru do matice v `-tém módu, M` =M/m`;

rank`(A) `-rank tenzoru, r` = rank`(A) = rank(A(`));
rank(A) vektorová hodnost tenzoru, rank(A) = (r1, . . . , rk);
A ×`W násobeńı tenzoru matićı v `-tém módu, (A ×`W )(`) =WA(`);
⟦A ∣W1, . . . ,Wk⟧ násobeńı tenzoru maticemi W` v módech `, ` = 1, . . . , k;
AT−core Tuckerovo jádro tenzoru A;
A × B součin (úžeńı) tenzor̊u bez udáńı mód̊u násobeńı;
A ×`,s B součin (úžeńı) tenzor̊u v módech ` a s;
A ×(`1,`2),(s1,s2) B součin (úžeńı) tenzor̊u ve dvojici mód̊u;
diagk(A,B) blokově diagonálńı tenzor, direktńı tenzor̊u A a B řádu k.

Nejpouž́ıvaněǰśı zkratky a akronymy

Zkratka Význam

SVD singulárńı rozklad matice (singular value decomposition);
ESVD ekonomický singulárńı rozklad matice (economy-size SVD);
HOSVD Tucker̊uv rozklad tenzoru (higher-order SVD);
OLS, LS obyčejný problém nejmenš́ıch čtverc̊u ((ordinary) least squares);
TLS úplný problém nejmenš́ıch čtverc̊u (total least squares);
CP core problém;
T-SVD, T-LS truncated-SVD, truncated-LS;
T-TLS truncated-TLS;
SNR odstup signálu od šumu (signal-to-noise ratio);
CG metoda sdružených gradient̊u (conjugate gradients);
TT tenzorový vláček (tensor train decomposition);
TC tenzorový řet́ızek (tensor chain decomposition).
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Výhled do budoucna . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2 Regularizačńı metody 15
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Kapitola 1

Problém nejmenš́ıch čtverc̊u

1.1 Úvod

Mnoho reálných problémů p̊uvodem ve fyzice, statistice, atp. vede na úlohy, které
lze formulovat jazykem lineárńı algebry. Zahrnuj́ı-li tyto problémy data, která jsou
zat́ıžená chybami jakéhokoliv p̊uvodu, např. veličiny źıskané pomoćı fyzikálńıch
měřeńı, nemuśı být obecně možné zapsat řešenou úlohu jako rovnici, viz např.
[16], [80] a [53]. Měř́ıme-li např́ıklad proud procházej́ıćı rezistorem (byt’ ideálńım
s lineárńı charakteristikou) při r̊uzných napět́ıch, chyby v měřeńı zp̊usob́ı, že výsled-
ná sada dat nebude lineárńı rovnici splňovat. Taková úloha pak nemá řešeńı v kla-
sickém slova smyslu a nazýváme ji aproximačńı úlohou. Zpravidla se pak uchylujeme
k formulováńı optimalizačńıho problému nad danou aproximačńı úlohou, který nám
umožńı nalézt alespoň řešeńı přibližné. Nejjednodušš́ı lineárńı aproximačńı úlohu
můžeme zapsat ve tvaru

Ax ≈ b, kde A ∈ Fm×n, x ∈ Fn, b ∈ Fm, (1.1)

resp. AX ≈ B, kde A ∈ Fm×n, X ∈ Fn×d, B ∈ Fm×d (1.2)

a nazýváme ji úlohou s jednou, resp. v́ıce pravými stranami. V daľśım textu budeme
nav́ıc zpravidla předpokládat:

(i) b /∈ R(A), resp. R(B) /⊆ R(A) protože v opačném př́ıpadě by existovalo řešeńı
v klasickém slova smyslu,

(ii) b /⊥ R(A), resp. R(B) /⊥ R(A) protože v opačném př́ıpadě nejsou sloupce
pravé strany korelovány se sloupci systémové matice A a snaha aproximovat
je pomoćı lineárńıch kombinaćı sloupc̊u systémové matice postrádá smysl;
přesněji řečeno jediná rozumná lineárńı kombinace bude triviálńı.

Př́ıpadné výjimky z těchto dvou pravidel budou vždy explicitně zmı́něny. V daľśım
textu se budeme zaměřovat převážně na úlohu s v́ıce pravými stranami; úlohu s jed-
nou pravou stranou (1.1) źıskáme triviálńım izomorfismem s úlohou (1.2) pro d = 1.

1.1.1 Obyčejný problém nejmenš́ıch čtverc̊u

Optimalizačńıch problémů nad (1.2) lze uvažovat celou řadu. Klasickým postupem
je použ́ıt metodu nejmenš́ıch čtverc̊u, jinými slovy, zformulovat nad úlohou obyčejný
problém nejmenš́ıch čtvec̊u, anglicky ordinary least squares problem (OLS), př́ıpadně
jen least squares (LS); viz např. klasickou učebnici [16], př́ıpadně články [94], [95].

1



Kapitola 1: Problém nejmenš́ıch čtverc̊u

Definice 1 (Obyčejný problém nejmenš́ıch čtverc̊u). Necht’ AX ≈ B je lineárńı
aproximačńı úloha (1.2), pak optimalizačńı problém

min
G∈Fm×d

∥G∥F tak, že R(B +G) ⊆ R(A), (1.3)

nazýváme obyčejným problémem nejmenš́ıch čtverc̊u.
Libovolnou matici XOLS ∈ Fn×d, která splňuje AXOLS = B +G pro (libovolnou)

minimalizuj́ıćı matici G, nazýváme řešeńım ve smyslu nejmenš́ıch čtverc̊u.

Poznamenejme, že výše zmı́něný obyčejný problém nejmenš́ıch čtverc̊u má řešeńı
pro libovolné (A,B). Minimalizuj́ıćı matice G je nav́ıc vždy dána jednoznačně.
Označ́ıme-li B = [b1, . . . , bd] a G = [g1, . . . , gd], pak gj ∈ N (AH) je záporně vzatá
projekce bj na jádro matice AH a tud́ıž bj +gj ∈ R(A) je projekce bj na obor hodnot
matice A; tj. bj = bj ∣R(A) + bj ∣N (AH) = (bj + gj) − gj , viz [26, kap. 6].

Z (jednoznačné) existence minimalizuj́ıćı matice G plyne existence řešeńı ve
smyslu nejmenš́ıch čtverc̊u, tj. matice XOLS. Toto je jednoznačné tehdy a jen tehdy,
má-li matice A ∈ Fm×n lineárně nezávislé sloupce. V opačném př́ıpadě, tj. pokud
r ≡ rank(A) < n, pak existuje nekonečně mnoho takových řešeńı. Zřejmě pokud
AXOLS = B + G, pak také A(XOLS + Y ) = B + G pro libovolné Y = [y1, . . . , yd],
yj ∈ N (A). Za účelem zjednoznačněńı řešeńı problém nejmenš́ıch čtverc̊u nav́ıc
doplňujeme požadavkem na minimalitu XOLS = [x1,OLS, . . . , xd,OLS] ve Frobeniově
normě, tj. ekvivalentně požadavkem xj,OLS ⊥ N (A); viz např. [26, kap. 6] Takové
řešeńı źıskáme snadno známým vztahem

XOLS = A†B, (1.4)

tj. užit́ım Mooreovy–Penroseovy pseudoinverze matice A. Ze vztahu (1.4) je zřejmé,
že v pŕıpadě OLS lze úlohu AX ≈ B s d pravými stranami ekvivalentě nahradit d
zcela nezávislými úlohami s jednou pravou stranou Axj ≈ bj , j = 1, . . . , d; viz [26,
kap. 6].

V praktických úlohách je možné do problému (1.3) nav́ıc zavést vážeńı nebo
škálováńı jednotlivých řádk̊u (rovnic), resp. sloupc̊u (pozorováńı) pomoćı diagonál-
ńıch matic s kladnými diagonálńımi prvky; viz [16, kap. 4.4], [37]. Obecněji řečeno,
je možné uvažovat jinou než Frobeniovu normu jak při hledáńı minimalizuj́ıćıho G,
tak při hledáńı minimálńıho řešeńı; viz [16, kap. 4.5], [129]. Dále je možné problém
doplňovat daľśımi omezuj́ıćımi předpoklady; viz [16, kap. 5], př́ıpadně [38, kap. 5 a
6], atd.

1.1.2 Úplný problém nejmenš́ıch čtverc̊u

Daľśım z bĺızce př́ıbuzných optimalizačńıch problémů nad (1.2) je tzv. úplný problém
nejmenš́ıch čtverc̊u, anglicky total least squares (TLS), který je ústředńım bodem
prvńı části této práce.

Definice 2 (Úplný problém nejmenš́ıch čtverc̊u). Necht’ AX ≈ B je lineárńı apro-
ximačńı úloha (1.2), pak optimalizačńı problém

min
E∈Fm×n
G∈Fm×d

∥[G,E]∥F tak, že R(B +G) ⊆ R(A +E), (1.5)

nazýváme úplným problémem nejmenš́ıch čtverc̊u.
Libovolnou matici XTLS ∈ Fn×d, která splňuje (A+E)XTLS = B +G pro libovolný

minimalizuj́ıćı pár (E,G), nazýváme řešeńım ve smyslu TLS.

Analýza existence a jednoznačnosti minimalizuj́ıćı korekce (E,G) a řešeńı XTLS

neńı zdaleka tak jednoduchá, jako v př́ıpadě OLS. Nyńı neupravujeme jen pravou
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Řešitelnost TLS problému

stranu B = [b1, . . . , bd], ale i matici zobrazeńı A. Ihned si všimneme, že nyńı neńı
možné úlohu s d pravými stranami ekvivaletně nahradit d nezávislými úlohami právě
proto, že všechny muśı sd́ılet stejnou korekci E matice zobrazeńı. Nav́ıc TLS řešeńı
obecně, tj. pro libovolné (A,B), nemuśı existovat, narozd́ıl od OLS řešeńı; viz [37],
[15], [99, Example 1.1, str. 7], př́ıpadně [126, Example 2.2, str. 38].

1.2 Řešitelnost TLS problému

Pro daľśı výklad bude vhodné zavést následuj́ıćı singulárńı rozklady (SVD). Uva-
žujme pro jednoduchost m > n + d (v opačném př́ıpadě rozš́ı̌ŕıme úlohu AX ≈ B o
vhodný počet nulových řádk̊u, tj. přejdeme k [A

0
]X ≈ [B

0
]). Necht’

A = U ′Σ′V ′H, kde U ′−1 = U ′H, U ′ = [u′1, . . . , u′m] = (u′i,j),
V ′−1 = V ′H, V ′ = [v′1, . . . , v′n] = (v′i,j),

Σ′ = [ diag(σ′1, . . . , σ′n)
0m−n,n

] ∈ Rm×n, σ′1 ≥ σ′2 ≥ ⋯ ≥ σ′n ≥ 0

(1.6)

je SVD systémové matice A a

[B,A] = UΣV H, kde U−1 = UH, U = [u1, . . . , um] = (ui,j),
V −1 = V H, V = [v1, . . . , vn+d] = (vi,j),

Σ = [ diag(σ1, . . . , σn+d)
0m−(n+d),n+d

] ∈ Rm×(n+d), σ1 ≥ σ2 ≥ ⋯ ≥ σn+d ≥ 0

(1.7)

je SVD rozš́ı̌rené matice [B,A].

1.2.1 Úlohy s jednou pravou stranou

TLS problém s jednou pravou stranou (d = 1) byl analyzován nejprve v článku [37],
který se zabývá zejména situaćı, kdy má matice A lineárně nezávislé sloupce. Je
zde zformulována nutná (nikoliv však postačuj́ıćı) podmı́nka existence TLS řešeńı.
Gene H. Golub a Charles F. Van Loan ukázali, že plat́ı

σ′n > σn+1 Ô⇒ XTLS = −
⎡⎢⎢⎢⎢⎢⎣

v2,n+1
⋮

vn+1,n+1

⎤⎥⎥⎥⎥⎥⎦
(v1,n+1)−1 (1.8)

přičemž pro minimalizuj́ıćı korekci plat́ı [G,E] = −un+1σn+1vn+1H; TLS řešeńı i
minimalizuj́ıćı korekce jsou dány jednoznačně.

Tento výsledek byl rozš́ı̌ren v knize [126], kde je zformulována nutná a postačuj́ıćı
podmı́nka pro existenci TLS řešeńı úlohy s jednou pravou stranou. Uvažujme p,
0 ≤ p ≤ n takové, že

σp > σp+1 = ⋯ = σn+1, (1.9)

kde formálně σ0 =∞; tj. (n + 1) − p je násobnost signulárńıho č́ısla σn+1. Uvažujme
dále odpov́ıdaj́ıćı děleńı matice V , tj.

V = [ V11 V12
V21 V22

] }1
}n ; (1.10)

´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¶
p

´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¶
(n + 1) − p
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Kapitola 1: Problém nejmenš́ıch čtverc̊u

zřejmě libovolná lineárńı kombinace sloupc̊u vp+1, . . . , vn+1 je opět pravým sin-
gulárńım vektorem matice [B,A] (analogicky pro levé singulárńı vekotry). Podmı́nka
(1.8) lze nyńı rozš́ı̌rit. Plat́ı

σ′p > σp+1 = ⋯ = σn+1 ⇐⇒ XTLS = −V22V12†, (1.11)

kde XTLS je TLS řešeńı minimálńı ve Frobeniově normě; viz [126, Corollary 3.4,
str. 65]. Řešeńı je jediným řešeńım tehdy a jen tehdy když p = n. Poznamenejme,
že zde V12

† = V H
12∥V12∥−2F , nebot’ matice V12 má jen jeden řádek. Minimalizuj́ıćı

korekce je opět ve tvaru [G,E] = −uσn+1vH, kde u = [up+1, . . . , un+1]V H
12∥V12∥−1F

a v = [vp+1, . . . , vn+1]V H
12∥V12∥−1F jsou odpov́ıdaj́ıćı levý a pravý singulárńı vektor

matice [B,A].
Poznamenejme také, že výše zmı́něné TLS řešeńı minimálńı ve Frobeniově normě

úlohy s jednou pravou stranou (1.11) lze (pokud existuje) vyjádřit v uzavřeném
tvaru

XTLS = (AHA − σn+1In)−1AHB; (1.12)

viz [126, Corollary 3.1, p. 53].

Nutná a postačuj́ıćı podmı́nka (1.11) existence TLS řešeńı pro úlohy s jednou
pravou stranou neńı př́ılǐs přehledná. Vyskytuje se v ńı násobnost nejmenš́ıho sin-
gulárńıho č́ısla rozš́ı̌rené matice [B,A] a řešeńı minimálńı ve Frobeniově normě.
Nav́ıc z̊ustává ne zcela vyjasněné, co to znamená, když TLS problém nemá pro
dané (A,B) řešeńı. Sabine Van Huffel a Joos Vandewalle ve své knize (viz [126,
kap. 3.4]) zaváděj́ı v takovém př́ıpadě tzv. negenerické řešeńı, které je však řešeńım
jiného optimalizačńıho problému (s přidaným omezeńım; viz [63, Lemma 6.1, str.
767]), př́ıpadně TLS řešeńım ovšem modifikované lineárńı aproximačńı úlohy; viz
[63, Lemma 6.2, str. 768]. Jisté vysvětleńı významu neexistence řešeńı v kontextu
p̊uvodńıch dat (A,B) dává tzv. core problém, kterým se budeme zabývat v kapi-
tole 1.3. Nyńı se pod́ıváme, jak se situace změńı v př́ıpadě v́ıce pravých stran.

1.2.2 Úlohy s v́ıce pravými stranami

TLS problém s v́ıce pravými stranami (d > 1) byl analyzován zejména v knize
[126], ale také v článćıch [130], [131]. Analýza prezentovaná v těchto pracech pod-
statně sleduje postup použitý Golubem a Van Loanem v p̊uvodńım článku [37]. Po-
stup je zobecněný a formulovaný jako tzv. klasický TLS algoritmus; viz [126, kap.
3.6, Algorithm 3.1, str. 87–88], viz také [63, Algorithm 1, str. 767]. Čistě algorit-
micky motivované rozš́ı̌reńı (viz [122], [123]) je velmi praktické, snadno pochopitelné,
snadno aplikovatelné a dává velmi dobré výsledky v řadě aplikaćı; viz sborńıky [124],
[125] konferenćı zaměřených na terorii a aplikace TLS problémů. Je to dáno mimo
jiné t́ım, že v praktických výpočtech je, např. d́ıky zaokrouhlovaćım chybám, velmi
obt́ıžné, ne-li zcena nemožné, určit kupř́ıkladu násobnost daného singulárńıho č́ısla.
Klasický TLS algoritmus nav́ıc zcela přirozeně přecháźı k negenerickému řešeńı u
úloh, které TLS řešeńı nemaj́ı. Snadno se tak stane, že dojde k záměně optimalizačńı
úlohy a na mı́sto p̊uvodně zamýšleného TLS problému se řeš́ı jeho regularizovaná
varianta truncated-TLS (T-TLS), viz [63, kap. 6] a [69]. Naš́ım ćılem však bude
striktně sledovat řešitelnost TLS problému, tj. optimalizačńıho problému zformulo-
vaného v definici 2.

Sabine Van Huffel a Joos Vandewalle v knize [126] dokazuj́ı, že TLS problém pro
v́ıce pravých stran má (za jistých předpoklad̊u na hodnosti vybraných blok̊u ma-
tice V ) řešeńı ve dvou speciálńıch př́ıpadech charakterizovaných dvěma speciálńımi
distribucemi singulárńıch č́ısel matice [B,A]. Jsou to

σn > σn+1, (1.13)
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Řešitelnost TLS problému

kdy má problém jednoznačné řešeńı, a

σp > σp+1 = ⋯ = σn+1 = ⋯ = σn+d, (1.14)

kdy má problém nekonečně mnoho řešeńı, mezi kterými lze snadno nalézt jed-
noznačně dané řešeńı s minimálńı Frobeniovou a zároveň s minimálńı spektrálńı
normou. Dá se ukázat (viz [63, kap. 3.1 a 3.2]), že oba př́ıpady jsou př́ımočarým
rozš́ı̌reńım úlohy s jednou pravou stranou dvěma r̊uznými zp̊usoby a že oba jsou
jen speciálńı př́ıpady obecněǰśı tř́ıdy problémů. Náznak toho lze vysledovat již
v [126, kap. 3.3.2], kde je však obecněǰśı distribuce singulárńıch č́ısel pro jednodu-
chost považována za perturbaci jednoho ze dvou právě zmı́něných př́ıpad̊u. Prvńı
kroky analýzy obecného př́ıpadu byly provedeny již v dizertaci [99] (z roku 2008) a
v krátkém př́ıspvěvku [66] (z roku 2008). Úplná analýza existence a jednoznačnosti
TLS řešeńı obecného problému však byla publikována až o tři roky později v našem
článku [63] (v roce 2011).

Vlastńı př́ınos

V článku [63] zavád́ıme, analogicky k (1.9), obecnou distribuci singulárńıch č́ısel
rozš́ı̌rené matice [B,A]. Uvažujme p (0 ≤ p ≤ n) a e (1 ≤ e ≤ d) taková, že

σp > σp+1 = ⋯ = σn+1 = ⋯ = σn+e > σn+e+1, (1.15)

kde formálně σ0 =∞ a σn+d+1 = 0; tj. (n+e)−p je násobnost signulárńıho č́ısla σn+1.
Opět, analogicky k (1.10), uvažujme odpov́ıdaj́ıćı děleńı matice V , tj. v clanku jsou
matice pojmenovane jinak

V = [ V11 V12 V13
V21 V22 V23

]}d}n . (1.16)

´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¶
p

´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¶
(n + e) − p

´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¶
d − e

Vektory v prvńım, druhém a třet́ım blokovém sloupci tak odpov́ıdaj́ı singulárńım
č́ısl̊um ostře větš́ım než, rovným a ostře menš́ım než σn+1. (Zřejmě, pro d = 1, tj.
v př́ıpadě jediné pravé strany, je d = e = 1 a třet́ı blokový sloupec zmiźı.) V závislosti
na tomto děleńı zavád́ıme následuj́ıćı klasifikaci.

Definice 3 (Klasifikace TLS problémů). Necht’ AX ≈ B je lineárńı aproximačńı
úloha (1.2), kde rozš́ıřená matice [B,A] má SVD ve tvaru (1.7), (1.15), (1.16).
Řekneme, že TLS problém nad úlohou AX ≈ B patř́ı do tř́ıdy:

F (first class) pokud rank([V12, V13]) = d, speciálně:

F1 pokud rank(V12) = d − e a tud́ı̌z rank(V13) = e;
F2 pokud rank(V12) > d − e a zároveň rank(V13) = e;
F3 pokud rank(V13) < e a tud́ı̌z rank(V12) > d − e;

S (second class) pokud rank([V12, V13]) < d.

Poznamenejme, že problémy patř́ıćı do prvńı (F = ∪3
j=1Fj), resp. druhé (S )

tř́ıdy odpov́ıdaj́ı tzv. generickým, resp. negenerickým problémům v klasické analýze
provedené v [126]. V tomto kontextu je nutné si uvědomit, že generické problémy,
tj. problémy tř́ıdy F v naš́ı klasifikaci jsou obecně (v mnoha knihách a článćıch)
považované za problémy maj́ıćı TLS řešeńı; viz např. schéma v [126, str. 50]. Obecná
rozš́ı̌renost této domněnky je dána do značné mı́ry t́ım, že práve kniha [126] je
prvńı (a popravdě řečeno jediná) kniha, která se analýze TLS problémů věnuje
v dostatečné obecnosti a š́ı̌ri. V článku [63] ale ukazujeme, že toto tvrzeńı neńı
pravdivé. Konkrétně dokazujeme následuj́ıćı tvrzeńı:
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Kapitola 1: Problém nejmenš́ıch čtverc̊u

F1: Generické problémy charakterizované distribućı singulárńıch č́ısel (1.13) nebo
(1.14), tj. oba př́ıpady analyzované v knize [126], jsou speciálńı př́ıpady prob-
lémů tř́ıdy F1.

• Všechny problémy tř́ıdy F1 maj́ı TLS řešeńı. Toto řešeńı je dáno jednoznačně
tehdy a jen tehdy, když p = n. Neńı-li řešeńı jednoznačné, existuje nekonečně
mnoho řešeńı, mezi kterými lze vybrat jedno, které je minimálńı ve Frobeniově
a zároveň ve spektrálńı normě. Toto jednoznačné minimálńı řešeńı lze zapsat
ve tvaru

XTLS = −[V22, V23][V12, V13]†. (1.17)

• Řešeńı minimálńı v obou normách z předchoźıho kroku lze pro každý problém
tř́ıdy F1 nalézt pomoćı klasického TLS algoritmu.

F2 ∶ Všechny problémy tř́ıdy F2 maj́ı TLS řešeńı. Toto řešeńı nikdy neńı jedno-
značné, vždy jich existuje nekonečně mnoho. Mezi všemi řešeńımi lze nalézt
řešeńı minimálńı ve Frobeniově normě i řešeńı minimálńı ve spektrálńı normě.
Tato dvě minimálńı řešeńı nemuśı být identická.

• TLS řešeńı žádného problému tř́ıdy F2 nelze nalézt pomoćı klasického TLS
algoritmu (přesněji řečeno varianty prezentované v [63, Algorithm 1, str. 767],
která uvažuje přesnou aritmetiku a pracuje s celými bloky matice V od-
pov́ıdaj́ıćımi násobným singulárńım č́ısl̊um).

F3 ∪S : Žádný problém tř́ıd F3 a S nemá TLS řešeńı.

• Klasický TLS algoritmus aplikovaný na problém tř́ıdy F2, F3, nebo S vraćı
řešeńı jiného optimalizačńıho problému (s dodatečným omezeńım, viz [63,
Lemma 6.1, str. 767]), př́ıpadně TLS řešeńı modifikované úlohy (viz [63,
Lemma 6.2, str. 768]), tzv. T-TLS řešeńı. Pouze v př́ıpadě tř́ıdy S je toto
řešeńı v klasické literatuře nazýváno řešeńım negenerickým.

Klasifikace samozřejmě zahrnuje i problémy s jednou pravou stranou. Ukazuje, že
všechny problémy s jednou pravou stranou patř́ı bud’ do tř́ıdy F1 nebo do tř́ıdy S ,
jiná možnost nastat nemůže.

Z definice 3 je patrné, že klasifikace jistým zp̊usobem odráž́ı, jak se množstv́ı in-
formace měřené hodnost́ı matice

”
přelévá“ z pravého horńıho rohu matice V směrem

do jej́ıho levého horńıho rohu. V tomto kontexu je dobré si uvědomit, že se jedná
o matici pravých singulárńıch vektor̊u rozš́ı̌rené matice [B,A] a jej́ı d× d čtvercový
blok v pravém horńım rohu realizuje vazbu mezi systémovou matićı A a pravou
stranou B (v př́ıpadě kompatibilńıch dat, tj. R(B) ⊆ R(A) je tento čtvercový blok
regulárńı). Jednotlivá výše vypsaná tvrzeńı tento

”
přesun“ informace při předchodu

od problémů tř́ıdy F1 směrem k problémům tř́ıdy S přirozeně reflektuj́ı postupným
zhoršováńım r̊uzných aspekt̊u řešitelnosti ve smyslu TLS. Aspekty řešitelnosti lze
také přehledně zobrazit na schématu prezentovananém v [63, str. 769].

V praktických úlohách je opět možné do problému (1.5) nav́ıc zavést vážeńı nebo
škálováńı jednotlivých řádk̊u (rovnic), resp. sloupc̊u (pozorováńı) pomoćı diagonál-
ńıch matic s kladnými diagonálńımi prkvy; viz [37]. Také je možné uvažovat jinou
než Frobeniovu normu jak při hledáńı minimalizuj́ıćıho páru (E,G), tak při hledáńı
minimálńıho řešeńı; viz [129]. Poznamenejme, že právě práce [129] navazuje na naše
výsledky a dovozuje zaj́ımavé d̊usledky pro obecné unitárně invariantńı normy.

Původńı autorské články vztahuj́ıćı se k tomuto tématu publikované v impakto-
vaných časopisech jsou přiloženy, konkrétně:

[63] (2011) jako př́ıloha A.1 na str. 51.
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1.3 Teorie core problému

TLS problém (1.5) (narozd́ıl od OLS (1.3)) nad lineárńı aproximačńı úlohou (1.2)
nemá řešeńı pro obecná vstupńı data (A,B). Doposud jsme se zabývali pouze
otázkou řešitelnosti, tedy kdy řešeńı neexistuje, kdy existuje a zda je jednoznačné.
Z̊ustává však otevřená otázka, co to znamená, že řešeńı neexistuje, v kontextu vstup-
ńıch dat. Na tuto otázku částečně odov́ıdá tzv. teorie core problému.

1.3.1 Úlohy s jednou pravou stranou

Opět se nejprve pod́ıváme na př́ıpad s jednou pravou stranou (d = 1). Teorii core
problému zavedli a popsali Christopher C. Paige a Zdeněk Strakoš v sérii článk̊u [94],
[95] a zejména [96]. Základńı idea stoj́ı na pozorováńı, že norma, kterou jsme použili
v TLS minimializaci (1.5), tj. Frobeniova norma, je ortogonálně (v reálném př́ıpadě),
resp. unitárně (v našem př́ıpadě) invariantńı. Mı́sto úlohy (1.2) (připomeňme, že
nyńı uvažujeme d = 1) a optimalizačńıho problému (1.5), můžeme přej́ıt k úloze

ÂX̂ ≡ (PHAQ)(QHX) ≈ (PHB) ≡ B̂, kde PH = P −1, QH = Q−1 (1.18)

jsou unitárńı matice, a k optimalizačńımu problému

min
Ê∈Fm×n
Ĝ∈Fm×d

∥[Ĝ, Ê]∥F tak, že R(B̂ + Ĝ) ⊆ R(Â + Ê). (1.19)

Necht’ (Ê, Ĝ) je minimalizuj́ıćı pár problému (1.19). Označ́ıme-li E = PÊQH, G =
PĜ, pak z unitárńı invariance Frobeniovy normy, ∥[Ê, Ĝ]∥F = ∥P [Ê, Ĝ][Q

H

0
0
1
]∥F =

∥[E,G]∥F , plyne, že (E,G) je minimalizuj́ıćı pár problému (1.5) nad p̊uvodńı úlohou.
Zacela analogicky transformujeme i TLS řešeńı, existuje-li, tj. XTLS = QX̂TLS. Vi-
d́ıme, že TLS řešitelnost je invariantńı vzhledem k unitárńı transformaci (1.18)
vstupńıch dat. Poznamenejme, že transformace představuje pouze změnu souřadni-
cového systému.

V článku [96] je pak ukázáno, že v množině všech transformovaných úloh ÂX̂ ≈ B̂
existuje podmnožina (v článku jsou ukázány dva konkrétńı prvky této množiny),
v ńıž úloha nabývá speciálńı tvar

[B̂, Â] = PH[B,A] [ Q 0
0 1

] ≡ [ B1 A11 0
0 0 A22

] , (1.20)

přičemž matice [B1,A11] má minimálńı a matice A22 maximálńı rozměry mezi všemi
transformacemi vedoućımi na stejnou blokovou strukturu.

Použijeme-li odpov́ıdaj́ıćı blokové děleńı vektoru X̂, dostaneme

ÂX̂ = [ A11 0
0 A22

] [ X1

X2
] = [ A11X1

A22X2
] ≈ [ B1

0
] = B̂ (1.21)

a p̊uvodńı úloha se tak rozpadne na dvě zcela nezávislé úlohy

A11X1 ≈ B1 a A22X2 ≈ 0, (1.22)

přičemž druhá z nich má triviálńı řešeńı v klasickém slova smyslu, tj. X2 = 0.
Jediné, co zbývá vyřešit, je prvńı úloha A11X1 ≈ B1, nejmenš́ı netriviálńı podúloha
v p̊uvodńıch datech AX ≈ B. S využit́ım minimality (a předpoklad̊u R(B) /⊆ R(A)
a R(B) /⊥R(A)) lze ukázat řadu d̊uležitých vlastnost́ı této úlohy:

• matice A11 ∈ Fm×n má lineárně nezávislé sloupce;
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• matice A11 má jednoduchá singulárńı č́ısla;

• necht’ uj jsou levé singulárńı vektory A11, pak uH
j B1 ≠ 0, j = 1, . . . ,m;

• matice [B1,A11] ∈ Fm×(n+1) má lineárně nezávislé řádky, tj. m = n + 1;

• matice [B1,A11] má jednoduchá singulárńı č́ısla;

viz [96]. Poznamenejme, že tyto vlastnosti nejsou nezávislé, speciálně posledńı dvě
jsou d̊usledkem předchoźıch tř́ı. Důležité však je, že tyto vlastnosti garantuj́ı, že
nejmenš́ı singulárńı č́ıslo matice A11 je ostře větš́ı než nejmenš́ı singulárńı č́ıslo
matice [B1,A11], tj.

σmin(A11) ≡ σ′n > σn+1 ≡ σmin([B1,A11]). (1.23)

Vynut́ı tedy splněńı Golubovy–Van Loanovy podmı́nky (1.8) a t́ım i existenci jed-
noznačně daného TLS řešeńı X1,TLS.

Definice 4 (Core problém v úlohách s jednou pravou stranou). Necht’ AX ≈ B je
lineárńı aproximačńı úloha (1.2) a P , Q unitárńı matice realizuj́ıćı transformaci
(1.18) takovou, že

PH[B,A] [ Q 0
0 1

] ≡ [ B1 A11 0
0 0 A22

] ,

kde [B1,A11] má minimálńı rozměry mezi všemi transformacemi vedoućımi na stej-
nou blokovou strukturu. Pak úlohu

A11X1 ≈ B1

nazýváme core problémem uvnitř p̊uvodńı úlohy AX ≈ B.

Fakt, že core problém má vždy jednoznačně dané TLS řešeńı, tj. pro libovolná
vstupńı data (A,B), nám dovoluje revidovat analýzu řešitelnosti TLS problému nad
p̊uvodńımi vstupńımi daty. Zřejmě plat́ı

σ′n ≡ σmin(A) = min{σmin(A11), σmin(A22)},
σn+1 ≡ σmin([B,A]) = min{σmin([B1,A11]), σmin(A22)}.

(1.24)

Mohou tedy nastat následuj́ıćı situace (viz [63, kap. 3.1, str. 753]); připomeňme, že
nav́ıc plat́ı (1.23):

• σmin(A22) > σmin([B1,A11]), tj. nejmenš́ı singulárńı č́ıslo [B,A] je zároveň
singulárńım č́ıslem core problému [B11,A11] a je jednoduché. Užit́ım nerov-
nosti (1.23) vid́ıme, že v tomto př́ıpadě p̊uvodńı úloha splňuje Golubovu–Van
Loanovu podmı́nku (1.8) a tud́ıž má p̊uvodńı úloha jednoznačně dané TLS
řešeńı.

• σmin(A22) = σmin([B1,A11]), tj. nejmenš́ı singulárńı č́ıslo [B,A] je opět sin-
gulárńım č́ıslem core problému, ale zároveň i matice A22, která neobsahuje
žádnou smysluplnou informaci pro řešeńı problému. Nejmenš́ı singulárńı č́ıslo
σmin([B,A]) p̊uvodńıch dat je tedy v matici [B,A] násobné. V takovém
př́ıpadě nemůže být splěna podmı́nka (1.8), singulárńı č́ısla p̊uvodńıch dat
ale splňuj́ı podmı́nku Van Huffelové a Wandewalleho (1.11) pro nějaké p < n.
(Př́ıtomnost nejmenš́ıho singulárńıho č́ısla [B,A] v bloku A22 zp̊usob́ı jeho
př́ıtomnost také v matici A, ovšem s násobnost́ı právě o jedna menš́ı.)

TLS problém nad p̊uvodńı úlohou AX ≈ B má nekonečně mnoho řešeńı.
Nalezneme-li mezi nimi řešeńı minimálńı ve Frobeniově normě, dostaneme

XTLS = Q [ X1,TLS

0
] , (1.25)
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tj. jednoznačné TLS řešeńı core problému transformované do p̊uvodńıch sou-
řadnic.

• σmin(A22) < σmin([B1,A11]), tj. nejmenš́ı singulárńı č́ıslo [B,A] neńı sin-
gulárńım č́ıslem core problému, ale jen matice A22, lhostejno zda jednoduché
či násobné. Opět s využit́ım nerovnosti (1.23) vid́ıme, že nyńı neńı možné
splnit ani podmı́nku (1.11).

TLS problém nad p̊uvodńı úlohou AX ≈ B tedy nemá řešeńı. Nalezneme-li
však jednoznačné řešeńı core problému A11X1 ≈ B1 a provedeme transformaci
(1.25), dostaneme právě v euklidovské normě minimálńı negenerické řešeńı
p̊uvodńıho problému; viz [126], [96].

Teorie core problému tak umožňuje jistým zp̊usobem nahlédnout do útrob TLS
problému a vysvětlit v kontextu p̊uvodńıch dat, proč daná úloha má, či nemá TLS
řešeńı. Je to dáno př́ıtomnost́ı – vzhledem k řešeńı irelevantńıch a násobných kopíı
(matice core problému maj́ı jednoduchá singulárńı č́ısla) dat – reprezentovaných
matićı A22, uvnitř matice [B,A]; a jejich strukturou (nejmenš́ı singulárńı č́ıslo
A22 hraje kĺıčovou roli). Ř́ıkáme, že core problém obsahuje informaci nutnou a
postačuj́ıćı k řešeńı p̊uvodńı úlohy.

Poznamenejme, že článek [96] odvozuje core problém dvěma zp̊usoby, jednak
pomoćı SVD systémové matice A, a také pomoćı tzv. Golubovy–Kahanovy bidia-
gonalizace; viz [35]. Alternativně lze také odvodit pomoćı Lanczosovy tridiagona-
lizace s využit́ım vztah̊u mezi bidiagonalizaci a tridiagonalizaćı, jak jsme ukázali
v krátkém př́ıspěvku [65].

1.3.2 Úlohy s v́ıce pravými stranami

Překvapivě elegantńı vysvětleńı neexistence TLS řešeńı v př́ıpadě úloh s jednou
pravou stranou podńıtilo snahu rozš́ı̌rit tento koncept i na úlohy s v́ıce pravými
stranami (d > 1). Prvńı pokusy byly provedeny v sérii přednášek Åke Björcka [11],
[12], [13] a v jeho nepublikovaném rukopise [14]. V těchto pracech převažovala snaha
zobecnit př́ıstup založený na Golubově–Kahanově bidiagonalizaci. Daľśı kroky byly
provedeny v dizertačńıch pracech [108] (z roku 2006) a [99] (z roku 2008). Rigorozńı
definice core problému pro úlohy s v́ıce pravými stranami a d̊ukaz jeho existence
nicméně přicháźı o pět let později v článku [67] (v roce 2013).

Vlastńı př́ınos

V článku [67] zavád́ıme core problém analogicky k postupu užitém v př́ıpadě jedné
pravé strany. Transformaci (1.18) nyńı lze zobecnit na

ÂX̂ ≡ (PHAQ)(QHXR) ≈ (PHBR) ≡ B̂,
kde PH = P −1, QH = Q−1, RH = R−1

(1.26)

jsou unitárńı matice. TLS problémy nad p̊uvodńı úlohou AX ≈ B a transformovanou
úlohou ÂX̂ ≈ B̂ jsou opět ekvivalentńı. Ukázali jsme, že pro každé (A,B) existuj́ı
takové unitárńı matice P , Q, R, že

[B̂, Â] = PH[B,A] [ Q 0
0 R

] ≡ [ B1 0 A11 0
0 0 0 A22

] , (1.27)

kde A11 ∈ Fm×n a B1 ∈ Fm×d. Transformace je poměrně komplikovaná a využ́ıvá
sekvenci několika singulárńıch rozklad̊u. V článku jsme nav́ıc poměrně technicky
komplikovaným zp̊usobem dokázali, že dimenze n, m, d jsou minimálńı, a tedy,
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že matice [B1,A11] má minimálńı a matice A22 maximálńı rozměry mezi všemi
transformacemi vedoućımi na stejnou blokovou strukturu.

Použijeme-li odpov́ıdaj́ıćı blokové děleńı matice X̂, dostaneme

ÂX̂ = [ A11 0
0 A22

] [ X11 X12

X21 X22
]

= [ A11X11 A11X12

A22X21 A22X21
] ≈ [ B1 0

0 0
] = B̂,

(1.28)

podobně jako v (1.21) v úloze s jednou pravou stranu. Původńı úloha se nyńı ale
rozpadne na čtyři zcela nezávislé úlohy

A11X11 ≈ B1 a A11X12 ≈ 0, A22X21 ≈ 0, A22X22 ≈ 0, (1.29)

přičemž posledńı tři z nich maj́ı triviálńı řešeńı v klasickém slova smyslu a jediné,
co zbývá vyřešit, je prvńı úloha A11X11 ≈ B1. Minimalita sama o sobě je snad
dostatečným ospravedlněńım pro zformulováńı definice.

Definice 5 (Core problém v úlohách s v́ıce pravými stranami). Necht’ AX ≈ B je
lineárńı aproximačńı úloha (1.2) a P , Q, R unitárńı matice realizuj́ıćı transformaci
(1.26) takovou, že

PH[B,A] [ Q 0
0 R

] ≡ [ B1 0 A11 0
0 0 0 A22

] ,

kde [B1,A11] má minimálńı rozměry mezi všemi transformacemi vedoućımi na stej-
nou blokovou strukturu. Pak úlohu

A11X11 ≈ B1

nazýváme core problémem uvnitř p̊uvodńı úlohy AX ≈ B.

V článku [67] pak ukazujeme, že takto zavedený core problém konzistentně roz-
šǐruje vlastnosti core problému s jednou pravou stranou. Konrétně:

(CP1) matice A11 ∈ Fm×n má lineárně nezávislé sloupce;

(CP2) matice B11 ∈ Fm×d má lineárně nezávislé sloupce;

(CP3) necht’ A11 má k r̊uzných nenulových singulárńıch č́ısel σj(A11) s násobnostmi
rj a rk+1 ≡ dim(N (A));
necht’ dále Uj ∈ Fm×rj jsou matice jejichž sloupce tvoř́ı ortonormálńı báze
levých sigulárńıch podprostor̊u matice A11 odpov́ıdaj́ıćıch singulárńım č́ısl̊um
σj(A11), pro j = 1, . . . , k, a jádra N (AH

11), pro j = k + 1;

matice Φj ≡ UH
j B1 ∈ Frj×d maj́ı lineárně nezávislé řádky, pro j = 1, . . . , k + 1.

Tato trojice vlastnost́ı se ukazuje jako nejd̊uležitěǰśı, nebot’ (CP1)–(CP3) jsou nut-
nou a postačuj́ıćı podmı́nkou pro minimalitu rozměr̊u matice [B1,A11]. Tyto vlast-
nosti také dále implikuj́ı:

(CP4) matice [B1∣A11] ∈ Fm×(n+d) má lineárně nezávislé sloupce (d̊usledek vlastnost́ı
(CP1) a (CP3); viz [68, kap. 2.1, str 420]);

(CP5) necht’ [B1∣A11] má k r̊uzných nenulových singulárńıch č́ısel σj([B1∣A11]) s ná-
sobnostmi %j a %k+1 ≡ dim(N ([B1∣A11]));
necht’ dále Vj ∈ F(n+d)×%j jsou matice jejichž sloupce tvoř́ı ortonormálńı báze
pravých singulárńıch podprostor̊u matice [B1∣A11] odpov́ıdaj́ıćıch singulárńım
č́ıslum σj([B1∣A11]), pro j = 1, . . . , k, a jádra N ([B1∣A11]), pro j = k + 1;

hlavńı vedoućı d× %j podmatice matic Vj maj́ı lineárně nezávislé sloupce, pro
j = 1, . . . , k + 1 (viz [68, Corollary 4.7 (b), str. 430–431]);
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(CP6) necht’ σj(A11) jsou r̊uzná singulárńı č́ısla matice A11 s násobnostmi rj , pak

rj ≤ d; nav́ıc ∑j rj = n (d̊usledek vlastnosti (CP3); resp. (CP1));

(CP7) necht’ σj([B1∣A11]) jsou r̊uzná singulárńı č́ısla matice [B1∣A11] s násobnostmi

%j , pak %j ≤ d; nav́ıc ∑j %j =m (d̊usledek vlastnosti (CP5); resp. (CP4)).

Porovnáńım z předchoźıho výčtu na str. 7–8 vid́ıme, že prvńı vlastnost je identická
s (CP1), druhá pŕımo vyplývá z (CP6), třet́ı z (CP3), čtvrtá z (CP4), a pátá z (CP7).
Naopak vlastnost (CP2) v předchoźım výčtu neńı, ale triviálně vyplývá z faktu, že
pravá strana je nenulová (tj. neńı ortogonálńı na obor hodnot A11); vlastnost (CP5)
v předchoźım výčtu pouze chyb́ı, nebot’ neńı až tak d̊uležitá.

Důležité je však poznamenat, že vlastnosti (CP5) a tud́ıž i (CP7) se nám ne-
podařilo dokázat jen užit́ım singulárńıch rozklad̊u blok̊u vstupńıch dat a nejsou tedy
dokázány v článku [67], ale až o dva roky později v článku [68].

Připomeňme, že p̊uvodńı článek [96] odvozuje core problém jednak pomoćı sin-
gulárńıho rozkladu matice A, ale také pomoćı Golubovy–Kahanovy bidiagonalizace,
článek [65] pak pomoćı Lanczosovy tridiagonalizace. Náš článek [68] pak rozšǐruje
právě tento př́ıstup, č́ımž navazuje na zejména na práce Åkeho Björcka [11]–[14].
Použitý algoritmus nazýváme pásové zobecněńı Golubovy–Kahanovy bidiagonali-
zace1. Opět zde využ́ıváme vztahu tentokrát mezi pásovým (př́ıpadně blokovým)
zobecněńım bidiagonalizace obecné a pásovým (př́ıpadně blokovým) zobecněńım
tridiagonalizace hermitovské matice. Z pohledu teorie core problému je článek [68]
d̊uležitý zejména proto, že explicitně dokazuje, že cesta naznačená Åke Björckem
přes zobecněńı bidiagonalizace ke core problému skutečně vede. Dále je teprve zde
dokázáno, že obecný core problém splňuje již dř́ıve zmı́něné vlastnosti (CP5) a
(CP7).

Otázka řešitelnosti samotného core problému ve smyslu TLS každopádně nebyla
ani v jednom z článk̊u [67], [68] otevřena. Vlastnosti (CP5) a (CP7) jsou však pro
jej́ı otevřeńı nezbytné. Řešitelnost́ı core problému se zabývá náš článek [62], který
obsahuje tři d̊uležité výsledky v tomto směru. Prvńı z nich zobecňuje fakt, že core
problém s jednou pravou stranou má vždy jednoznačně dané TLS řešeńı. Vı́me,
že každý core problém s jednou pravou stranou je problémem tř́ıdy F1 (problémy
s jednou pravou stranou patř́ı bud’ do tř́ıdy F1, pokud maj́ı, nebo do tř́ıdy S ,
pokud nemaj́ı TLS řešeńı). V článku dokazujeme tvrzeńı, že obecný core problém
je problémem tř́ıdy F1 tehdy a jen tehdy, když má jen jediné TLS řešeńı; viz [62,
Corolary 2.5, str. 866]. Jinými slovy, v př́ıpadě core problému se už nemůže stát, že
by byl tř́ıdy F1 a zároveň měl v́ıce než jedno řešeńı. Kĺıčovou část́ı d̊ukazu je právě
vlastnost (CP5).

Dále zavád́ıme pojem tzv. složeného core problému, konrétně ukazujeme násle-
duj́ıćı ekvivalenci:

data (A(α)11 ,B
(α)
1 ) splňuj́ı (CP1)–(CP3), pro α = 1,2, . . .

⇕ (1.30)

data

⎛
⎜⎜⎜
⎝

⎡⎢⎢⎢⎢⎢⎣

A
(1)
11

A
(2)
11

⋱

⎤⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

A11

,

⎡⎢⎢⎢⎢⎢⎣

B
(1)
1

B
(2)
1

⋱

⎤⎥⎥⎥⎥⎥⎦
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

B1

⎞
⎟⎟⎟
⎠

splňuj́ı (CP1)–(CP3),

1Åke Björck použ́ıvá název pásový Lanczos̊uv algorimus, který vycháźı z faktu, že Golubově–
Kahanově bidiagonalizaci se někdy ř́ıká Lanczosova, př́ıpadně Golubova–Kahanova–Lanczosova
bidiagonalizace. Zejména v prvńım př́ıpadě se pak snadno zaměńı s Lanczosovou tridiagonalizaćı,
obzvlášt’ jedná-li se o pásové (př́ıpadně blokové) zobecněńı a mı́sto specifikace počtu diagonál se
použ́ıvá jen slovo ‘algorimtus’. Drobnou terminologickou poznámu k použ́ıváńı jmen Gena H. Go-
luba, Williama Kahana a Cornelia Lanczose v kontextu bidiagonalizace lze nalézt v [64, Appendix,
str. 694].
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Kapitola 1: Problém nejmenš́ıch čtverc̊u

přičemž je formálně př́ıpustné, aby některé z matic A
(α)
11 (nikoliv všechny) měly

nulový počet sloupc̊u a tedy hodnost nula. Tato ekvivalence umožňuje
”
uměle

vytvářet“ větš́ı core problémy z menš́ıch výše naznačeným diagonálńım skládáńım,
komponováńım. Takto složený core problém by bylo jednoduché opět rozložit na

jednotlivé komponenty (A(α)11 ,B
(α)
1 ). V obecněǰśım př́ıpadě, uvažujeme kompono-

vaný problém nav́ıc transformovaný tak, že

A11 = PH
1 diag(A(1)11 ,A

(2)
11 , . . . )Q1 ∈ Fm×n,

B1 = PH
1 diag(B(1)1 ,B

(2)
1 , . . . )R1 ∈ Fm×d,

(1.31)

kde PH
1 = P −1

1 ,QH
1 = Q−1

1 , RH
1 = R−1

1 jsou obecné unitárńı matice. Dle našeho názoru a
dosavadńıho poznáńı nelze obecný komponovaný problém (1.31) algoritmicky efek-
tivně zpětně rozložit na jednotlivé komponenty. Bylo by třeba identifikovat trojici
unitárńıch matic, což by pravděpodobně vedlo na optimalizačńı problém na Liově
grupě SU(m)×SU(n)×SU(d). Otázka rozložitelnosti př́ıpadného core problému tak
z̊ustává otevřená.

Lze se však vydat opačnou cestou. V článku ukazujeme, že ze dvou core problémů
s jednou pravou stranou (tj. oba tř́ıdy F1) lze zkomponovat core problém tř́ıdy F1,
F2 a S (viz [62, Example 4.1, 4.2, 4.3, str. 868–869]) a ze tř́ı pak core problém
tř́ıdy F3 (viz [62, Example 4.4, str. 869]); ukazujeme tedy, že komponované core
problémy mohou náležet do jakékoliv tř́ıdy klasifikace z definice 3.

Vytvářeńı obt́ıžněji řešitelných core problémů pomoćı skládáńı by mohlo moti-
vovat domněnku, že core problém bud’ patř́ı do tř́ıdy F1 nebo je rozložitlený. Třet́ım
d̊uležitým výsledkem týkaj́ıćım se řešitelnosti je vyvráceńı této domněnky. V článku
je prezentován protipř́ıklad [62, kap. 4.2, Example 4.5, str. 870–871]. Ten prezentuje
úlohu, která (i) patř́ı do tř́ıdy F2, (ii) splňuje podmı́nky (CP1)–(CP3), je tedy core
problémem, a zároveň (iii) se jedná o nerozložitelný problém. Nerozložitelnsot je
v tomto (velmi jednoduchém) př́ıpadě vyřešena vypsáńım všech př́ıpustných blo-
kových diagonalizaćı (1.31) a následnou úplnou parametrizaćı Liovy grupy.

Na závěr v článku také ukazujeme několik d̊uležitých pozorováńı. Jednak dokazu-
jeme očekávatelný fakt, že klasický TLS algoritmus je invariantńı vzhledem k redukci
úlohy na core problém, tj. lhostejno zda pust́ım klasický TLS algorimus na p̊uvodńı
data [B,A] nebo na core problém [B1,A11] uvnitř [B,A]. Výstup algoritmu (který
ovšem nemuśı mı́t s TLS řešeńım nic společného; viz [63]) je až na unitárńı trans-
formaci stejný. Speciálně, pokud výstup źıskaný pro core problém transformujeme
zpět do p̊uvodńıch souřadnic, dostaneme výstup źıskaný pro p̊uvodńı data. Mno-
hem zaj́ımavěǰśı je chováńı klasického TLS algoritmu vzhledem ke komponováńı
core problémů. Zde je ukázáno, že klasický TLS algoritmus se chová k jednotlivým
komponentám složeného problému r̊uzně, v závislosti na distribuci a vzájemné veli-
kosti singulárńıch č́ısel jednotlivých komponent. Může nastat situace, kdy výstupem
klasického TLS algoritmu aplikovaného na složený problém (1.30) je direktńı součet
výstup̊u źıskaných nezávisle pro jednotlivé komponenty. Může však nastat i situace,
kdy výstup pro složený problém obsahuje pouze výstup źıskaný pro jedinou kom-
ponentu a výstupy pro ostatńı komponenty jsou odstraněny. Tento jev je vysvětlen
jako forma vnitřńı regularizace TLS algoritmu.

Původńı autorské články vztahuj́ıćı se k tomuto tématu publikované v impakto-
vaných časopisech jsou přiloženy, konkrétně:

[67] (2013) jako př́ıloha A.2 na str. 77;

[68] (2015) jako př́ıloha A.3 na str. 93;

[62] (2016) jako př́ıloha A.4 na str. 111.
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Teorie core problému

Výhled do budoucna

V současné době se pokouš́ıme celou teorii core problému dále zobecnit pro lineárńı
aproximačńı úlohy pracuj́ıćı s tenzory. V nejobecněǰśım př́ıpadě tedy uvažujeme
mı́sto matic A, X a B tenzory

A ∈ Fm1×⋯×mµ×n1×⋯×nν ,

X ∈ Fn1×⋯×nν×d1×⋯×dδ ,

B ∈ Fm1×⋯×mµ×d1×⋯×dδ ,

(1.32)

řád̊u µ + ν, ν + δ a µ + δ. Mı́sto maticové lineárńı aproximačńı úlohy AX ≈ B pak
uvažujeme tenzorovou lineárńı aproximačńı úlohu

A ×X ≡ (
n1

∑
j1=1

⋯
nν

∑
jν=1

ai1,...,iµ,j1,...,jν ⋅ xj1,...,jν ,k1,...,kδ) ≈ B (1.33)

Jakkoliv se tenzorový problém zdá komplikovaněj́ı, některé jeho speciálńı varianty
mohou pomoci vyjasnit některé otázky týkaj́ıćı se TLS řešitelnosti (nejen) core
problémů s v́ıce pravými stranami. Toto téma je aktulálně rozpracované v ruko-
pise [70]. Analýza je postavená na v́ıcerozměrných analogíıch maticových rozklad̊u,
zejména na tzv. Tuckerově rozkladu tenzoru; jedná se o v́ıcerozměrnou variantu sin-
gulárńıho rozkladu, proto je také nazýván higher-order SVD (HOSVD); viz např.
[73, kap. 4.1]; podrobněji se budeme tenzorovým rozklad̊um věnovat také v kap. 3.
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Kapitola 1: Problém nejmenš́ıch čtverc̊u
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Kapitola 2

Regularizačńı metody

2.1 Úvod

Řada aplikaćı vede na tzv. disrkétńı ill-posed (někdy překládáme jako nekorektńı
(viz [114]), nebo špatně postavené) úlohy. Frank Natterer ve své knize [88, kap. IV.1,
str. 85] zavád́ı tento pojem s odkazem na Jacquese S. Hadamarda [44] a ř́ıká:

”
Necht’ B, X jsou Hilbertovy prostory a necht’ A je omezený
lineárńı operátor z X do B. Úlohu, kde je

dáno b ∈ B a hledáme x ∈ X tak, aby platilo A(x) = b, (2.1)

nazýváme dle Hadamarda [44] well-posed (korektńı, dobře postave-
nou), pokud má jednoznačné řešeńı pro každé b ∈ B a pokud je
řešeńı záviśı na b spojitě. V opačném př́ıpadě nazýváme (2.1) ill-
posed úlohou. To znamená, že pro ill-posed úlohy operátorA−1 bud’

neexistuje, nebo neńı definován na celém B, nebo neńı spojitý.

”

Ve světě numerické a výpočetńı lineárńı algebry se vyskytuje řada ill-posed úloh,
jejichž p̊uvod je v nejr̊uzněǰśıch aplikaćıch. Typicky se jedná např́ıklad o tomogra-
fické aplikace souvisej́ıćı s inverźı Radonovy transformace (viz [100], [101], [88], [54]);
inverźı r̊uzných fyzikálńıch potenciál̊u a poĺı – tzv. potential field inversion (např.
anomálníı magnetického a gravitačńıho pole země při identifikaci zrudněńı v zemské
k̊uře, viz [30]); distribuce tepla – tzv. steady-state heat distribution (viz [52]); rekon-
strukce orientace mikrostruktury krystal̊u na základě Laueho difrakčńıch diagramů
– tzv. orientation distribution funcion (viz [56]); v úlohách image deblurring (viz
[57]); a mnoha daľśıch; viz např. [49], [51].

Ve všech výše zmı́něných př́ıpadech má zobrazeńı A v (2.1)
”
zhlazuj́ıćı“ povahu.

T́ım máme na mysli fakt, že pro obecný, třeba i nespojitý vstup x je výstup A(x)
typicky velmi hladký – např. rozmazáńı ostrého (ostré hrany obsahuj́ıćıho) obrazu
v úloze image deblurring. Pravá strana úlohy (2.1) je tedy velmi hladká. Naš́ım
úkolem tak při řešeńı těchto úloh je z hladkého výstupu b zrekonstruovat nehladký,
př́ıpadně nespojitý vstup x. To je d̊uvodem, proč je řešeńı podobných úloh přirozeně
obt́ıžné. Úlohy jsou o to obt́ıžněǰśı, když se na pravé straně, tj. ve výstupu – v datech
źıskaných např. měřeńım, objev́ı nav́ıc nějaký parazitńı signál, který můžeme obecně
považovat za šum.

V daľśım textu tedy budem uvažovat úlohu (2.1) diskretizovanou. Budeme před-
pokládat, že pravá strana je poškozena a obsahuje nejen užitečná data, ale i neznámý
šum

Ax ≈ b ≡ bdata + bnoise, kde A ∈ Fm×n, a ∥bdata∥2 ≫ ∥bnoise∥2. (2.2)
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Kapitola 2: Regularizačńı metody

Našim úkolem je naj́ıt, resp. aproximovat vektor

xdata ≡ A†bdata. (2.3)

Protože přesná pravá strana bdata je výstupem zhlazuj́ıćıho zobrazeńı, plat́ı bdata ∈
R(A) a tedy také Axdata = bdata.

Zřejmě xdata = A†b−A†bnoise, podmı́nka ∥bdata∥2 ≫ ∥bnoise∥2 však neř́ıká nic o vzo-
rech těchto vektor̊u; ukazuje se, že často plat́ı ∥xdata∥2 ≪ ∥A†bnoise∥2, tedy užitečná
data xdata jsou v A†b zcela překryta invertovaným šumem, jak si ukážeme vzápět́ı.
Toto řešeńı se často nazývá naivńım řešeńım xnaive ≡ A†b.

2.2 Vlastnosti ill-posed úloh

Výše popsané ill-posed úlohy, resp. matice těchto úloh maj́ı řadu zaj́ımavých vlast-
nost́ı. Uvažujme singulárńı rozklad matice A ve tvaru (1.6). Protože tyto matice jsou
diskretizacemi zhlazuj́ıćıch integrálńıch operátor̊u, jejich singulárńı č́ısla i vektory
vykazuj́ı specifické chováńı:

(i) Singulárńı č́ısla σ′j prudce klesaj́ı s rostoućım indexem j, často bez snadno
identifikovatelných skok̊u, které by nám mohly pomoci při určeńı numerické
hodnosti. Nav́ıc při zjemňováńı diskretizace p̊uvodńı úlohy se nejmenš́ı sin-
gulárńı č́ısla rychle bĺıž́ı nule; viz např. [64, Fig. 1, str. 675].

(ii) Singulárńı vektory u′j a v′j maj́ı tendenci stále v́ıce oscilovat s rostoućım in-
dexem j. T́ım máme na mysli, že vektory odpov́ıdaj́ıćı větš́ım singulárńım
č́ısl̊um jsou dominovány nižš́ımi harmonickými frekvencemi, zat́ımco vektory
odpov́ıdaj́ıćı menš́ım singulárńım č́ısl̊um vyšš́ımi frekvencemi. Tento jev lze u
jednoduchých úloh pozorovat př́ımo nebo po Fourierově transformaci; viz [64,
Fig. 2 a Fig. 4, str. 677–678]. U složitěǰśıch úloh je při vizualizaci potřeba za-
pojit geometrii p̊uvodńıch dat; viz také obrázky 2.1 (jednorozměrná testovaćı
úloha), 2.2 (dvourozměrná tomografická úloha) a 2.3 (dvourozměrná úloha
image deblurring).

Vı́me, že plat́ı Axdata = bdata a zároveň xdata = A†bdata. Rozeṕı̌seme-li pseudoin-
verzi v druhém vztahu s využit́ım singulárńıho rozkladu, dostaneme

xdata = A†bdata = V ′Σ′†U ′Hbdata =
r

∑
j=1

⟨bdata, u
′

j⟩
σ′j

⋅ v′j , (2.4)

kde r ≡ rank(A). Vzhledem k tomu, že singulárńı č́ısla rapidně klesaj́ı k nule s ros-
toućım j a zároveň se zjemňováńım diskretizace, a vzhledem k tomu, že vektor xdata

představuje smysluplná data (vzor, objekt, jež byl zobrazován), nutně muśı veli-
kosti čitatel̊u ∣⟨bdata, u

′

j⟩∣ v zlomćıch v (2.4), tj. projekce nepoškozené pravé strany
do levých singulárńıch podprostor̊u matice A, klesat k nule v jistém smyslu rychleji,
než singulárńı č́ısla σ′j . V opačném př́ıpadě by řada na pravé straně (2.4), která se
zde objev́ı v limitě zjemňováńı diskretizace, nebyla konvergentńı. Tento jev, jehož
př́ıčinou je skutečnost, že pracujeme s daty pocházej́ıćımi z reálného světa (je to
tedy př́ıčina

”
nematematická“), se nazývá diskrétńı Picardova podmı́nka; viz např.

[46], [57, kap. 5.6, str. 67–69]. Pro ilustraci splněńı diskétńı Picardovy podmı́nky
viz [64, Fig. 1, str. 675].

Komponenta bdata má tedy v bázi u′1, u
′

2, . . . levých singulárńıch vektor̊u matice
A dominantńı komponenty zejména mezi prvńımi vektory. Tedy vektory, které jsou
dominovány ńızkými frekvencemi. Opět se tedy dostáváme k již dř́ıve zmı́něnému
pozorováńı, že nepoškozená pravá strana bude typicky velmi hladká.
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Vlastnosti ill-posed úloh
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Obrázek 2.1: Prvńıch dvacet levých a pravých singulárńıch vektor̊u matice jedno-
rozměrné testovaćı ill-posed úlohy Shaw; viz [107] a program shaw.m [48], [50].
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Obrázek 2.2: Prvńıch šestnáct levých a pravých singulárńıch vektor̊u matice dvou-
rozměrné tomografické úlohy; viz program fanbeamtomo.m [54], [55].

Oproti tomu druhá komponenta pravé strany bnoise obsahuj́ıćı šum v́ıce-či-méně
neznámého p̊uvodu má vztah k p̊uvodńı úloze, resp. k zobrazeńı realizovaném ma-
tićı A jen minimálńı. V řadě praktických úloh, kde je pravá strana b = bdata + bnoise
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Obrázek 2.3: Prvńıch dvacet levých a pravých singulárńıch vektor̊u matice dvou-
rozměrné úlohy image deblurring; viz např. [57].

skutečně źıskávána pozorováńım př́ıpadně měřeńım, může mı́t bnoise ryze náhodný
charakter. Budeme-li předpokládat, že bnoise se chová např. podobně jako b́ılý šum,
tj. že všechny harmonické přisṕıvaj́ı ve Fourierově rozvoji bnoise zhruba stejnou
měrou, můžeme očekávat, že projekce bnoise do levých singulárńı podprostor̊u A
zp̊usob́ı silné narušeńı diskrétńı Picardovy podmı́nky. A skutečně se ukazuje, že
hodnoty ∣⟨bnoise, u

′

j⟩∣ jsou zhruba stejné, nezávisle na indexu j. Jejich velikost je
dána velikost́ı tzv. hladiny šumu

δnoise =
∥bnoise∥2
∥bdata∥2

, (2.5)

př́ıpadně odstupu signálu od šumu, anglicky signal-to-noise ratio (SNR) δ−1noise.
Protože ∥bdata∥2 ≫ ∥bnoise∥2, tak pro malé hodnoty j jsou projekce pravé strany

dominovány užitečnými daty ∣⟨b, u′j⟩∣ ≈ ∣⟨bdata, u
′

j⟩∣ ≫ ∣⟨bnoise, u
′

j⟩∣. Pro velké hod-
noty j však projekce užitečných dat klesaj́ı kv̊uli diskrétńı Picardově podmı́nce,
zat́ımco projekce šumu z̊ustavaj́ı; projekce pravé strany jako takové jsou pak domi-
novány šumem ∣⟨b, u′j⟩∣ ≈ ∣⟨bnoise, u

′

j⟩∣ ≫ ∣⟨bdata, u
′

j⟩∣. Pro ilustraci tohoto jevu viz opět
[64, Fig. 1, str. 675]. Dı́ky tomu, že šum nesplňuje diskrétńı Picardovu podmı́nku,
docháźı při děleńı singuláńırmi č́ısly σ′j (viz (2.4)) k dramatickému ześıleńı šumu,

který zcela překryje užitečná data, tj. ∥A†bnoise∥2 ≫ ∥A†bdata∥2. Př́ımo spočtené na-
ivńı řešeńı tedy obsauje v podstatě jen ześılený šum.

2.3 Regularizace

Regularizačńı metody slouž́ıćı k řešeńı těchto úloh v́ıce-či-méně implicitně využ́ıvaj́ı
právě faktu, že lze spektrálně oddělit oblasti, kde jsou v úloze dominantńı data a
kde šum. Mezi nejběžněǰśı metody patř́ı např. tzv. truncated-SVD (T-SVD), někdy
též nazývané truncated-LS (T-LS), kdy je vliv nejmenš́ıch singulárńıch č́ısel omezen
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de-facto t́ım, že matici A nahrad́ıme jej́ı nejlepš́ı aproximaćı hodnosti τ , τ ≤ r =
rank(A) (viz [106], př́ıpadně [27]), tj. odstrańıme r−τ nejmenš́ıch singulárńıch č́ısel
a pak teprve provedeme pseudoinverzi; viz [57, p. 11]. Druhou obĺıbenou metodou
je tzv. tichonovská regularizace, kdy úlohu (2.2)–(2.3) nahrad́ıme optimalizačńım
problémem

xTichonov(λ, I) ≡ arg min
x∈Fm

{∥b −Ax∥22 + λ2∥Lx∥22}, (2.6)

kde se prvńı člen snaž́ı minimalizovat reziduum a druhý penalizuje např. velikost
řešeńı (když L = I), nebo velikost oscilaćı řešeńı (když je L bidiagonálńı s jedničkami,
resp. mı́nus jedničkami na jedné z diagonál; tj. diferečńı operátor), atp.; viz [57, p.
72], viz také [114].

Obě tyto regularizačńı metody, přesněji T-SVD a základńı tichonovskou regula-
rizaci s L = I je možné snadno vyjádřit ve tvaru tzv. filtrované pseudoinverze

xfiltered =
r

∑
j=1

ϕj ⋅
⟨b, u′j⟩
σ′j

⋅ v′j , (2.7)

kde ϕj jsou tzv. filtračńı faktory; srovnej s (2.4). Plat́ı

xT−SVD(τ) = xfiltered pro ϕj = { 1 když j ≤ τ
0 když j > τ , (2.8)

xTichonov(λ, I) = xfiltered pro ϕj =
σ′j

2

λ2 + σ′j2
. (2.9)

V obou dvou př́ıpadech je zřejmě potřeba určit hodnotu nějakého regularizačńıho
parametru. Bud’ τ v prvńım, nebo λ v druhém př́ıpadě. Existuje celá řada me-
tod slouž́ıćıch k určeńı těchto parametr̊u. Jmenujme např. tzv. princip diskrepance
(discrepancy principle) V. A. Morozova (viz [86], [87]); metodu generalized cross-
validation (GCV) G. H. Goluba (viz [34], [39], [89], [23]); kritéria postavená na
L-křivce (L-curve) či L-proužku (L-ribbon) P. C. Hansena (viz [47], [20], [21], [22],
viz také [80, pozn. ke kap. 25 a 26 na str. 292]); nebo metodu už́ıvaj́ıćı tzv. kumu-
lativńıch periodogram̊u B. W. Rusta (viz [103]); atd.

Vlastńı př́ınos

V našem článku [64] provád́ıme poměrně detailńı analýzu chováńı Golubovy–Ka-
hanovy bidiagonalizace [35], je-li aplikovaná na matici A z ill-posed úlohy (2.2) a
nastartovaná (normalizovanou) pravou stranou b. Připomeňme, že bidiagonalizace
je jádrem řady Krylovovských metod, které lze též použ́ıt jako formu regularizace,
zejména CGNR (CGLS) a LSQR (viz [58], [92], [93]; zkratky odpov́ıdaj́ı mate-
maticky ekvivalentńım metodám, které se však lǐśı v implementačńıch detailech),
CGNE (CGME) a Craigova metoda (viz [24], [45], př́ıpadně [105]), nebo nedávno
publikované LSMR (viz [32]), a některé daľśı. Provedli jsme přibližnou analýzu, jak
se algoritmem bidiagonalizace š́ı̌ŕı šum (vstupuj́ıćı algoritmu jako bnoise/∥b∥2) vzhle-
dem k užitečné informaci (vstupuj́ıćı algoritmu jako bdata/∥b∥2); viz [64, kap. 3.2,
str. 679–684].

Bidiagonalizace pracuje se dvěma sadami vektor̊u, ortonormálńımi bázemi kry-
lovovských podprostor̊u

K`(AAH, b) = span{b, (AAH)b, . . . , (AAH)`−1b}, (2.10)

K`(AHA,AHb) = span{AHb, (AHA)AHb, . . . , (AHA)`−1AHb}, (2.11)

pro ` = 1,2, . . .. Protože matice A zdědila zhlazuj́ıćı vlastnosti p̊uvodńıho zob-
razeńı, maj́ı je i matice AH, AAH a AHA. Pod́ıváme se nejprve na prvńı krylo-
vovský prostor. Pravá strana b obsauje šum, ale vektory (AAH)jb jsou zhlazené. Při
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stavbě ortonormálńı báze, tj. odeč́ıtáńım projekćı (AAH)jb do všech již dř́ıve zkon-
struovaných navzájem ortonormálńıch směr̊u, provád́ıme lineárńı kombinaci také
s prvńım bázovým vektorem s1 ≡ b/∥b∥2. T́ımto mechanizmem se šum transpor-
tuje algoritmem a

”
kontaminuje“ postupně všechny konstruované bázové vektory

sj (které můžeme pro jednoduchost nazývat Golubovy vektory) tohoto prostoru.
U druhého krylovovského prostoru (jehož bázi tvoř́ı Kahanovy vektory wj) tento
jev nenastane, protože jej zač́ınáme budovat s již zhlazeným vektorem AHb.

T́ım, že při konstrukci bázových vektor̊u s1, . . . , s` (K`(AAH, b) = span{s1, . . . ,
s`} pro ` = 1,2, . . .; ⟨si, sj⟩ = δi,j) odprojektováváme pryč část hladké komponenty,
ve vektorech sj postupně klesá SNR, tedy šum se zesiluje na úkor užitečných dat,
až do okamžiku, kdy dosáhne maxima. Tento jev nazýváme noise-revealing iterace a
př́ıslušný vektor sj je zcela dominován šumovou komponentou. Pro ilustraci tohoto
jevu viz [64, Fig. 7, 8 a 9 (vektory sj , jejich datové a šumové komponenty), Fig. 4
a 13 (Fourierovy koeficienty vektor̊u sj v bázi levých singulárńıch vektor̊u matice
A a v trigonometrické bázi)].

Nav́ıc jsme ukázali, že jsme-li schopni identifikovat noise-revealing iteraci, pak lze
z bidiagonalizačńıch (de-facto ortogonalizačńıch) koeficient̊u zpětně zrekonstruovat
odstup signálu od šumu v p̊uvodńıch datech, tj. určit doposud neznámou veličinu
δnoise (2.5). A-priorńı znalost odstupu signálu od šumu je kĺıčová právě např́ıklad při
použit́ı Morozovova principu diskrepance, ale je užitečná i při použit́ı řady jiných
kritéríı použ́ıvaných pro identifikaci parametr̊u regularizačńıch metod. Otázkou ale
z̊ustává, zda lze identifikovat onu noise-revealing iteraci.

V článku [64] jsme popsali dva ukazatele, kterými se můžeme pokusit odhado-
vat velikost šumu ve vektorech sj pr̊uběžně, za běhu bidiagonalizačńıho algoritmu.
Jeden nazýváme kumulativńım poměrem (cumulative ratio; viz [64, rov. (3.9) a Fig.
11]) a je postaven pouze na informaci obsažené v algoritmu bidiagonalizace, druhý
je postaven na vztahu Golubovy–Kahanovy bidiagonalizace, Lanczosovy tridiago-
nalizace a aproximaci tzv. distribučńı funkce (viz [112]) a vyžaduje nav́ıc výpočet
singulárńıho rozkladu vznikaj́ıćı bidiagonálńı matice; viz [64, rov. (4.6) a Fig. 14].
Nav́ıc jsme v článku navrhli velmi primitivńı a nedokonalý postup jak celý pro-
ces identifikace noise-revealing iterace zautomatizovat. Tento postup byl navržen
jen pro ilustraci, pro použit́ı numerických experiment̊u s jednoduchými testovaćımi
ill-posed úlohami.

Původńı autorské články vztahuj́ıćı se k tomuto tématu publikované v impakto-
vaných časopisech jsou přiloženy, konkrétně:

[64] (2009) jako př́ıloha A.5 na str. 131.

Výhled do budoucna

Článek [64] vyvolal poměrně velký citačńı ohlas. My jsme na něj navázali praćı
na řadě složitěǰśıch experiment̊u. V rámci této činnosti jsme spolupracovali i s Per
Christianem Hansenem na vývoji experimentálńıho prostřed́ı AIR Tools pro Mat-
lab (viz [54], [55]), které dokáže simulovat řadu jednoduchých tomografických úloh.
Nedávno jsme formou konferenčńıho př́ıspěvku publikovali př́ıpadovou studii [59],
která se zabývá úspěšnost́ı identifikace hladiny šumu v úlohách image deblurring,
přičemž se soustřed́ıme na r̊uznou velikost a barevnost šumu. Podobnou př́ıpadovou
studii zabývaj́ıćı se právě tomografickými úlohami připravujeme; zat́ım ale neńı ani
ve formě rukopisu, máme jen napoč́ıtané experimenty.

Daľśı praćı, kterou jsme navázali, je analýza propagace šumu v rezidúıch ri =
b −Axi iteračńıch metod LSQR (viz [92], [93]), Craigovy metody (viz [24]) a také
právě nedávno publikované LSMR (viz [32]); analýza zat́ım neńı kompletně hotová
a rukopis [60] je zat́ım stále rozpracovaný.
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V úvodu této kapitoly jsme zmiňovali, že jednou z nejjednodušš́ıch regularizač-
ńıch metod je tzv. truncated-SVD (T-SVD), které je aplikaćı metody nejmenš́ıch
čtverc̊u na úlohu (2.1) s modifikovanou matićı; A je nahrazeno nejlepš́ı rank-τ apro-
ximaćı matice A. Regularizace je tedy převedena na obyčejný problém nejmenš́ıch
čtverc̊u. Proto se této metodě také někdy ř́ıká truncated-LS (T-LS). Analogicky je
možné provést regularizaci pomoćı úplných nejmenš́ıch čtverc̊u, konkrétně metody
nazývané truncated-TLS (T-TLS). Podobně jako lze T-SVD interpretovat jako fil-
trovanou pseudoinverzi, viz (2.7)–(2.8), lze jako filtrovanou pseudoinverzi vyjádřit
i T-TLS. Odpov́ıdaj́ıćı filtračńı faktory odvodili Fierro, Golub, Hansen a O’Leary
v článku [31]. My jsme na regularizaci pomoćı TLS narazili poprvé v našem článku
[62, Example 5.4, str. 874–875]; konkrétně viz vysvětluj́ıćı komentář za př́ıkladem
5.4. Ukazujeme zde, že klasický TLS algoritmus, který ve skutečnosti mı́sto TLS
řešeńı hledá právě T-TLS řešeńı (viz [63, Lemma 6.2, str. 768]), provád́ı implicitně
jistou formu regularizace na úlohách s v́ıce pravými stranami. Zejména v př́ıpadě,
obsahuje-li p̊uvodńı úloha složený core problém s komponentami s výrazně r̊uznými
singulárńımi č́ısly; viz [62, rov. (5.21)].

Podstatný rozd́ıl mezi t́ımto výsledkem a praćı Fierra et al. je v tom, že článek
[31] uvažuje pouze úlohy s jednou pravou stranou. Pokusili jsme se tedy jejich
př́ıstup zobecnit i na úlohy s d pravými stranami (1.2). Toto zobecněńı se povedlo
provést a je prezentované v článku [69], který je odeslán k publikaci, ale zat́ım pub-
likován nebyl. Ukazujeme zde, že v př́ıpadě v́ıce pravých stran je situace podstatně
složitěǰśı. Obecně k libovolnému sloupci XT−TLS řešeńı přisṕıvaj́ı vždy všechny pravé
strany. Filtračńı faktory (připomeňme, že v úloze s jednou pravou stranou jich je
r = rank(A); viz (2.7)) tak tvoř́ı tenzor třet́ıho řádu rozměr̊u d×d× r. Jeho (i, j, k)-
tý prvek popisuje k-tý filtračńı faktor, kterým je filtrován vliv i-tého sloupce pravé
strany na j-tý sloupec řešeńı.
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Kapitola 3

Tenzorové výpočty

3.1 Úvod

Výpočetńı nástroje lineárńı algebry, jejich popis a současně s t́ım i implementace
přirozeným historickým vývojem přecházely od práce s jednotlivými souřadnicemi
přes práci s celými vektory až po práci s jednotlivými bloky – de-facto (pod-)ma-
ticemi. Př́ıkladem druhého jmenovaného přechodu je např. zobecňováńı dř́ıve zmi-
ňovaného úplného problému nejmenš́ıch čtverc̊u z úloh s jednou pravou stranou na
úlohy s v́ıce pravými stranami – tj. s maticovou pravou stranou.

Následuj́ıćım přirozeným krokem je přechod od blokových resp. maticových for-
mulaćı k formulaćım tenzorovým. Protože pojem tenzoru se v matematice vyskytuje
v řadě r̊uzných discipĺın již dlouho a jeho obsah je vńımán při r̊uzných př́ıležitostech
nepatrně odlǐsně, je dobré pojem jasně vymezit. My, v souladu s t́ım jak s pojmem
pracuje současná numerická lineárńı algebra (viz přehledové články [73], [41] nebo
knihy [28] a [17]), budeme pod pojmem tenzor (k-tého řádu) rozumět v́ıcerozměrné
(k-rozměrné) pole č́ısel

A = (ai1,i2,...,ik) ∈ Fm1×m2×⋯×mk . (3.1)

Speciálně skaláry, vektory a matice, tak jak jsme s nimi pracovali doposud, budou
tenzory nultého, prvého, respektive druhého řádu.

Př́ımá práce s tenzory vyšš́ıch řád̊u může být výpočetně velmi náročná ne-li
nemožná; často je volně parafrázována mottem

”
curse of dimensionality“. Stač́ı

si uvědomit, kolik složek bude mı́t např. tenzor řádu k = 100 s minimalistickými
rozměry n1 = n2 = ⋯ = nk = 2; totiž 2100 ≈ 1.27 ⋅ 1030, přičemž pro uložeńı každé
složky ve standardńı dovjité přesnosti bychom potřebovali osm byt̊u. Ústředńım
nástrojem pro práci s takto velkými daty je tedy komprese, zpravidla postavená na
rozkladu tenzoru (viz např. [73]) a využit́ı tzv. low-rank aritmetiky; viz např. [77],
[76], nebo [41].

3.2 Vybrané základńı operace s tenzory

Jednorozměrné a dvourozměrné podtenzory tenzoru A, které můžeme pomoćı tri-
viálńıho izomorfismu zobrazit na sloupcové vektory, resp. matice, zpravidla nazýváme
vlákna a řezy v př́ıslušných módech. Konkrétně

a
(`)
I ≡

⎡⎢⎢⎢⎢⎢⎣

ai1,...,i`−1,1,i`+1,...,ik
⋮

ai1,...,i`−1,n`,i`+1,...,ik

⎤⎥⎥⎥⎥⎥⎦
∈ Fm` (3.2)
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je I -té vlákno `-tého módu tenzoru A, kde I ≡ (i1, . . . , i`−1, i`+1, . . . , ik) je multiin-
dex upřesňuj́ıćı polohu vlákna v tenzoru. Řezy definujeme obdobně pomoćı dvojice
mód̊u. Protože chceme při práci s tenzory využ́ıt obvyklý maticový aparát, zavedeme
si dále pojem rozvoje tenzoru do matice v módu `, anglicky `-mode matricization
nebo unfolding. T́ımto rozvojem budeme rozumět matici

A(`) ≡ [a(`)I1
, a
(`)
I2
, . . . , a

(`)
IM`

] ∈ Fm`×M` , kde M` =
M

m`
, M =

k

∏
j=1

mj , (3.3)

se sloupci tvořenými všemi vlákny `-tého módu s multiindexy Iµ seřazenými v le-
xikografickém pořad́ı. Rozvoj do matice lze snadno zobecnit pro dva a v́ıce mód̊u;
viz [134]. Obzvlášt’ d̊uležitý je rozvoj podle všech mód̊u, nazývaný vektorizace,

vec(A) ≡
⎡⎢⎢⎢⎢⎢⎣

a1,...,1
⋮

an1,...,nk

⎤⎥⎥⎥⎥⎥⎦
∈ FM , (3.4)

tj. všechny prvky tenzoru naskládáme do jednoho dlouhého vektoru; prvky opět
řad́ıme tak, aby multiindexy (i1, . . . , ik) byly v lexikografickém pořad́ı.

Uvažujme dále matice W` = (wν`,i`) ∈ Fn`×m` , ` = 1, . . . , k. Součin tenzoru A ∈
Fm1×m2×⋯×mk (3.1) s matićı W` v `-tém módu definujeme analogicky jako v př́ıpadě
součinu dvou matic vztahem

A ×`W` = (
m`

∑
i`=1

ai1,...,i`,...,ik wν`,i`) ∈ Fm1×⋯×m`−1×n`×m`+1×⋯×mk . (3.5)

Dostaneme tedy tenzor, jehož vlákna `-tého módu jsou vlákna `-tého módu p̊uvod-
ńıho tenzoru A vynásobená matićı W`. S využit́ım rozvoje tenzoru do matice (3.3)
snadno ověř́ıme, že plat́ı

(A ×`W`)(`) =W`A(`) ∈ Fn`×M` . (3.6)

Zřejmě také plat́ı

(A ×`W`) ×sWs = (A ×sWs) ×`W`. (3.7)

Součin tenzoru A se všemi maticemi W` v odpov́ıdaj́ıćıch módech `, ` = 1, . . . , k,
můžeme tedy z úsporných d̊uvod̊u psát např. ve tvaru

⟦A ∣W1,W2, . . . ,Wk⟧ ∈ Fn1×n2×⋯×nk . (3.8)

S využit́ım vektorizace (3.4) a analogicky k (3.6) plat́ı

vec (⟦A ∣W1,W2, . . . ,Wk⟧) = (W1 ⊗W2 ⊗⋯⊗Wk)vec(A), (3.9)

kde ⊗ znač́ı Kronecker̊uv součin matic; viz [134].
Součin dvou tenzor̊u, někdy též nazývaný úžeńı tenzor̊u, opět zavád́ıme analo-

gicky ke klasickému maticovému součinu. Mějme dva tenzory řád̊u k a t,

A ∈ Fm1×⋯×mk , B ∈ Fn1×⋯×nt , přičemž m` = ns (3.10)

pro nějaké ` a s splňuj́ıćı 1 ≤ ` ≤ k, 1 ≤ s ≤ t. Jejich součin v módech ` a s

A ×`,s B = (
m`

∑
α=1

ai1,...,i`−1,α,i`+1,...,ik ⋅ bj1,...,js−1,α,js+1,...,jt) (3.11)

∈ Fm1×⋯×m`−1×m`+1×⋯×mk×n1×⋯×ns−1×ns+1×⋯×nt
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je tenzor řádu k+t−2. Obdobně lze tenzory násobit ve v́ıce módech současně. Necht’

plat́ı m`1 = ns1 a m`2 = ns2 pro nějaké `1, `2, s1 a s2 splňuj́ıćı např. 1 ≤ `1 < `2 ≤ k,
1 ≤ s1 < s2 ≤ t. Pak součin tenzor̊u A a B ve dvojici mód̊u (`1, `2) a (s1, s2)

A ×(`1,`2),(s1,s2) B = (
m`1

∑
α=1

m`2

∑
β=1

ai1,⋯,i`1−1,α,i`1+1,⋯,i`2−1,β,i`2+1,⋯,ik (3.12)

⋅ bj1,⋯,js1−1,α,js1+1,⋯,js2−1,β,js2+1,⋯,jt)

je tenzor řádu k + t − 4, atd; viz také (1.32)–(1.33) v kap. 1, kde použ́ıváme součin
dvou tenzor̊u dokonce v obecné ν-tici mód̊u.

3.3 Tenzorové rozklady

Pro kompresi maticových dat můžeme nejsnáze použ́ıt singulárńı rozklad. Pokud
chceme danou matici hodnosti r aproximovat jej́ı nejlepš́ı aproximaćı hodnosti τ ,
τ ≤ r, použijeme práve singulárńı rozklad (viz (1.6)) a zanedbáme r − τ nejmenš́ıch
singulárńıch č́ısel; viz [106] a [27], př́ıpadně [85]; viz také [111]. Chceme-li provést
kompresi, stač́ı mı́sto p̊uvodńı matice ukládat pouze prvńıch τ singulárńıch triplet̊u
(u′i, σ′i, v′i), i = 1, . . . , τ ; viz např. [26, kap. 5.7]. Takto uchovaný singulárńı rozklad
se pro svou schopnost zmenšit mı́sto na disku potřebné k uložeńı p̊uvodńıch dat (tj.
schopnost komprese dat) nazývá ekonomický singulárńı rozklad (ESVD). Analogíı
(ekonomického) singulárńıho rozkladu ve světě tenzor̊u je tzv. Tucker̊uv rozklad,
někdy též nazývaný higher-order SVD (HOSVD); viz [117], [118], [119]; př́ıpadně
[73, kap. 4.1], [116, kap. 3.1.2], [134], či [71].

Definice 6 (Vektorová hodnost tenzoru, Tuckerovo jádro, Tucker̊uv rozklad). Necht’

A ∈ Fm1×m2×⋯×mk je tenzor řádu k (3.1) a necht’ A(`) ∈ Fm`×M` , kde M` =M/m` a
M = ∏kj=1mj, jsou rozvoje tohoto tenzoru do matic pro všechna ` = 1, . . . , k (3.3).
Uvažujme dále

r` = rank(A(`)) a A(`) = U (`)Σ(`)(V (`))H, (3.13)

hodnosti těchto rozvoj̊u a jejich singulárńı rozklady, kde

U (`) = [U (`)1 , U
(`)
2 ] ∈ Fm`×m` , U

(`)
1 ∈ Fm`×r` . (3.14)

Pak vektorovou hodnost́ı tenzoru nazýváme uspořádanou k-tici

rank(A) ≡ (r1, r2, . . . , rk) (3.15)

a Tuckerovým jádrem nazýváme tenzor

AT−core ≡ ⟦A ∣ (U (1)1 )H, (U (2)1 )H, . . . , (U (k)1 )H⟧ ∈ Fr1×r2×⋯×rk . (3.16)

Rovnosti

A = ⟦diagk(AT−core,0m1−r1,m2−r2,...,mk−rk) ∣U (1), U (2), . . . , U (k)⟧ (3.17)

= ⟦AT−core ∣U (1)1 , U
(2)
1 , . . . , U

(k)
1 ⟧ , (3.18)

kde diagk( ⋅ , ⋅ ) ze svých argument̊u sestav́ı blokově diagonálńı tenzor k-tého řádu,
nazýváme úplným, respektive ekonomickým Tuckerovým rozkladem.

Všimněme si, že `-tý rozměr Tuckerova jádra je dán počtem lineárně nezávislých
vláken `-tého módu p̊uvodńıho tenzoru. Obecně tedy nelze provést větš́ı kompresi
beze ztráty informace; viz [73]. Podobně jako u singulárńıho rozkladu můžeme ale
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i zde zanedbávat nejmenš́ı singulárńı č́ısla v některých, př́ıpadně ve všech roz-
voj́ıch do matic a t́ım zmenšovat pamět’ové nároky při uložeńı dat, viz např. [134].
Pro velké řády tenzor̊u (např. k = 100) však nebude takové sńıžeńı pamět’ových
nárok̊u dostatečné, stále budeme potřebovat řádově rk paměti, kde r = max`{r`}.
V ideálńım př́ıpadě bychom chtěli, aby pamět’ové nároky závisely lineárně na řádu
tenzoru. Za t́ım účelem se zavád́ı řada specializovaněǰśıch rozklad̊u či formát̊u,
obecně nazývaných tenzorové śıtě. Pro zjednodušeńı značeńı však bude užitečné
nejprve zavést symbolický zápis tenzorových součin̊u.

Symbolický zápis je graf, jehož vrcholy jsou tenzory, přičemž počet hran inci-
dentńıch s vrcholem odpov́ıdá řádu tenzoru. Vrchol, z něhož vycháźı k hran, je tedy
tenzorem řádu k; každá hrana koresponduje s právě jedńım pevně daným módem `.
Spojuje-li nějaká hrana dva vrcholy grafu – tenzory – představuje vazbu mezi nimi,
přesněji řečno sumu, která sč́ıtá přes indexy př́ıslušej́ıćı daným mód̊um (tyto módy
tedy nutně muśı mı́t stejné rozměry). Hranu, která inciduje jen s jedńım vrcho-
lem, nazýváme volnou hranou, př́ıpadně fyzickým indexem a odpov́ıdá některému
z mód̊u celého objektu. Na obrázku 3.1 je vidět sedm schémátek představuj́ıćıch
několik základńıch objekt̊u: nejprve vid́ıme (i) skalár, (ii) vektor a (iii) matici, tedy
tenzory řádu nula, jedna a dva. Graf vždy obsahuje jen jediný vrchol a žádnou,
jednu, respektive dvě volné hrany. Daľśı čtyři schémátka zobrazuj́ı opět (iv) skalár,
(v) vektor a (vi)–(vii) dvě matice. Skalár na schémátku (iv), tj. šedivý ovál bez volné
hrany, je ovšem vyjádřen pomoćı dvou tenzor̊u prvńıho řádu, vektor̊u, které sd́ılej́ı
společnou hranu; tento skalár je tedy zapsán jako skalárńı součin dvou vektor̊u.
Vektor na schémátku (v), opět šedý ovál, je vyjádřen jako součin matice a vektoru,
atd. Snadno si dovedeme představit daľśı možnosti, které tento zápis skýtá, např.
stopu matice trace(A) je možné vyjádřit jako matici, tj. vrchol se dvěma hranami,
které jsou spojené dohromady, atd.

(i) (ii) (iii) (iv) (v) (vi) (vii)

Obrázek 3.1: Symbolické vyjádřeńı jednoduchých tenzor̊u a jejich interakćı. Zleva:
(i) skalár, (ii) vektor, (iii) matice, (iv) skalár ve tvaru součinu (skalárńı součin) dvou
vektor̊u, (v) vektor ve tvaru součinu matice s vektorem, (vi) matice ve tvaru součinu
dvou matic, (vii) matice ve tvaru součinu tř́ı matic

Pro úplnost obrázek 3.2 zobrazuje (i) tenzor třet́ıho řádu, (ii) součin tenzoru
s matićı a (iii) Tucker̊uv rozklad. Znovu vid́ıme, že tenzor řádu k = 6 zredukovaný
Tuckerovým rozkladem a uložený v ekonomickém tvaru či formátu stále obsahuje
tenzor jádra řádu k; dále pak k matic (obsahuj́ıćıch levé singulárńı vektory tvoř́ıćı
báze obor̊u hodnot jednotivých rozvoj̊u) mapuj́ıćıch indexy jádra na fyzické in-
dexy. Pro rozbit́ı Tuckerova jádra velkého řádu na tenzory řád̊u nižš́ıch se použ́ıvaj́ı
nejčastěji dva postupy. Prvńı tzv. tenzorový vláček, anglicky tenzor train decomposi-
tion (TT; viz [90] a obrázek 3.3, schéma (i) vlevo) a hierarchický Tucker̊uv rozklad;
viz [43], [40] a obrázek 3.3, schéma (ii) vpravo. Obě schémata představuj́ı Tucker̊uv
rozklad tenzoru řádu sedm, kde Tuckerovo jádro (tmavě šedý ovál) vykazuje daľśı
strukturu; viz např. [120].
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Tenzorové rozklady

(i) (ii) (iii)

Obrázek 3.2: Symbolické vyjádřeńı tenzor̊u vyšš́ıch řád̊u. Zleva: (i) tenzor třet́ıho
řádu, (ii) tenzor třet́ıho řádu ve tvaru součinu tenzoru třet́ıho řádu s matićı, (iii)
tenzor šestého řádu ve tvaru Tuckerova rozkladu

(i) (ii)

Obrázek 3.3: Tenzor řádu sedm ve tvaru Tuckerova rozkladu. Vlevo (i) s Tuckerovým
jádrem ve tvaru tenzorového vláčku, vpravo (ii) hierarchický Tucker̊uv rozklad.

Tuckerovo jádro obsahuje v př́ıpadě vláčku právě k − 2 tenzor̊u řádu tři a dva
tenzory řádu dva. Pokud jsou rozměry všech zúčastněných tenzor̊u rozumně velké,
např. omezené hodnotou r, budeme pro uložeńı jádra potřebovat řádově 2r2 + (k −
2)r3 paměti, narozd́ıl od p̊uvodńıch rk. Vid́ıme, že tenzorový vláček nám skutečně
zajist́ı spotřebu paměti úměrnou řádu tenzoru. V př́ıpadě hierarchického Tuckerova
jádra je situace složitěǰśı. Vid́ıme, že zde je jeden tenzor řádu dva, a pak v ideálńım
př́ıpadě k−2 tenzor̊u řádu tři tvoř́ıćıch vyvážený binárńı strom; spotřeba paměti na
uložeńı jádra (pokud budou rozměry tenzor̊u rozumně omezeny) je r2 + (k − 2)r3,
tj. opět úměrná řádu tenzoru. Poznamenejme, že podobných formát̊u je v́ıce. Velké
množstv́ı práce se věnovalo tomu, jaký rozklad, či formát je pro které aplikace
vhodněǰśı, který je programátorsky př́ıvětivěǰśı atd.; viz např. [2], [3], [4], [116], [78],
[79], př́ıpadně [128]. Obecně lze ř́ıci, že hierarchický Tucker̊uv formát, pomineme-li
požadavek na vyváženost stromu, je obecněǰśı (ostatně

”
zavěśıme-li“ graf vláčku

za jeden z tenzor̊u řádu dva, vznikne z něj také strom, byt’ extrémně nevyvážený),
což dává větš́ı možnosti a volnost ve volbě vhodného rozkladu dle dané aplikace a
struktury dat; viz např. [75, kap. 4, zejm. Fig 4.1].

Vlastńı př́ınos

Důležitým aspektem tenzorových výpočt̊u je nejen znát možnosti r̊uzných rozklad̊u
a být schopen mnoharozměrná pole č́ısel do poč́ıtače uložit, ale také s nimi provádět
operace, které je třeba. Tedy tenzory např. v hierarchickém Tuckerově formátu umět
sč́ıtat, př́ıpadně na takový tenzor umět aplikovat operátor. Článek [77] se zabývá
řešeńım soustavy rovnic jej́ıž matice a pravá strana (obecně tud́ıž i řešeńı) záviśı na
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sadě parametr̊u α(j), tj.

A(α)x(α) = b(α), kde α = (α(1), α(2), . . . , α(p)). (3.19)

Za předpokladu, že závislost A(α) a b(α) na parametrech α(j) je lineárńı, nebo
se dá v nějakém okoĺı předem daného zájmového bodu lineárńı závislost́ı rozumně
aproximovat, můžeme úlohu po navzorkováńı, tj. diskretizaci prostoru parametr̊u
přeformulovat tenzorově.

V našem článku [76] a v jeho rozš́ı̌rené verzi [75] se zabýváme složitěǰśı úlohou,
řešeńım zobecněné ljapunovské maticové rovnice

A(α)X(α)M(α)T +M(α)X(α)A(α)T = B(α)B(α)T, (3.20)

kde A(α), M(α) ∈ Rn×n jsou čtvercové matice a B(α) ∈ Rn×t závislé na jednom (viz
[76]), resp. p (viz [75]) parametrech. Opět předpokládáme, že parametr α nabývá
hodnot z nějakého zájmového intervalu, kde je navzorkován a ve kterém lze závislost
matic na α rozumně aproximovat lineárńı závislost́ı.

Snadno ověř́ıme, že jsou-li matice A(α) a M(α) symetrické pozitivně definitńı,
lze celou rovnici (3.20) přepsat jako klasickou soustavu rovnic se symetrickou pozi-
tivně definitńı matićı L(α) ∈ RN×N , N = n2, a k jej́ımu řešeńı tedy můžeme použ́ıt
např. metodu sdružených gradient̊u (CG); viz [58]. V článku [76] jsme ukázali, jak
metodu CG formulovat nejprve pro ljapunovskou rovnci AXMT +MXAT = BBT,
která nezáviśı na žádných parametrech a respektuje ljapunovskou strukturu úlohy.
To se týká zejména akce pozitivně definitńı matice, která neńı prováděna pomoćı
klasického součinu matice s vektorem

L ∶ RN Ð→ RN , L ∶ v z→ w = Lv = (A⊗M +M ⊗A)v (3.21)

ale př́ımo pomoćı ljapunovského operátoru

L ∶ Rn×n Ð→ Rn×n, L ∶ V z→W = L(V ) = AVMT +MVAT, (3.22)

kde v = vecV a w = vecW . S výhodou zde lze využ́ıt tzv. low-rank aritmetiky;
viz např [98] a [81], [82]. Metodu CG startujeme zpravidla s nulovým počátečńım
odhadem řešeńı, tj. X0 = 0, tedy matićı zjevně ńızké hodnosti. Pokud je nav́ıc
pravá strana ńızkého ranku, tj. t ≪ n, pak singulárńı č́ısla přesného řešeńı X
exponenciálně klesaj́ı k nule, tedy i přesné řešeńı lze snadno aproximovat matićı
ńızké hodnosti. Můžeme tedy s matićı X0 pracovat např. ve tvaru ekonomického
singulárńıho rozkladu (v článku [76] použ́ıváme analogický ekonomický spektrálńı
rozklad, nebot’ všechny matice, které se ve výpočtu vyskytuj́ı jsou symetrické) a
metodu CG přeformulovat tak, aby se celá matice nikdy nesestavovala; viz [76, Al-
gorithm 1, str. 668]. To je výhodné zejména když A a M jsou ř́ıdké matice (v našem
článku jsou to matice tuhosti a matice hmotnosti z FEM diskretizace) a n je tak
velké, že by se hustá matice řádu n nevešla do paměti.

Důležitou součást́ı našeho algoritmu byl výběr předpodmiňovače pro CG, který
zachovával ljapunovskou strukturu úlohy, tj. jehož aplikace šla zapsat anologicky
jako akce operátoru (3.22). Použ́ıváme tzv. ADI iterace (alternating directions im-
plicite; viz [72], viz také analogické použit́ı na Sylvestrovu [8] př́ıpadně Ricattiho [9]
maticové rovnice) a iterace znaménkové funkce (sign funcion iteration; viz [10], [6]);
viz [76, kap. 2.3.1, zejm. Algorithm 2 a 3, str. 671–674]. Explicitńı inverzi ř́ıdké ma-
tice A pro potřebu iterace znaménkové funkce provád́ıme užit́ım tzv. hierarchických
(viz [42] a [7]), př́ıpadně hierarchických semi-separabilńıch (HSS) matic (viz [18],
[19], [133] a [127]); pozn., že inverze se předpoč́ıtává jednorázově pro všechny CG-
iterace.

Celý koncept je rozš́ı̌ren pro úlohy závislé na jednom parametru v [76, kap. 3].
V této kapitole ukazujeme, že řešeńı X ∈ Rn×n×m – tenzor třet́ıho řádu obsahuj́ıćı
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matice X(α) ∈ Rn×n jako své frontálńı řezy (obsahuje právě m takových matic pro
m vzork̊u α1, . . . , αm parametru α) lze za předpokladu t ≪ n dobře aproximovat
tenzorem v Tuckerově tvaru s malým Tuckerovým jádrem. Tedy lze aproximovat
tenzorem ńızkého ranku. Článek obsahuje větu s poměrně techickým d̊ukazem (viz
[76, Theorem 1, str. 676–678]) ukazuj́ıćı, jak klesaj́ı singulárńı č́ısla jednotlivých
rozvoj̊u X (1) = X (2) a zejména X (3). V článku studujeme strukturu tenzor̊u vzni-
kaj́ıćıch při jednotlivých operaćıch v metodě CG (viz [76, rovnice (25) a (26), str.
679–680]), výpočetńı náročnost těchto operaćı i náročnost celého algorimu.

Původńı autorské články vztahuj́ıćı se k tomuto tématu publikované v impakto-
vaných časopisech jsou přiloženy, konkrétně:

[76] (2014) jako př́ıloha A.6 na str. 161.

Poznamenejme, že v rozš́ı̌rené verzi článku (viz [75, kap. 4]) je ukázáno, že lze
stejný postup použ́ıt i pro v́ıce parametr̊u. Zde konkrétně pracujeme se čtyřmi para-
metry, které hraj́ı v úloze analogické role; viz [75, Fig. 4.1 vlevo, str. 18]. Pro obecně
p parametr̊u je tenzor řešeńı X právě řádu p + 2. V př́ıpadě čtyř parametr̊u tak již
nebylo možné použ́ıvat pouze obyčejný Tucker̊uv rozklad z d̊uvod̊u pamět’ových
nárok̊u. Tuckerovo jádro bylo uloženo s užit́ım hierarchického Tuckerova formátu;
struktura, resp. symetrie stromu hierarchického rozkladu koresponduje se symetríı
roĺı jednotlivých parametr̊u a úlohy jako takové (matice X(α) jsou symetrické), tj.
se symetríı fyzických index̊u tenzoru; viz [75, Fig. 4.1 vpravo, str. 18]. Výsledky
źıskané pro hierarchický Tucker̊uv rozklad do článku nakonec, jak je patrné, zahr-
nuty nebyly. Důvodem pro to byl fakt, že ačkoliv jsme provedli řadu experiment̊u na
reálných datech (převážně z Oberwolfach benchmark collection; viz [74]) s tenzory
r̊uzných řád̊u, výsledky nejsou až tak slibné, jak jsme doufali. Přestože jsou výsledky
oproti p̊uvodńımu záměru méně ambiciózńı, nejsou snad zanedbatelné; v nedávno
zveřejněném preprintu [109] autoři ṕı̌śı:

”
Although a lot of attention has been paid to Lyapunov equati-
ons, only very few publications dedicated to solving paramet-
ric algebraic Lyapunov equations (PALEs) can be found. To our
knowledge, the method proposed in [76] is the only released prin-
ted work on this subject.

”

Výhled do budoucna

Tenzorové śıtě dávaj́ı poměrně široké možnosti, jaké rozklady hledat. Speciálně nám
dávaj́ı možnost vytvářet rozklady, které na rozd́ıl od všech předchoźıch obsahuj́ı
cykly (uzavřené smyčky v grafu). Prvńı takovou smyčkou, kterou jsme již zmiňovali,
je stopa stopa čtvercové matice A = (ai,j) ∈ Fm×m, tedy č́ıslo trace(A) = ∑mi=1 ai,i.
Stopu lze reprezentovat jako śıt’ – graf obsahuj́ıćı jediný punt́ık se dvěma odchoźımi
hranami (tenzor druhého řádu) spojenými dohromady. Podobně lze vytvořit např.

”
cyklický součin“ tř́ı matic A = (ai,j) ∈ Fm×n, B = (bj,l) ∈ Fn×s, C = (cl,i) ∈ Fs×m

ve tvaru ∑mi=1∑nj=1∑sl=1 ai,j ⋅ bj,l ⋅ cl,i, který bychom obt́ıžně pomoćı klasického mati-
cového násobeńı zapsali. Odpov́ıdaj́ıćı tenzorová śıt’ bude graf obsahuj́ıćı tři punt́ıky
spojené do trojúhelńıku.

Tenzorový vláček tenzoru A = (ai1,i2,...,ik) ∈ Fm1×m2×⋯×mk můžeme zapsat ve
tvaru

A = (∑
α1

∑
α2

⋯ ∑
αk−1

w
(1)
i1,α1

⋅w(2)α1,i2,α2
⋅ ⋯ ⋅w(k−1)αk−2,ik−1,αk−1

⋅w(k)αk−1,ik) , (3.23)
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Kapitola 3: Tenzorové výpočty

kde oba krajńı vagónky jsou tenzory řádu dva (s jedńım fyzickým indexem i1, resp.
ik a jedńım vnitřńım sč́ıtaćım indexem α1, resp. αk−1) a všechny ostatńı vagónky
jsou tenzory řádu tři (opět s jedńım fyzickým indexem i` a dvěma vnitřńımi sč́ıtaćımi
indexy α`−1 a α`, ` = 2, . . . , k − 1). Jednoduchou modifikaćı tenzorové śıtě můžeme
z tenzorového vláčku vytvořit tzv. tenzorový řet́ızek, anglicky tensor chain decom-
position (TC); viz např. [29]. Stač́ı do grafu přidat jedinou hranu propojuj́ıćı prvńı
a posledńı vagónek. Pro p̊uvodńı tenzor tak dostaneme cyklický rozklad tvaru

A = (∑
α1

∑
α2

⋯ ∑
αk−1

∑
αk

c
(1)
αk,i1,α1

⋅ c(2)α1,i2,α2
⋅ ⋯ ⋅ c(k−1)αk−2,ik−1,αk−1

⋅ c(k)αk−1,ik,αk) , (3.24)

kde se vyskytuje pouze k tenzor̊u třet́ıho řádu, každý s jedńım fyzickým a dvěma
vnitřńımi sč́ıtaćımi indexy.

Zat́ımco při výpočtu rozklad̊u do stromových struktur (jako je hierarchický
Tucker nebo TT) vystač́ıme teoreticky jen se singulárńım rozkladem r̊uzných (zo-
becněných) rozvoj̊u tenzor̊u do matic, v př́ıpadě cyklických struktur je situace prin-
cipiálně složitěǰśı. Je potřeba použ́ıt nějaký iteračńı proces, který se snaž́ı tenzor
rozložit do předepsané struktury, zat́ımco postupně minimalizuje chybu aproximace.
Velmi jednoduchý postup může být postaven např́ıklad na klasické minimalizaci
součtu čtverc̊u (tedy euklidovské normy, resp. jej́ıho kvadrátu) chyby, př́ıpadně
v kombinaci s nějakými daľśımi předpoklady omezuj́ıćımi např. velikosti jednot-
livých tenzor̊u. T́ım se dostáváme k tématu, o kterém již byla řeč na závěr kap. 1.
Minimalizaci nemuśıme formulovat jen jako klasický, obyčejný problém nejmenš́ıch
čtverc̊u, ale stejně dobře jako úplný problém nejmenš́ıch čtverc̊u. Vhodnost té či
oné metody vždy záviśı na konkrétńım tenzoru, konkrétńı aplikaci a kontextu. To
je motivaćı pro naši současnou práci o řešitelnosti TLS úloh s tenzory, která je
aktuálně rozpracovaná v rukopise [70].

Vzhledem k aktuálnosti tématu tenzorových výpočt̊u a zejména tenzorových
rozklad̊u i v technických aplikaćıch (např. při zpracováńı signál̊u [113], medićınských
dat [110], [128], atd.) také připravujeme zat́ım útlé, česky psané skriptum k tomuto
tématu [71].
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Kapitola 4

Krylovovské metody

4.1 Úvod

Krylovovské metody jsou tř́ıdou metod pro řešeńı řady úloh lineárńı algebry, nej-
častěji soustav lineárńıch rovnic Ax = b se čtvercovou regulárńı matićı, př́ıpadně pro
řešeńı (částečného) problému vlastńıch č́ısel Ax = xλ, x ≠ 0. Jádrem těchto metod
je budováńı ortonormálńı báze krylovovského prostoru pro ` = 1,2, . . .

K`(A,v) = span{v,Av, . . . ,A`−1v}, kde A ∈ Fm×m, v ∈ Fm, ∥v∥2 = 1. (4.1)

K tomu slouž́ı dva velmi úzce provázané algoritmy: Arnoldiho metoda (viz např. [26,
kap. 7.1]) převáděj́ıćı obecnou čtvercovou matici A na tzv. horńı Hessenberg̊uv tvar
a Lanczosova tridiagonalizačńı metoda (viz např. [26, kap. 7.2]) použitelné pouze
v př́ıpadě, že matice A je čtvercová a hermitovská, tj. AH = A. Zjednodušeně bychom
mohli ř́ıci, že Arnoldiho metoda aplikovaná na hermitovskou matici v podstatě
splývá s metodou Lanczosovou.

U úloh s matićı, která neńı čtvercová, např. při řešeńı přeurčené aproximačńı
úlohy Ax ≈ b ve smyslu nejmenš́ıch čtverc̊u (at’ už máme na mysli klasický LS
problém, nebo TLS problém; viz kap. 1), můžeme využ́ıt krylovovské metody, které
stav́ı ortonormálńı báze prostor̊u pro ` = 1,2, . . .

K`(AAH, s) = span{s, (AAH)s, . . . , (AAH)`−1s}, (4.2)

K`(AHA,w) = span{w, (AHA)w, . . . , (AHA)`−1w}, (4.3)

kde A ∈ Fm×n, s ∈ Fm, w ∈ Fn a ∥s∥2 = ∥w∥2 = 1.

K tomu slouž́ı algoritmus Golubovy–Kahanovy bidiagonalizace. Polož́ıme-li s ≡ s1 =
b/β1, kde β1 = ∥b∥2, a w ≡ w1 = AHs1/α1, kde α1 = ∥AHs1∥2, pak bidiagonalizace
poč́ıtá pro ` = 1,2, . . . Golubovy vektory s`+1 a Kahanovy vektory w`+1 pomoćı
rekurenćı

s`+1β`+1 = Aw` − s`α`, (4.4)

w`+1α`+1 = AHs`+1 −w`β`+1, (4.5)

kde β`+1 a α`+1 jsou normalizačńı koeficienty volené tak, aby ∥s`+1∥2 = ∥w`+1∥2 = 1.
Generuje tak ortonormálńı báze obou prostor̊u tak, že plat́ı

K`(AAH, s) = span{s1, s2, . . . , s`}, (4.6)

K`(AHA,w) = span{w1,w2, . . . ,w`}, kde sH
i sj = wH

i wj = δi,j . (4.7)

Bidigaonalizace (4.4)–(4.5) úzce souviśı s Lanczosovsou tridiagonalizaćı d́ıky tomu,
že matice AAH a AHA jsou čtvercové a hermitovské. Fakticky bidiagonalizace pro-
vád́ı simultáně dvě Lanczosovy tridiagonalizace pro obě tyto matice se startovaćımi
vektory s, resp. AHs/∥AHs∥2; viz např. [26, kap. 7.3].
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4.2 Vybrané aspekty chováńı některých krylovovs-
kých metod

Mezi nejznáměǰśı krylovovské metody, slouž́ıćı k řešeńı soustav lineárńıch rovnic
se čtvercovou regulárńı matićı, patř́ı metoda sdružených gradient̊u (CG; viz [58]),
použitelná na soustavy se symetrickou pozitivně definitńı matićı a minimalizuj́ıćı
A-normu chyby; metoda minimálńıch rezidúı (MinRes; viz [91]), použitelná na
soustavy s obecnou symetrickou matićı a minimalizuj́ıćı reziduum; nebo zobecněná
metoda minimálńıch rezidúı (GMRes; viz [104]), použitelná na soustavy s obecnou
čtvercovou matićı a opět minimalizuj́ıćı reziduum. Při řešeńı aproximačńıch úloh, tj.
úloh nejmenš́ıch čtverc̊u, nebo např. regularizačńıch úloh se použ́ıvaj́ı např. metody
LSQR (viz [92] a [93]), Craigova metoda (viz [24]), nebo LSMR (viz [32]), o kterých
již byla řeč v kap. 2. Rodina krylovovských metod je nicméně mnohem bohatš́ı a
existuje celá řada daľśıch algoritmů, viz např. [26, kap. 8 a 9], př́ıpadně [38, kap. 10
a 11].

V pr̊uběhu posledńıch desetilet́ı bylo investováno enormńı úsiĺı do analýzy cho-
váńı mnoha r̊uzných krylovovských metod v přesné aritmetice ale i jejich nume-
rickému chováńı v poč́ıtač̊um vlastńı aritmetice s plovoućı řádovou čárkou a ome-
zenou přesnost́ı (FPA). Byly analyzovány pamět’ové nároky těchto metod, efekti-
vita a stabilita implementaćı, atd; viz např. [84], [83], nebo [115]. Tento text si
ani v nejmenš́ı mı́̌re neklade za ćıl provádět jakoukoliv rekapitulaci, výtah, či rešerši
těchto výsledk̊u. Nicméně v řadě již zmı́něných praćı jsme se r̊uzných krylovovských
metod dotkli, použ́ıvali je, př́ıpadně dosadili drobné stř́ıpky vlastńı analýzy do mno-
hem rozsáhleǰśı mozaiky chováńı těchto metod. Rádi bychom nyńı velmi stručně tři
již zmı́něné př́ıspěvky zrekapitulovali a nav́ıc zmı́nili jeden, o kterém dosud nebyla
řeč.

Vlastńı př́ınos

V krátkém př́ıspěvku [65] jsme ukázali, jak spolu souviśı Golubova–Kahanova bidi-
agonalizace, Lanczosova tridiagonalizace a core problém. K vyjeveńı core problému
v dané úloze dojde tehdy, pokud je pravá strana některé z rovnic (4.4) nebo (4.5)
nulová, tj. bud’ β`+1 = 0, nebo α`+1 = 0, což zp̊usob́ı zastaveńı algoritmu bidia-
gonalizace. Dokud tento krok nenastane, máme k dispozici jen část celého core
problému. V pr̊uběhu algoritmu tedy máme v rukou stále se postupně zlepšuj́ıćı
aproximaci core problému. Právě toto je mechanizmus, který pomáhá pochopit,
proč jsou metody jako např. LSQR tak úspěšné a proč tak dobře funguj́ı. T́ım, že
stoj́ı na bidiagonalizaci, tedy na stále lepš́ı a lepš́ı aproximaci core problému – tedy
podproblému, který obsahuje veškeré nutné informace a zároveň informace právě
postačuj́ıćı k řešeńı celé úlohy; viz kap. 1.3. Diskuze týkaj́ıćı se aproximačńıch vlast-
nost́ı LSQR ve vztahu ke core problému však v článku [65] př́ımo neńı a stejnou
měrou bylo lze tuto souvislost tušit již v p̊uvodńım článku [96], kde byla idea core
problému poprvé zformulována.

Druhým naš́ım př́ıspěvkem byla analýza chováńı Golubovy–Kahanovy bidia-
gonalizace v př́ıpadě, že matice A je špatně podmı́něná a pravá strana b obsa-
huje krom užitečných dat nav́ıc nějaké chyby, resp. šum v článku [64]. Ukazujeme,
jak se chyby propaguj́ı skrze algoritmus, jak se přenášej́ı mezi jednotlivými itera-
cemi a, d́ıky špatné podmı́něnosti matice, zesiluj́ı na úkor p̊uvodńıch dat, o nichž
přepdokládáme, že jsou hladká a dominována ńızkými frekvencemi.

Třet́ım př́ıspěvkem, který už byl také zmı́něn, je analýza chováńı metody sdru-
žených gradient̊u (CG), tedy algoritmu postaveném na Lancozosově tridiagonalizaci
v prostřed́ı s low-rank aritmetikou. V článku [76] studujeme, jak se měńı hodnosti
low-rank objekt̊u v pr̊uběhu algoritmu CG, studujeme, jak agresivně lze ńızkou
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hodnost objekt̊u vynucovat a jaký to má vliv na velikost rezidua. Věnujeme se zde
také studiu vlivu předpodmiňovač̊u na hodnosti low-rank objekt̊u, př́ıpustnou mı́ru
agresivity při mechanickém snižováńı hodnosti, i velikost rezidua. Výsledky zde pre-
zentované jsou obzvláště zaj́ımavé a d̊uležité proto, že objekty, se kterými pracujeme
neńı možné uložit v paměti hustě a jejich low-rank aproximace je z principu nutná.
Nav́ıc možnost udržovat jejich hodnost relativně ńızkou rapidńım zp̊usobem sńıž́ı
nejen pamět’ové ale také časové nároky na výpočet.

Posledńı př́ıspěvek se týká tzv. wedge-shaped neboli kĺınových matic. V prak-
tických numerických výpočtech se, v souladu s obecným trendem výpočetńı lineáńı
algebry několika posledńıch desetilet́ı, obecně přecháźı od formulaćı vektorových
k formulaćım blokovým, tj. maticovým. Řada metod, včetně algoritmu Lanczosovy
tridiagonalizace a Golubovy–Kahanovy bidiagonalizace, tedy může být přeformu-
lována blokově. Vezmeme-li např. rovnici (4.4), můžeme na pravé straně vektory
w` a s` nahradit bloky (navzájem ortonormálńıch) vektor̊u a koeficient α` horńı
trojúhelńıkovou matićı vhodných rozměr̊u. Objekt, který na pravé straně vznikne,
bude matićı. Objekty na levé straně pak źıskáme QR rozkladem této matice, tj.
s`+1 bude blokem navzájem ortonormálńıch vektor̊u a koeficient β`+1 bude horńı
trojúhelńıkovou matićı. Analogicky můžeme naložit i s rovnićı (4.5). Mı́sto bidia-
gonálńı matice tak dostáváme blokově bidiagonálńı matici s horńımi, resp. dolńımi
(v rovnici (4.5) je systémová matice transponovaná) trojúhelńıkovými bloky na dia-
gonálách,

⎡⎢⎢⎢⎢⎢⎣

♣
♣ ♣

♣ ♣

⎤⎥⎥⎥⎥⎥⎦
Ð→

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

♣
♡ ♣
♡ ♡ ♣
♣ ♡ ♡ ♣

♣ ♡ ♡ ♣
♣ ♡ ♡ ♣

♣ ♡ ♡ ♣
♣ ♡ ♡ ♣

♣ ♡ ♡ ♣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (4.8)

kde ♣ ≠ 0 a ♡ může být nulové i nenulové č́ıslo.
Takto však bude zobecněńı fungovat jen v ideálńım př́ıpadě, kdy bloky, které bu-

dou vycházet na pravých stranách rovnic (4.4) a (4.5), budou mı́t vždy v́ıce-či-méně
lineárně nezávislé sloupce. Obecně v praktických výpočtech obsahuj́ıćıch zaokrouh-
lovaćı chyby můžeme předpokládat, že sloupce budou vždy lineárně nezávislé, nav́ıc,
bude-li úloha rozumně podmı́něná, může být źıskaná aproximace použitelná. Zcela
analogická je situace v př́ıpadě blokové Lanczovy tridiagonalizace; viz např. [25],
[121], [36], [102], nebo [5, kap. 4.6 a 7.10 (R. W. Freund, Band Lanczos Method)].
Pokud docháźı k tomu, že vektory jsou v rámci bloku skoro lineárně závislé, provád́ı
se tzv. deflace (přesněji inexact deflation, nebot’ se pohybujeme v aritmetice s plo-
voućı řádovou čárkou a omezenou přesnost́ı); viz např. [1].

V článku [68] jsme se však potřebovali vydat jiným směrem a provedli jsme
tak detailńı analýzu chováńı blokové Golubovy–Kahanovy bidiagonalizace (zapsané
ovšem v nepatrně odlǐsné, tzv. pásové formě) v přesné aritmetice včetně anlýzy
přesných deflaćı. Výstupem algoritmu je pricnipiálně analogický tvar jako má matice
(4.8) vpravo, jen horńı (resp. dolńı) trojúhelńıkové matice maj́ı obecně horńı (resp.
dolńı) schodovitý tvar, např.

L =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

♣
♡ ♣
♡ ♡ ♣
♣ ♡ ♡ ♣

♣ ♡ ♡ ♣
0 ♣ ♡ ♣

♣ ♡ 0
♣ ♣

♣ ♣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (4.9)
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kde schody (zde na dvou mı́stech vyznačených nulami) indikuj́ı ony deflace. Tedy
okamžiky – iterace, kdy se uzav́ıraj́ı jednotlivé podprostory invariantńı v̊uči akćım
operátor̊u AAH, nebo AHA.

Ukázali jsme, že matice LLH, LHL maj́ı speciálńı tvar, přesněji strukturu nenu-
lových prvk̊u, kterou jsme nazvali wedge-shaped (česky kĺınová matice); viz [68, kap.
4, str. 425–431]. (Nelze zde přitom použ́ıt klasický výsledek, že obálky pozitivně de-
finitńı matice a jej́ıho Choleského faktoru jsou identické (viz [33, kap. 4.2]), nebot’

tento výsledek plat́ı pouze pro regulárńı matice; zde jsou matice LLH, LHL obecně
semidefinitńı, přičemž mohou tedy být i singulárńı. Snadno lze naj́ıt protipř́ıklady
prve zmiňovaného výsledku o obálkách; viz [68, Fig. 1, str. 429].)

Ukázali jsme, že tyto matice jsou v jistém smyslu zobecněńım Jacobiho tri-
diagonálńıch matic. Zobecňuj́ı totiž řadu jejich vlastnost́ı. Jacobiho tridiagonálńı
matice maj́ı např́ıklad:

(i) jednoduchá vlastńı č́ısla a

(ii) jejich vlastńı vektory maj́ı nenulové prvńı

(iii) a posledńı prvky,

(iv) nav́ıc žádné dva po sobě jdoućı prvky vlastńıho vektoru nemohou být nulové;

viz např. [132], nebo [97]. Prvńı dvě vlastnosti byly zobecněny již v článku [68].
Ukázali jsme, že wedge-shaped matice s š́ı̌rkou pásu % (tj. s 2% + 1 nenulovými
diagonálami) maj́ı (i) vlastńı č́ısla s násobnost́ı nevýše %. Dále, vezmeme-li libovol-
nou bázi libovolného vlastńıho prostoru a sestav́ıme do matice, pak (ii) prvńıch %
řádk̊u této matice tvoř́ı blok s lineárně nezávislými sloupci. Podobně, ale poněkud
složitěji lze zobecnit i vlastnost (iii) nenulového posledńıho a (iv) dvou po sobě
jdoućıch prvk̊u. V článku [68] jsou prvńı dvě d̊uležité pro odvozeńı vlastnost́ı core
problémů. Plně se pak problematice věnujeme v článku [61]. Zde jsou zobecněny a
dokázány všechny výše zmiňované vlastnosti (i)–(iv). Tyto matice a jejich vlastnosti
tak snad mohou být užitečné a naj́ıt uplatněńı při popisu daľśım pochopeńı chováńı
blokových krylovovských algoritmů.

Původńı autorské články vztahuj́ıćı se k tomuto tématu publikované v impakto-
vaných časopisech jsou přiloženy, konkrétně:

[64] (2009) jako př́ıloha A.5 na str. 131 (již zmı́něno jako hlavńı výsledek kap. 2);

[76] (2014) jako př́ıloha A.6 na str. 161 (již zmı́něno jako hlavńı výsledek kap. 3);

[61] (2015) jako př́ıloha A.7 na str. 183.
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Ve čtyřech předchoźıch kapitolách jsme se pokusili velmi stručně shrnout nejd̊uleži-
těǰśı z výsledk̊u odborné práce habilitanta v oblasti numerické a aplikované lineárńı
algebry, zejména pak maticových a tenzorových výpočt̊u. Výsledky jsou navzájem
provázané mnoha r̊uznými souvislostmi, přesto jsme si však dovolili je rozčlenit do
několika v́ıce-či-méně samostatných témat soustřed́ıćıch se kolem lineárńıch apro-
ximačńıch úloh, regularizačńıch metod, tenzorových rozklad̊u a práce s nimi a kry-
lovovských metod obecně.

Text je doprovozen př́ılohami, rozdělenými do pěti tématických sekćı z nichž
prvńı dvě odpov́ıdaj́ı dvěma hlavńım sekćım prvńı kapitoly: řešitelnosti TLS prob-
lémů a core problémům, a každá ze zbývaj́ıćıch třech odpov́ıdá jedné z daľśıch
kapitol. Př́ılohy obsahuj́ı sedm článk̊u publikovaných v impaktovaných časopisech
vesměs zařazených do prvńı (Q1) nebo druhé (Q2) čtvrtiny nejlépe hodnocených
periodik. Většina článk̊u (šest) je dohledatelných v databázi ISI Web-of-Knowledge
(WoK), zbývajćı sedmý byl publikován v červenci 2016 a tud́ıž zat́ım neńı ve WoK
dohledatelný. Těchto sedm článk̊u má celkem 28 citaćı (bez autocitaćı2) v publi-
kaćıch, které bud’ již jsou (21 citaćı) evidované ve WoK, nebo byly přijaty a publi-
kovány v impaktovaných časopisech, tj. zařazených do WoK. Celkový ohlas těchto
článk̊u zahrnuje 46 citaćı (bez autotcitaćı), kam nav́ıc zahrnujeme citace v mono-
grafíıch nezarhnutých do WoK, preprinty uložené v arXivu, preprinty významných
zahraničńıch univerzit, nebo dizertačńı práce obhájené na významných zahraničńıch
univerzitách; viz detailńı seznam v př́ıloze A na str. 49, 75, 127, 159 a 181. Všichni
spoluautoři všech sedmi článk̊u přispěli k jejich vzniku rovným d́ılem.

2Autocitaćı, v souladu s WoK, rozumı́me citaci provedenou autorem samým (tj. habilitantem),
nikoliv některým ze spoluautor̊u; cituj́ıćı článek publikovaný některým ze spoluautor̊u bez autorské
účasti habilitanta, neńı dle WoK považován za autocitaci. Ve výše uvedených 28 (resp. 46) citaćıch
je 5 (resp. 8) těchto př́ıpad̊u.
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[16] Å. Björck: Numerical Methods for Least Squares Problem, SIAM Publicati-
ons, Philadelphia, PA, 1996.
doi:10.1137/1.9781611971484
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Zürich, 2010.
doi:10.4171/091

[20] D. Calvetti, G. H. Golub, L. Reichel: Estimation of the L-curve via Lan-
czos bidiagonalization, BIT Numerical Mathematics, 39(4) (1999), pp. 603–
619.
doi:10.1023/A:1022383005969

[21] D. Calvetti, S. Morigi, L. Reichel, F. Sgallari: Tikhonov regulari-
zation and the L-curve for large discrete ill-posed problems, Journal of Com-
putational and Applied Mathematics, 123(1–2) (2000), pp. 423–446.
doi:10.1016/S0377-0427(00)00414-3

[22] D. Calvetti, L. Reichel, A. Shuibi: L-curve and curvature bounds for
Tikhonov regularization, Numerical Algorithms, 35(2) (2004), pp. 301–314.
doi:10.1023/B:NUMA.0000021764.16526.47

[23] J. Chung, J. G. Nagy, D. P. O’Leary: A weighted GCV method for Lan-
czos hybrid regularization, Electronic Transactions on Numerical Analysis, 28
(2008), pp. 149–167.

[24] E. J. Craig: The N -step iteration procedures, Studies in Applied Mathema-
tics, 34(1–4) (1955), pp. 64–73.
doi:10.1002/sapm195534164

[25] J. K. Cullum, W. E. Donath: A Block Generalization of the Symmetric
S-Step Lanczos algorithm, Rep. No. RC 4845, IBM, Thomas J. Watson Res.
Center, Yorktown Heights, New York (1974).

38

http://dx.doi.org/10.1137/1.9781611971484
http://dx.doi.org/10.1007/978-3-319-05089-8
http://dx.doi.org/10.4171/091
http://dx.doi.org/10.1023/A:1022383005969
http://dx.doi.org/10.1016/S0377-0427(00)00414-3
http://dx.doi.org/10.1023/B:NUMA.0000021764.16526.47
http://dx.doi.org/10.1002/sapm195534164


Závěr
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struction of single-grain orientation distribution functions for crystalline ma-
terials, SIAM Journal on Imaging Sciences, 2(2) (2009), pp. 593–613.
doi:10.1137/080726021

[57] P. C. Hansen, J. Nagy, D. P. O’Leary: Deblurring Images: Matrices,
Spectra, and Filtering, SIAM Publications, Philadelphia, PA, 2006.
doi:10.1137/1.9780898718874

[58] M. R. Hestenes, E. Stiefel: Methods of conjugate gradients for solving
linear systems, Journal of Research of the National Bureau of Standards,
49(6) (1952), pp. 409–435.
doi:10.6028/jres.049.044
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gralwerte längs gewisser Mannigfaltigkeiten, Berichte über die Verhandlun-
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tabázi ale zat́ım (ke dni 14. listopadu 2016) neńı;
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THE TOTAL LEAST SQUARES PROBLEM IN AX≈ B:
A NEW CLASSIFICATION WITH THE RELATIONSHIP

TO THE CLASSICAL WORKS*

IVETA HNĚTYNKOVÁ†, MARTIN PLEŠINGER‡, DIANA MARIA SIMA§,

ZDENĚK STRAKOŠ†, AND SABINE VAN HUFFEL§

Abstract. This paper revisits the analysis of the total least squares (TLS) problem AX ≈ B with multi-
ple right-hand sides given by Van Huffel and Vandewalle in the monograph, The Total Least Squares Problem:
Computational Aspects and Analysis, SIAM, Philadelphia, 1991. The newly proposed classification is based on
properties of the singular value decomposition of the extended matrix ½BjA�. It aims at identifying the cases
when a TLS solution does or does not exist and when the output computed by the classical TLS algorithm,
given by Van Huffel and Vandewalle, is actually a TLS solution. The presented results on existence and un-
iqueness of the TLS solution reveal subtleties that were not captured in the known literature.

Key words. total least squares, multiple right-hand sides, linear approximation problems, orthogonally
invariant problems, orthogonal regression, errors-in-variables modeling
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1. Introduction. This paper focuses on the total least squares (TLS) formulation
of the linear approximation problem with multiple right-hand sides

AX ≈ B; A ∈ Rm×n; X ∈ Rn×d; B ∈ Rm×d; ATB ≠ 0;ð1:1Þ
or, equivalently,

½BjA�
�
−I d
X

�
≈ 0:ð1:2Þ

We concentrate on the incompatible problem (1.1), i.e., RðBÞ ⊄ RðAÞ. The compatible
case reduces to finding a solution of a system of linear algebraic equations. In TLS, con-
trary to the ordinary least squares, the correction is allowed to compensate for errors in
the system (data) matrix A as well as in the right-hand side (observation) matrix B, and
the matrices E and G are sought to minimize the Frobenius norm in
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min
X;E;G

k½GjE�kF subject to ðAþ EÞX ¼ B þG:ð1:3Þ

Throughout the paper, anymatrix X which solves the corrected system in (1.3) is called
a TLS solution. Similar to the ordinary least squares, we are often interested in TLS
solutions minimal in the 2-norm and/or in the Frobenius norm.

Mathematically equivalent problems have been independently investigated in sev-
eral areas as orthogonal regression and errors-in-variables modeling; see [18], [19]. It is
worth noting that norms other than the Frobenius norm in (1.3) can also be relevant in
practice; see, e.g., [20].

The TLS problem (1.1)–(1.3) has been investigated in its algebraic setting for dec-
ades; see the early works [6], [4, section 6], [14]. In [7] it is shown that even with d ¼ 1
(which gives Ax≈ b, where b is an m-vector) the TLS problem may not have a solution
and, when the solution exists, it may not be unique; see also [5, pp. 324–326]. The clas-
sical book [17] introduces the generic–nongeneric terminology representing the basic
classification of TLS problems. If d ¼ 1, then the generic problems simply represent pro-
blems that have a (possibly nonunique) solution, whereas nongeneric problems do not
have a solution in the sense of (1.3). This is no longer true for multiple right-hand sides,
where d > 1. The monograph [17] analyzes only two particular cases characterized by
the special distribution of singular values of the extended matrix ½BjA�. The so-called
classical TLS algorithm presented in [17], however, for any A, B, computes some output
X . The relationship of this output to the original problem is not always clear.

For d ¼ 1, the TLS problem does not have a solution when the collinearities among
columns ofA are stronger than the collinearities betweenRðAÞ and b; see [9], [10], [11] for
a recent description. An analogous situation may occur for d > 1, but here the difficulty
can be caused for different columns of B by different subsets of columns of A. Therefore,
it is no longer possible to stay with the generic–nongeneric classification of TLS pro-
blems. This is also the reason why the question remained open in [17]. In this paper
we try to fill this gap and investigate existence and uniqueness of the TLS solution with
d > 1 in full generality.

The organization of this paper is as follows. Section 2 recalls some basic results.
Section 3 introduces problems of what we call the 1st class. After recalling known results
for two special distributions of singular values in sections 3.1 and 3.2, we turn to the
general case in section 3.3. The new classification is introduced in section 4. Section 5
introduces problems of the 2nd class. Section 6 links the new classification with the clas-
sical TLS algorithm from [17], and section 7 concludes the paper.

2. Preliminaries. As usual, σjðMÞ denotes the jth largest singular value, RðM Þ
and N ðM Þ denote the range and the null space, kMkF and kMk denote the Frobenius
norm and the 2-norm of the given matrix M , respectively, and M † denotes the Moore–
Penrose pseudoinverse ofM . Further, kvk denotes the 2-norm of the given vector v; I k ∈
Rk×k denotes the k-by-k identity matrix.

In order to simplify the notation we assume, with no loss of generality, m ≥ nþ d
(otherwise, we can simply add zero rows). Consider the SVD of A, r ≡ rankðAÞ,

A ¼ U  0Σ 0ðV  0ÞT ;ð2:1Þ

where ðU  0Þ−1 ¼ ðU  0ÞT , ðV  0Þ−1 ¼ ðV  0ÞT , Σ 0 ¼ diagðσ 0
1; : : : ;σ

 0
r; 0Þ ∈ Rm×n, and

σ 0
1 ≥ · · ·≥ σ 0

r > σ 0
rþ1 ¼ · · ·¼ σ 0

n ≡ 0:ð2:2Þ
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Similarly, consider the SVD of ½BjA�, s≡ rankð½BjA�Þ,

½BjA� ¼ UΣVT;ð2:3Þ

where U−1 ¼ UT , V−1 ¼ VT , Σ ¼ diagðσ1; : : : ;σs; 0Þ ∈ Rm×ðnþdÞ, and

σ1 ≥ · · ·≥ σs > σsþ1 ¼ · · ·¼ σnþd ≡ 0:ð2:4Þ

If s ¼ nþ d (which implies r ¼ n), then Σ 0 and Σ have no zero singular values. Among
the singular values, a key role is played by σnþ1, where n represents the number of col-
umns of A. In order to handle possible higher multiplicity of σnþ1, we introduce the
notation

σp ≡ σn−q > σn−qþ1 ¼ · · ·¼ σn|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
q

¼ σnþ1 ¼ · · ·¼ σnþe|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
e

> σnþeþ1;ð2:5Þ

where q singular values to the left and e− 1 singular values to the right are equal to
σnþ1, and hence q ≥ 0, e ≥ 1. For convenience we denote n− q≡ p. (Clearly
σp ≡ σn−q is not defined if and only if q ¼ n; similarly, σnþeþ1 is not defined if and only
if e ¼ d.)

For an integer Δ (not necessarily nonnegative) it will be useful to consider the
partitioning

where ΣðΔÞ
1 ∈ Rm×ðn−ΔÞ, ΣðΔÞ

2 ∈ Rm×ðdþΔÞ, and V
ðΔÞ
11 ∈ Rd×ðn−ΔÞ, V ðΔÞ

12 ∈ Rd×ðdþΔÞ, V ðΔÞ
21 ∈

Rn×ðn−ΔÞ,V ðΔÞ
22 ∈ Rn×ðdþΔÞ. WhenΔ ¼ 0, the partitioning conforms to the fact that ½BjA�

is created by A appended by the matrix B with d columns, and in this case the upper
index is omitted, Σ1 ≡ Σð0Þ

1 , etc.
The classical analysis of the TLS problem with a single right-hand side (d ¼ 1) pre-

sented in [7] and the theory developed in [17] were based on relationships between the
singular values ofA and ½BjA�. For d ¼ 1, in particular, σ 0

n > σnþ1 represents a sufficient
(but not necessary) condition for the existence and uniqueness of the solution. In order to
extend this condition to the case d > 1, the following generalization of [7, Theorem 4.1] is
useful.

THEOREM 2.1. Let (2.1) be the SVD of A and (2.3) the SVD of ½BjA� with the parti-
tioning given by (2.6), m ≥ nþ d, Δ ≥ 0. If

σ  0
n−Δ > σn−Δþ1;ð2:7Þ

then σn−Δ > σn−Δþ1. Moreover, V ðΔÞ
12 is of full row rank equal to d, and V

ðΔÞ
21 is of full

column rank equal to ðn− ΔÞ.
The first part follows immediately from the interlacing theorem for singular

values [17, Theorem 2.4, p. 32] (see also [13]). For the proof of the second part, see
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[21, Lemma 2.1] or [17, Lemma 3.1, pp. 64–65]. (Please note the different ordering of the
partitioning of V in [21], [17].)

We start our analysis with the following definition.
DEFINITION 2.2 (problems of the 1st class and of the 2nd class). Consider a TLS

problem (1.1)–(1.3),m ≥ nþ d. Let (2.3) be the SVD of ½BjA� with the partitioning given
by (2.6). Take Δ≡ q, where q is the “left multiplicity” of σnþ1 given by (2.5).

• If V ðqÞ
12 is of full row rank d, then we call (1.1)–(1.3) a TLS problem of the

1st class.
• If V ðqÞ

12 is rank deficient (i.e., has linearly dependent rows), then we call (1.1)–
(1.3) a TLS problem of the 2nd class.

The set of all problems of the 1st class will be denoted by F . The set of all problems of the
2nd class will be denoted by S.

3. Problems of the 1st class. For d ¼ 1, the right singular vector subspace cor-
responding to the smallest singular value σnþ1 of ½bjA� contains for a TLS problem of the
1st class a singular vector with a nonzero first component. Consequently, the TLS pro-
blem has a (possibly nonunique) solution. As we will see, for d > 1 an analogous prop-
erty does not hold. The TLS problem of the 1st class with d > 1may not have a solution.
First we recall known results for two special cases of problems of the 1st class.

3.1. Problems of the 1st class with unique TLS solution. Consider a TLS
problem of the 1st class. Assume that σn > σnþ1, i.e., q ¼ 0 (p ¼ n). Setting Δ≡ q ¼
0 in (2.6), V ðqÞ

12 ≡ V 12 is a square (and nonsingular) matrix. Define the correction matrix

½GjE�≡−U ½0jΣ2�VT ¼ −UΣ2½VT
12jVT

22�:ð3:1Þ

Clearly, k½GjE�kF ¼ ðPnþd
j¼nþ1 σ

2
jÞ1 ∕ 2, and the corrected matrix ½B þGjAþ E� repre-

sents, by the Eckart–Young–Mirsky theorem [1], [8], the unique rank n approximation
of ½BjA� with minimal ½GjE� in the Frobenius norm.

The columns of the matrix ½VT
12jVT

22�T represent a basis for the null space of the
corrected matrix ½B þGjAþ E�≡ UΣ1½VT

11jVT
21�. Since V 12 is square and nonsingular,

½B þGjAþ E�
�

−I d
−V 22V

−1
12

�
¼ 0;

which gives the uniquely determined TLS solution

XTLS ≡ X ð0Þ ≡−V 22V
−1
12 :ð3:2Þ

We summarize these observations in the following theorem; see [17, Theorem 3.1,
pp. 52–53].

THEOREM 3.1. Consider a TLS problem of the 1st class. If

σn > σnþ1;ð3:3Þ

then with the partitioning of the SVD of ½BjA� given by (2.6), Δ≡ q ¼ 0, V 12 ∈ Rd×d is
square and nonsingular, and (3.2) represents the unique TLS solution of the problem
(1.1)–(1.3) with the corresponding correction ½GjE� given by (3.1).

Theorem 2.1 gives the following corollary.
COROLLARY 3.2. Let (2.1) be the SVD of A and (2.3) the SVD of ½BjA� with the par-

titioning given by (2.6), m ≥ nþ d, Δ≡ 0. If
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σ 0
n > σnþ1;ð3:4Þ

then (1.1)–(1.3) is a problem of the 1st class, σn > σnþ1, and (3.2) represents the unique
TLS solution of the problem (1.1)–(1.3) with the corresponding correction matrix ½GjE�
given by (3.1).

We see that (3.4) represents a sufficient condition for the existence and uniqueness
of the TLS solution of the problem (1.1)–(1.3). This condition is, however, intricate. It
may look like the key to the analysis of the TLS problem, in particular, when one con-
siders the following corollary of the interlacing theorem for singular values and
Theorem 2.1; see [17, Corollary 3.4, p. 65].

COROLLARY 3.3. Let (2.1) be the SVD of A and (2.3) the SVD of ½BjA� with the
partitioning given by (2.6), m ≥ nþ d, Δ≡ q ≥ 0. Then the following conditions are
equivalent:

(i) σ  0
n−q > σn−qþ1 ¼ · · ·¼ σnþd,

(ii) σn−q > σn−qþ1 ¼ · · ·¼ σnþd and V
ðqÞ
12 is of (full row) rank d.

In the following discussion we restrict ourselves to the single right-hand side case.
The condition (i) implies that the TLS problem is of the 1st class. If d ¼ 1 and q ¼ 0,
then (i) reduces to (3.4) and the statement of Corollary 3.3 says that σ  0

n > σnþ1 if and
only if σn > σnþ1 and ½1; 0; : : : ; 0�Tvnþ1 ≠ 0. In order to show the difficulty and motivate
the classification in what follows, we now consider all remaining possibilities for the case
d ¼ 1. It should be, however, understood that they go beyond the problems of the 1st
class and the unique TLS solution. If σ  0

n ¼ σnþ1, then it may happen that either σn >
σnþ1 and ½1; 0; : : : ; 0�Tvnþ1 ¼ 0, which means that the TLS problem is not of the 1st
class and it does not have a solution, or σn ¼ σnþ1. In the latter case, depending on
the relationship between σ 0

n−q and σn−qþ1 ¼ · · ·¼ σnþ1 for some q > 0 (see Corol-
lary 3.3), the TLS problem may have a nonunique solution if the TLS problem is of
the 1st class (see the next section), or the solution may not exist. We see that an attempt
to base the analysis on the relationship between σ 0

n and σnþ1 becomes very involved.
The situation becomes more transparent with the use of the core problem concept

from [11]. For any linear approximation problem Ax≈ b (we still consider d ¼ 1), there
are orthogonal matrices P, R such that

PT ½bjA�
�
1 0

0 R

�
¼
�
b1 A11 0

0 0 A22

�
;ð3:5Þ

where the following hold:
(i) A11 is of minimal dimensions and A22 is of maximal dimensions (A22 may also

have zero number of rows and/or columns) over all orthogonal transforma-
tions of ½bjA� yielding the structure (3.5) of zero and nonzero blocks. Suppose
b ∕⊥ RðAÞ has nonzero projections on exactly l left singular vector subspaces
of A corresponding to distinct (nonzero) singular values. Then among all
decompositions of the form (3.5) the minimally dimensioned A11 is l× l
if Ax≈ b is compatible and ðlþ 1Þ× l if Ax≈ b is incompatible (see [11,
Theorem 2.2]).

(ii) All singular values of A11 are simple and nonzero; all singular values of
½b1jA11� are simple and, since b ∈= RðAÞ, nonzero (recall that we consider only
the incompatible problems).

(iii) The first components of all right singular vectors of ½b1jA11� are nonzero.
(iv) σminðA11Þ > σminð½b1jA11�Þ. Moreover, singular values of A11 strictly interlace

singular values of ½b1jA11�.
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(See [11, section 3].) The minimally dimensioned subproblem A11x1 ≈ b1 is then called
the core problem within Ax≈ b. The SVD of the block structured matrix on the right-
hand side in (3.5) can be obtained as a direct sum of the SVD decompositions of the
blocks ½b1jA11� and A22, just by extending the singular vectors corresponding to the first
block by zeros on the bottom and by extending the singular vectors corresponding to the
second block by zeros on the top. Consequently, considering the special structure of the
orthogonal transformation diagð1; RÞ in (3.5), which does not change the first compo-
nents of the right singular vectors, all right singular vectors of ½bjA� with nonzero first
components correspond to the block ½b1jA11�, and all right singular vectors of ½bjA� with
zero first component correspond to A22. Moreover,

σ 0
n ≡ σminðAÞ ¼ minfσminðA11Þ;σminðA22Þg;

σnþ1 ≡ σminð½bjA�Þ ¼ minfσminð½b1jA11�Þ;σminðA22Þg:

We will review all possible situations.
Case 1. σ 0

n > σnþ1. This happens if and only if σminðA22Þ > σminð½b1jA11�Þ ¼ σnþ1,
which is equivalent to the existence of the unique TLS solution.

Case 2. σminðA22Þ≡ σ  0
n ¼ σnþ1. Here we have to distinguish two cases:

Case 2a. σminðAÞ ¼ σminð½bjA�Þ ¼ σminð½b1jA11�Þ. This guarantees the existence
of the (minimum norm) TLS solution. All singular values of A equal to
σminðAÞ are the singular values of the block A22. Consequently, the multi-
plicity of σminð½bjA�Þ is larger by one than the multiplicity of σminðAÞ.

Case 2b. σminðAÞ ¼ σminð½bjA�Þ < σminð½b1jA11�Þ. Then the multiplicities of
σminðAÞ and σminð½bjA�Þ are equal, all right singular vectors of ½bjA� corre-
sponding to σminð½bjA�Þ have zero first components, and the TLS solution
does not exist.

Summarizing, the TLS solution exists if and only if either σminðAÞ > σminð½bjA�Þ, or
σminðAÞ ¼ σminð½bjA�Þ with different multiplicities for σminðAÞ and σminð½bjA�Þ. In terms
of the singular values of subblocks in the core reduction (3.5),

σminðA22Þ > σminð½b1jA11�Þ ⇔ TLS solution exists and is unique;

σminðA22Þ ¼ σminð½b1jA11�Þ ⇔ TLS solution exists and is not unique;

σminðA22Þ < σminð½b1jA11�Þ ⇔ TLS solution does not exist:

If the TLS solution exists, then the minimum norm TLS solution can always be com-
puted, and it is automatically given by the core problem formulation. If the TLS solution
does not exist, then the core problem formulation gives the solution equivalent to the
minimum norm nongeneric solution constructed in [17].

We will see that in the multiple right-hand sides case the situation is much more
complicated.

3.2. Problems of the 1st class with nonunique TLS solutions—a special
case. Consider a TLS problem of the 1st class. Assume that e≡ d in (2.5); i.e., let
all the singular values starting from σn−qþ1 ≡ σpþ1 be equal:

σ1 ≥ · · ·≥ σp > σpþ1 ¼ · · ·¼ σnþ1 ¼ · · ·¼ σnþd ≥ 0:ð3:6Þ
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The case q ¼ 0 (p ¼ n) reduces to the problem with unique TLS solution discussed in
section 3.1. If q ¼ n (p ¼ 0), i.e., σ1 ¼ · · ·¼ σnþd, then the columns of ½BjA� are mutually
orthogonal and ½BjA�T ½BjA� ¼ σ2

1I nþd. Then it seems meaningless to approximate B by
the columns of A, and we will get (consistently with [17]) the trivial solution XTLS ≡ 0
(this case does not satisfy the nontriviality assumption ATB ≠ 0 in (1.1)). Therefore, in
this section the interesting case is represented by n > q > 0 (0 < p < n).

We first construct the solution minimal in norm. Since V ðqÞ
12 ∈ Rd×ðqþdÞ is of full row

rank, there exists an orthogonal matrix Q ∈ RðqþdÞ×ðqþdÞ such that

"
V

ðqÞ
12

V
ðqÞ
22

#
Q ≡ ½vpþ1; : : : ; vnþd�Q ¼

�
0 Γ
Y Z

�
;ð3:7Þ

where Γ ∈ Rd×d is square and nonsingular. Such an orthogonal matrix Q can be
obtained, e.g., using the LQ decomposition of V

ðqÞ
12 . Consider the partitioning

Q ¼ ½Q1jQ2�, where Q2 ∈ RðqþdÞ×d has d columns. Then the columns of Q2 form an
orthonormal basis of the subspace spanned by the columns of V ðqÞT

12 , Q1 ∈ RðqþdÞ×q is
an orthonormal basis of its orthogonal complement, and

�
Γ
Z

�
¼
�
V

ðqÞ
12

V
ðqÞ
22

�
Q2; V

ðqÞ
12 ¼ ΓQT

2 :ð3:8Þ

Define the correction matrix

½GjE�≡−½BjA�
�
Γ
Z

��
Γ
Z

�
T

¼ −UΣVT

2
4V ðqÞ

12

V
ðqÞ
22

3
5Q2Q

T
2

"
V

ðqÞ
12

V
ðqÞ
22

#
T

¼ −σnþ1½upþ1; : : : ; unþd�Q2Q
T
2 ½vpþ1; : : : ; vnþd�T ;ð3:9Þ

where uj and vj represent left and right singular vectors of the matrix ½BjA�, respec-
tively. If σpþ1 ¼ · · ·¼ σnþd ¼ 0, then the correction matrix is a zero matrix
(σnþ1 ¼ 0), and the problem is compatible; thus we consider σpþ1 ¼ · · ·¼ σnþd > 0.

Note that with the choice of any other matrix Q  0 ¼ ½Q  0
1jQ  0

2� giving a decomposition
of the form (3.7), Q  0

2 represents an orthonormal basis of the subspace spanned by the
columns of V

ðqÞT
12 , and therefore Q  0

2 ¼ Q2Ψ for some orthogonal matrix Ψ ∈ Rd×d.
Consequently, (3.9) is uniquely determined independently of the choice of Q in (3.7).

Clearly, k½GjE�kF ¼ σnþ1kQ2Q
T
2 kF ¼ σnþ1

ffiffiffi
d

p
, and the corrected matrix

½B þGjAþ E�≡ ½BjA�
�
I nþd −

�
Γ
Z

��
Γ
Z

�
T
�

represents the rank n approximation of ½BjA� such that the Frobenius norm of the
correction matrix ½GjE� is minimal, by the Eckart–Young–Mirsky theorem.

The columns of the matrix ½ΓT jZT �T represent a basis for the null space of the
corrected matrix ½B þGjAþ E�. Since Γ is square and nonsingular,
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½B þGjAþ E�
�

−I d
−ZΓ−1

�
¼ 0;

which gives the TLS solution

XTLS ≡−ZΓ−1 ¼ −½Y jZ �QTQ

�
0

Γ−1

�
¼−V

ðqÞ
22 V

ðqÞ
12 ≡ X ðqÞ:ð3:10Þ

This can be expressed as

XTLS ¼ ðATA− σ2
nþ1I nÞ†ATB;

see [17, Theorem 3.10, pp. 62–64]. The solution (3.10) and the correction (3.9) do not
depend on the choice of the matrix Q in (3.7). We summarize these observations in the
following theorem (see [17, Theorem 3.9, pp. 60–62]).

THEOREM 3.4. Consider a TLS problem of the 1st class. Let (2.3) be the SVD of ½BjA�
with the partitioning given by (2.6), Δ≡ q < n, p≡ n− q. If

σp > σpþ1 ¼ · · ·¼ σnþd;ð3:11Þ

then (3.10) represents a TLS solution XTLS of the problem (1.1)–(1.3). This is the unique
solution of the minimal Frobenius norm and 2-norm, with the corresponding unique
correction matrix ½GjE� given by (3.9).

Using Corollary 3.3 we get

σ 0
p > σpþ1 ¼ · · ·¼ σnþd;ð3:12Þ

which represents a sufficient condition for the existence of the TLS solution of the TLS
problem (1.1)–(1.3) minimal in the Frobenius norm and the 2-norm.

The correction matrix minimal in the Frobenius norm can be in this special case
constructed from any d-vectors selected among qþ d columns vpþ1; : : : ; vnþd (or their
orthogonal linear transformation) of the matrix V such that their top d-subvectors cre-
ate a d-by-d square nonsingular matrix. The equality of the last qþ d singular values
ensures that the Frobenius norm of the corresponding correction matrix is still equal to
σnþ1

ffiffiffi
d

p
. It can be shown that, for any such choice, a norm of the corresponding solution

~X is larger than or equal to the norm ofX ðqÞ given by (3.10), and any such ~X represents a
TLS solution. Consequently, the special TLS problem satisfying (3.6) has infinitely
many solutions.

3.3. Problems of the 1st class—the general case. Here we consider a TLS
problem of the 1st class with a general distribution of singular values. We will discuss
only the remaining cases not covered in the previous two sections, i.e., n ≥ q > 0
(0 ≤ p < n; recall that p ¼ n− q) and e < d, giving

σ1 ≥ · · ·≥ σp > σpþ1 ¼ · · ·¼ σnþ1 ¼ · · ·¼ σnþe > σnþeþ1 ≥ · · ·≥ σnþd ≥ 0

(note that σp does not exist for q ¼ n (p ¼ 0)). We will see that in this general case the
problem (1.1)–(1.3) may not have a solution.

We try to construct a TLS solution with the same approach used in section 3.2, and
we will show that it may fail. Since, with the partitioning (2.6), Δ≡ q, the matrix V ðqÞ

12 ∈
Rd×ðqþdÞ is of full row rank, there exists an orthogonal matrix Q ∈ RðqþdÞ×ðqþdÞ such that
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"
V

ðqÞ
12

V
ðqÞ
22

#
Q ≡ ½vpþ1; : : : ; vnþd�Q ¼

�
0 Γ
Y Z

�
;ð3:13Þ

where Γ ∈ Rd×d is square and nonsingular. With the partitioning Q ¼ ½Q1jQ2�, where
Q1 ∈ RðqþdÞ×q, Q2 ∈ RðqþdÞ×d, the columns of Q2 form an orthonormal basis of the
subspace spanned by the columns of V ðqÞT

12 , and

�
Γ
Z

�
¼
"
V

ðqÞ
12

V
ðqÞ
22

#
Q2; V

ðqÞ
12 ¼ ΓQT

2 :ð3:14Þ

Following [17], it is tempting to define the correction matrix

½GjE�≡−½BjA�
�
Γ
Z

��
Γ
Z

�
T

¼ −UΣVT

�
V

ðqÞ
12

V
ðqÞ
22

�
Q2Q

T
2

�
V

ðqÞ
12

V
ðqÞ
22

�T
¼ −½upþ1; : : : ; unþd�diagðσpþ1; : : : ;σnþdÞQ2Q

T
2 ½vpþ1; : : : ; vnþd�T ;ð3:15Þ

which differs from (3.9) because the diagonal factor is no longer a scalar multiple of the
identity matrix. Analogously to the previous section, the matrix (3.15) is uniquely de-
termined independently of the choice of Q in (3.13).

The columns of the matrix ½ΓT jZT �T are in the null space of the corrected matrix

½B þGjAþ E�≡ ½BjA�
�
I nþd −

�
Γ
Z

��
Γ
Z

�
T
�
:ð3:16Þ

In general the columns of ½ΓT jZT �T do not represent a basis for the null space of the
corrected matrix. If A is not of full column rank, the extended matrix ½BjA� has a zero
singular value with the corresponding right singular vector having the first d entries
equal to zero. Such a right singular vector is in the null space of the corrected matrix,
but it cannot be obtained as a linear combination of the columns of ½ΓT jZT �T . Since Γ is
square and nonsingular,

½B þGjAþ E�
�

−I d
−ZΓ−1

�
¼ 0;

and we can construct

X ðqÞ ≡−ZΓ−1 ¼ −V
ðqÞ
22 V

ðqÞ†
12 :ð3:17Þ

The matrices (3.17) and (3.15) do not depend on the choice of Q in (3.13). The matrix
X ðqÞ given by (3.17) is a natural generalization of X ðqÞ given by (3.10). The classical TLS
algorithm [15], [16] (see also [17]) applied to a TLS problem of the 1st class returns as
output the matrix X ðqÞ given by (3.17) with the matrices G, E given by (3.15). We will
show, however, that X ðqÞ is not necessarily a TLS solution.

We first focus on the question whether there exists another correction ~E, ~G corre-
sponding to the last qþ d columns of V that makes the corrected system compatible.
Such a correction can be constructed analogously to (3.13) by considering an orthogonal
matrix ~Q ¼ ½ ~Q1j ~Q2� such that
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"
V

ðqÞ
12

V
ðqÞ
22

#
~Q ¼ ½vpþ1; : : : ; vnþd� ~Q ¼

�
Ω ~Γ
~Y ~Z

�
;ð3:18Þ

where ~Γ ∈ Rd×d is nonsingular and Ω is a matrix not necessarily equal to zero. Then
define the correction matrix

½ ~Gj ~E�≡−½BjA�
"
~Γ
~Z

#"
~Γ
~Z

#
T

:ð3:19Þ

The corrected system ðAþ ~EÞX ¼ B þ ~G is compatible and the matrix

~X ≡− ~Z ~Γ−1 ¼ −V
ðqÞ
22 ðV ðqÞ

12
~Q2

~QT
2 Þ†ð3:20Þ

solves this corrected system. The columns of ½ ~ΓT j ~ZT �T have to be in the null space of the
corrected matrix ½B þ ~GjAþ ~E�. As above, they do not necessarily represent a basis of
this null space.

Now we show that X ðqÞ does not necessarily represent a TLS solution; i.e., the Fro-
benius norm of the correction matrix (3.15) need not be minimal. This can be illustrated

by a simple example. Let q ¼ n and e < d. Then in (3.13) we set Q ¼ ½V ðqÞT
22 jV ðqÞT

12 �.
(Notice that V ðΔÞ

11 and V
ðΔÞ
21 in the partitioning (2.6) vanish for Δ≡ q ¼ n.) Therefore,

�
V

ðqÞ
12

V
ðqÞ
22

�
½V ðqÞT

22 jV ðqÞT
12 � ¼

�
0 I d

I n 0

�
; i:e:; Γ ¼ I d; Z ¼ 0;

which gives from (3.13) ½GjE� ¼ −½Bj0�, and, analogously, X ðqÞ ¼ 0; see (3.17). If we
solve the same problem in the ordinary least squares sense, then the corresponding cor-
rection matrix is ½ḠjĒ�≡ ½ðAA† − I ÞBj0�, having in general smaller Frobenius norm
than ½GjE� ¼ −½Bj0�, given by (3.15). Therefore, the constructed matrix X ðqÞ given
by (3.17) does not, in general, represent a TLS solution.

Summarizing, the classical TLS algorithm of Van Huffel computes for TLS pro-
blems of the 1st class the output (3.2), (3.10), or (3.17), which are formally analogous,
but with different relationship to the TLS solution. While (3.2) and (in the particular
case of a very special distribution of the singular values) (3.10) represent TLS solutions
(having minimal Frobenius and 2-norm), the interpretation of (3.17) remains unclear.
The partitioning of the setF of TLS problems of the 1st class according to the conditions
valid in (3.2), (3.10), and (3.17) is unsatisfactory. In particular, apart from the simple
case (3.2) and the very special case (3.10), we do not know whether a TLS solution
exists.1 We will therefore develop a different partitioning of the set F in section 4. First
we briefly discuss some properties of matrices X ðqÞ and ~X .

3.4. Note on the norms of matrices X�q� and ~X. It is obvious that X ðqÞ given by
(3.17) is a special case of ~X given by (3.20). Lemma 3.5 gives simple formulas for the
Frobenius norm and 2-norm of ~X . Lemma 3.6 shows that X ðqÞ has the minimal norms
among all ~X of the form (3.20). The proofs are fully analogous to the proofs of [17,
Theorems 3.6 and 3.9].

1The problems in the set F are called generic in [17]. Since a problem in this set may not have a TLS
solution, we will no longer use the generic–nongeneric terminology.
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LEMMA 3.5. Let ½ ~ΓT j ~ZT �T ∈ RðnþdÞ×d have orthonormal columns, and assume
~Γ ∈ Rd×d is nonsingular. Then the matrix ~X ¼ − ~Z ~Γ−1 has the norms

k ~Xk2F ¼ k ~Γ−1k2F − d and k ~Xk2 ¼ 1− σ2
minð ~ΓÞ

σ2
minð ~ΓÞ

;ð3:21Þ

where σminð ~ΓÞ is the minimal singular value of ~Γ.
LEMMA 3.6. Consider X ðqÞ ¼ −ZΓ−1 ¼ −V

ðqÞ
22 V

ðqÞ†
12 given by (3.13)–(3.17) and ~X ¼

− ~Z ~Γ−1 given by (3.18)–(3.20). Then

k ~XkF ≥ kX ðqÞkF ; and k ~Xk ≥ kX ðqÞk:ð3:22Þ

Moreover, equality holds for the Frobenius norms if and only if ~X ¼ X ðqÞ.
These lemmas can be easily seen as follows. A matrix ~X of the form (3.20) is going to

be minimal in the Frobenius or the 2-norm when k ~Γ−1kF is minimized or σminð ~ΓÞ≡ σdð ~ΓÞ
is maximized, respectively. The minimization/maximization are with respect to the
orthogonal matrix ~Q which is considered a free variable, with the constraint that ~Γ
has to be nonsingular. The interlacing theorem for singular values applied to the
matrices ½Ωj ~Γ� ¼ V

ðqÞ
12

~Q and ~Γ gives

σjðΓÞ ¼ σjðV ðqÞ
12 Þ ¼ σjð½Ωj ~Γ�Þ ≥ σjð ~ΓÞ; j ¼ 1; : : : ; d;

with all the inequalities becoming equalities if and only if Ω ¼ 0. The minimum for the
2-norm is reached when the smallest singular values are equal, i.e., σdðΓÞ ¼ σdð ~ΓÞ. Note
that there can be more than one matrix of the form (3.20) reaching the minimum of the
2-norm.

If the corrected matrix (Aþ ~E) has linearly dependent columns, then the corrected
system with the correction ½ ~Gj ~E� of the form (3.19) can have more than one solution.
The following lemma shows that under some additional assumptions on the structure of
~Q, the matrix (Aþ ~E) is of full column rank, and therefore the matrix ~X of the form
(3.20) is the unique solution of the corrected system. (Note that the correction (3.15) is a
special case of the correction (3.19).)

LEMMA 3.7. Consider a TLS problem of the 1st class. Let ½ ~Gj ~E� be the correction
matrix given by (3.19), and let ~X be the matrix given by (3.20). If ~Q in (3.18) has
the block diagonal form ~Q ¼ diagðQ  0; I d−eÞ, whereQ  0 ∈ RðqþeÞ×ðqþeÞ is an orthogonal ma-
trix, then ðAþ ~EÞ is of full column rank, and ~X represents the unique solution of the
corrected system ðAþ ~EÞ ~X ¼ B þ ~G.

Proof. Since ~Q ¼ diagðQ  0; I d−eÞ has the block diagonal structure,

½BjA� ¼ UΣVT ¼

0
B@U

2
64 I p 0 0

0 ~Q 0

0 0 Im−n−d

3
75
1
CAΣ
�
V

�
I p 0

0 ~Q

��T

≡ ŪΣV̄ T ;

i.e., ŪΣV̄ T represents the SVD of ½BjA� with

Ū ¼ ½ū1; : : : ; ūm�; V̄ ¼ ½v̄1; : : : ; v̄nþd� ¼
"
V

ðqÞ
11 Ω ~Γ

V
ðqÞ
21

~Y ~Z

#
:

Using this SVD, the corrected matrix can be written as
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½B þ ~GjAþ ~E� ¼ ½ū1; : : : ; ūn� diagðσ1; : : : ;σnÞ
"
V

ðqÞ
11 Ω

V
ðqÞ
21

~Y

#
T

:

If σn ¼ 0, then ½ ~Gj ~E� ¼ 0 and the original system is compatible, i.e., RðBÞ ⊆ RðAÞ.
Therefore, assume σn > 0. From the CS decomposition of V̄ it follows that since ~Γ
is square nonsingular, the matrix ½V ðqÞ

21 j ~Y � is square nonsingular. Since ½ū1; : : : ; ūn� is
of full column rank, the matrix

ðAþ ~EÞ ¼ ½ū1; : : : ; ūn�diagðσ1; : : : ;σnÞ½V ðqÞ
21 j ~Y �T

is of full column rank. The matrix ~X is then the unique solution of the corrected system
ðAþ ~EÞ ~X ¼ B þ ~G. ▯

We will see in the next section that the form ~Q ¼ diagðQ  0; I d−eÞ appears in a
natural way.

4. Partitioning of the set of problems of the 1st class. We will base our par-
titioning and the subsequent classification of TLS problems with multiple right-hand
sides on the following theorem.

THEOREM 4.1. Consider a TLS problem of the 1st class. Let (2.3) be the SVD of ½BjA�
with the partitioning given by (2.6), Δ≡ q ≤ n, where q is the “left multiplicity” of σnþ1

given by (2.5), p≡ n− q. Consider an orthogonal matrix ~Q such that"
V

ðqÞ
12

V
ðqÞ
22

#
~Q ¼

�
Ω ~Γ
~Y ~Z

�
; ~Q ¼ ½ ~Q1 j ~Q2�;ð4:1Þ

where ~Q1 ∈ RðqþdÞ×q, ~Q2 ∈ RðqþdÞ×d, and define

½ ~Gj ~E�≡−½BjA�
�
~Γ
~Z

��
~Γ
~Z

�T
¼ −½upþ1; : : : ; unþd� diagðσpþ1; : : : ;σnþdÞ ~Q2

~QT
2 ½vpþ1; : : : ; vnþd�T :ð4:2Þ

Then the following two assertions are equivalent:
(i) There exists an orthonormal matrix Ψ ∈ Rd×d such that Q̂ ≡ ~Q diagðI q;ΨÞ

has the block diagonal structure

Q̂ ¼
�
Q  0 0

0 I d−e

�
∈ RðqþdÞ×ðqþdÞ; Q  0 ∈ RðqþeÞ×ðqþeÞ;ð4:3Þ

and using Q̂ in (4.1)–(4.2) instead of ~Q yields the same ½ ~Gj ~E�.
(ii) The matrix ½ ~Gj ~E� satisfies

k½ ~Gj ~E�kF ¼
0
@ Xnþd

j¼nþ1

σ2
j

1
A1 ∕ 2

:ð4:4Þ

Proof. First we prove the implication ðiÞ ⇒ ðiiÞ. We partition Q̂ ¼ ½Q̂1jQ̂2�, where
Q̂1 ∈ RðqþdÞ×q, Q̂2 ∈ RðqþdÞ×d, and Q  0 ¼ ½Q  0

1jQ  0
2�, where Q  0

1 ∈ RðqþeÞ×q, Q  0
2 ∈ RðqþeÞ×e.

Then
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Q̂2Q̂
T
2 ¼

�
Q  0

2 0

0 I d−e

��
Q  0

2 0

0 I d−e

�T
¼
�
Q  0

2

0

��
Q  0

2

0

�
T

þ
�

0

I d−e

��
0

I d−e

�
T

;

which gives, using (4.2) and (2.5),

k½ ~Gj ~E�k2F ¼ kdiagðσpþ1; : : : ;σnþdÞQ̂2Q̂
T
2 k2F

¼ σ2
nþ1kQ  0

2ðQ  0
2ÞTk2F þ

Xnþd

j¼nþeþ1

σ2
j ¼ σ2

nþ1eþ
Xnþd

j¼nþeþ1

σ2
j;

i.e., (4.4). The implication ðiÞ ⇒ ðiiÞ is proved.
Now we prove the implication ðiiÞ ⇒ ðiÞ. Let ½ ~Gj ~E� be given by (4.1), (4.2) and as-

sume that (4.4) holds. We prove that there exists Q̂ of the form (4.3) giving the same
½ ~Gj ~E�. Define the splitting

~Q ¼ ½ ~Q1j ~Q2� ¼
� ~Q11

~Q12

~Q21
~Q22

�

such that ~Q11 ∈ RðqþeÞ×q, ~Q21 ∈ Rðd−eÞ×q, ~Q12 ∈ RðqþeÞ×d, ~Q22 ∈ Rðd−eÞ×d. The matrix
½ ~Gj ~E� given by (4.2) satisfies

k½ ~Gj ~E�k2F ¼ kdiagðσpþ1; : : : ;σnþdÞ ~Q2k2F
¼ σ2

nþ1k ~Q12k2F þ kD ~Q22k2F ;

where D ≡ diagðσnþeþ1; : : : ;σnþdÞ. Note that k ~Q12k2F ¼ d− k ~Q22k2F , since the matrix
~Q2 consists of d orthonormal columns. Thus,

k½ ~Gj ~E�k2F ¼ σ2
nþ1ðd− k ~Q22k2F Þ þ kD ~Q22k2F ¼ σ2

nþ1d− kðσ2
nþ1I d−e −D2Þ1∕ 2 ~Q22k2F :

Using (4.4) this gives

σ2
nþ1ðd− eÞ−

Xnþd

j¼nþeþ1

σ2
j ¼ kðσ2

nþ1I d−e − D2Þ1 ∕ 2 ~Q22k2F :

Since σnþ1 > σnþeþl for all l ¼ 1; : : : ; d− e, this implies that all rows of ~Q22 have norm
equal to one. Consequently, since ~Q is an orthogonal matrix, ~Q21 ¼ 0, i.e.,

~Q ¼ ½ ~Q1j ~Q2� ¼
� ~Q11

~Q12

0 ~Q22

�
;

and the matrix ~Q22 has orthonormal rows. Consider the SVD ~Q22 ¼ S ½I d−ej0�PT ¼
½Sj0�PT , where S ∈ Rðd−eÞ×ðd−eÞ, P ∈ Rd×d are square orthogonal matrices. Define ortho-
gonal matrices

Ψ≡ P

�
0 ST

I e 0

�
∈ Rd×d and Q̂ ≡ ~Q

�
I q 0

0 Ψ

�
¼
� ~Q11

~Q12Ψ
0 ½0jI d−e�

�
:

Because Q̂ is orthogonal, the last d− e columns of ~Q12Ψ (i.e., corresponding to the block
I d−e) are zero, and
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Q̂ ¼ diagðQ  0; I d−eÞ

is in the form (4.3) with Q  0 ¼ ½ ~Q11j ~Q12ΨI
ðeÞ
qþd� ∈ RðqþeÞ×ðqþeÞ, where I ðeÞqþd represents the

first e columns of I qþd. Because Q̂2Q̂
T
2 ¼ ð ~Q2ΨÞð ~Q2ΨÞT ¼ ~Q2

~QT
2 , the matrix Q̂ yields

the same correction (4.2) as ~Q. ▯
The statement of this theorem says that any correction ½ ~Gj ~E� (reducing rank of

½BjA� to at most n) having the norm given by (4.4) can be obtained as in (4.1)–
(4.2) with ~Q in the block diagonal form (4.3).

Now we describe three disjoint subsets of problems of the 1st class representing the
core of the proposed classification. Define the partitioning of the matrix V

ðqÞ
12 with re-

spect to e, the “right multiplicity” of σnþ1, given by (2.5),

where W ðq;eÞ ∈ Rd×ðqþeÞ, V ð−eÞ
12 ∈ Rd×ðd−eÞ. Note that since rankðV ðqÞ

12 Þ ¼ d, i.e., the pro-

blem is of the 1st class, rankðV ð−eÞ
12 Þ ≤ d− e implies that rankðW ðq;eÞÞ ≥ e. On the other

hand, rankðW ðq;eÞÞ ¼ e implies that rankðV ð−eÞ
12 Þ ¼ d− e.

DEFINITION 4.2 (partitioning of the set of problems of the 1st class). Consider a TLS
problem (1.1)–(1.3), m ≥ nþ d. Let (2.3) be the SVD of ½BjA� with the partitioning
given by (2.6), Δ≡ q, and the partitioning of V ðqÞ

12 given by (4.5), where q and e are
the integers related to the multiplicity of σnþ1, given by (2.5). Let the problem

(1.1)–(1.3) be of the 1st class (i.e., rankðV ðqÞ
12 Þ ¼ d). The set of all problems for which

• rankðW ðq;eÞÞ ¼ e and rankðV ð−eÞ
12 Þ ¼ d− e (V ð−eÞ

12 has full column rank),

• rankðW ðq;eÞÞ > e and rankðV ð−eÞ
12 Þ ¼ d− e (V ð−eÞ

12 has full column rank),

• rankðW ðq;eÞÞ > e and rankðV ð−eÞ
12 Þ < d− e (V ð−eÞ

12 is rank deficient)
will be denoted by F 1, F 2, and F 3, respectively. Clearly, F 1, F 2, and F 3 are mutually
disjoint and F 1 ∪ F 2 ∪ F 3 ¼ F .

4.1. The set F 1—problems of the 1st class having a TLS solution in the
form X�q�. Consider a TLS problem of the 1st class from the set F 1, i.e., rankðW ðq;eÞÞ ¼
e in (4.5) which implies V ð−eÞ

12 is of full column rank, i.e., rankðV ð−eÞ
12 Þ ¼ d− e. First we

give a lemma which allows us to relate the partitioning (4.5) to the construction of a
solution in (3.13)–(3.17).

LEMMA 4.3. Let (2.3) be the SVD of ½BjA� with the partitioning (2.6), m ≥ nþ d,
Δ≡ q ≤ n. Consider the partitioning (4.5) of V ðqÞ

12 . The following two assertions are
equivalent:

(i) The matrix W ðq;eÞ has rank equal to e.
(ii) There exists Q in the block diagonal form (4.3) satisfying (3.13).

Proof. Let W ðq;eÞ ∈ Rd×ðqþeÞ have rank equal to e. Then rankðV ð−eÞ
12 Þ ¼ d− e.

There exists an orthogonal matrix H ∈ RðqþeÞ×ðqþeÞ (e.g., a product of Householder
transformation matrices) such that W ðq;eÞH ¼ ½0jM �, where M ∈ Rd×e is of full column

rank. Putting Q ≡ diagðH; I d−eÞ yields V
ðqÞ
12 Q ¼ ½0jΓ�, where the square matrix

Γ≡ ½M jV ð−eÞ
12 � ∈ Rd×d is nonsingular.
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Conversely, let Q ¼ diagðQ  0; I d−eÞ and satisfy (3.13). Denote Γ ¼ ½Γ1jΓ2�, where
Γ1 ∈ Rd×e, Γ2 ∈ Rd×ðd−eÞ. Obviously ½0jΓ1� ¼ W ðq;eÞQ  0, Γ2 ¼ V

ð−eÞ
12 I d−e ¼ V

ð−eÞ
12 . Since Γ

is nonsingular, rankðΓ1Þ ¼ e.Q  0 is an orthogonal matrix and thus rankðW ðq;eÞÞ ¼ e. ▯
The following theorem formulates results for the set F 1.
THEOREM 4.4. Let (2.3) be the SVD of ½BjA� with the partitioning (2.6), m ≥ nþ d,

Δ≡ q ≤ n (p≡ n− q). Let the TLS problem (1.1)–(1.3) be of the 1st class; i.e., V ðqÞ
12 is of

full row rank equal to d. Let σp > σpþ1 ¼ · · ·¼ σnþ1 ¼ · · ·¼ σnþe, 1 ≤ e ≤ d (if q ¼ n,
then σp is not defined). Consider the partitioning of V ðqÞ

12 given by (4.5). If

rankðW ðq;eÞÞ ¼ eð4:6Þ
(the problem is from the set F 1), then XTLS ≡ X ðqÞ ¼ −V

ðqÞ
22 V

ðqÞ†
12 given by (3.17) repre-

sents the TLS solution having the minimality property (3.22). The corresponding cor-
rection ½GjE� given by (3.15) has the norm (4.4).

The proof follows immediately from Lemmas 4.3, 3.6, and 3.7.
The problems of the 1st class discussed earlier in sections 3.1 and 3.2 belong to the

set F 1. In the first case q≡ 0 and V
ðqÞ
12 ≡V 12 is square nonsingular. Thus, independently

of the value of e (4.5) yieldsW ð0;eÞ with the (full column) rank equal to e and the matrix
Q  0 fromQ ¼ diagðQ  0; I d−eÞ in the assertion (ii) of Lemma 4.3 can always be chosen equal
to the identity matrix I e; i.e., Q ¼ I d. In the second case e≡ d. Thus W ðq;dÞ ≡ V

ðqÞ
12 is of

(full row) rank equal to d. Here the identity block I d−e in the assertion (ii) of Lemma 4.3
disappears; i.e.,Q ¼ Q  0.

4.2. The set F 2—problems of the 1st class having a TLS solution but not
in the form X�q�. Consider a TLS problem of the 1st class from the set F 2, i.e.,
rankðV ð−eÞ

12 Þ ¼ d− e and rankðW ðq;eÞÞ > e in (4.5). Because V ð−eÞ
12 is of full column rank,

there exists ~Q ¼ diagðQ  0; I d−eÞ having the block diagonal form (4.3) such that (4.1)
holds, i.e.,

V
ðqÞ
12

~Q ¼ ½W ðq;eÞQ  0jV ð−eÞ
12 � ¼ ½Ωk ~Γ1jV ð−eÞ

12 �ð4:7Þ
with ~Γ ¼ ½ ~Γ1jV ð−eÞ

12 � nonsingular. Consequently, the correction ½ ~Gj ~E� defined by (4.2) is
minimal in the Frobenius norm (see Theorem 4.1), and the corresponding matrix ~X ≡
− ~Z ~Γ−1 given by (3.20) represents a TLS solution (which is, by Lemma 3.7, the unique
solution of the corrected system with the given fixed correction ½ ~Gj ~E�). Because
rankðW ðq;eÞÞ > e andQ  0 is orthogonal, the productW ðq;eÞQ  0 ¼ ½Ωj ~Γ1�, where rankð ~Γ1Þ ¼
e ( ~Γ is nonsingular), leads always to a nonzero Ω. On the other hand, the construction
(3.15)–(3.17) always leads to Ω ¼ 0. Hence, the matrix X ðqÞ given by (3.17) does not
represent a TLS solution.

The following theorem completes the argument by showing that any problem from
the set F 2 always has a minimum norm TLS solution.

THEOREM 4.5. Let (1.1)–(1.3) be the TLS problem of the 1st class belonging to the set
F 2. Then there exist TLS solutions given by (3.18)–(3.20)minimal in the 2-norm, and in
the Frobenius norm, respectively.

Proof. A TLS solution ~X ¼ − ~Z ~Γ−1 is obtained from the formula"
V

ðqÞ
12

V
ðqÞ
22

#
Q̂ ¼

"
V

ðqÞ
12

V
ðqÞ
22

#�
Q  0

1 Q  0
2 0

0 0 I d−e

�
¼
�
Ω ~Γ
~Y ~Z

�
;

where the block diagonal matrix Q̂ is the orthogonal matrix (4.3) from Theorem 4.1.
The TLS solution is uniquely determined by the orthogonal matrix Q  0≡
½Q  0

1jQ  0
2� ∈ RðqþeÞ×ðqþeÞ.
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In our construction, Q  0 ∈ RðqþeÞ×ðqþeÞ is required to lead to a nonsingular ~Γ. Since
the matrix inversion is a continuous function of entries of a nonsingular matrix, and
matrix multiplication is a continuous function of entries of both factors, the matrix ~X ¼
− ~Z ~Γ−1 is a continuous matrix-valued function ofQ  0. Define two nonnegative functionals
N2ðQ  0Þ∶RðqþeÞ×ðqþeÞ → ½0;þ∞� and NFðQ  0Þ∶RðqþeÞ×ðqþeÞ → ½0;þ∞� on a set of all
(qþ e)-by-(qþ e) orthogonal matrices such that

N2ðQ  0Þ≡
�
k ~XðQ  0Þk2
þ∞

if Q  0 gives ~ΓðQ  0Þ nonsingular;
if Q  0 gives ~ΓðQ  0Þ singular:

The functional NF ðQ  0Þ is defined analogously. Note that both functionals are nonnega-
tive and lower semicontinuous on the compact set of all (qþ e)-by-(qþ e) orthogonal
matrices, and thus both functionals have a minimum on this set. ▯

Theorem 4.5 does not address the uniqueness of the minimum norm solutions, and it
also does not give any practical algorithm for computing them. Further note that the
sets of solutions minimal in 2-norm and minimal in the Frobenius norm can be different
or even disjoint. This fact can be illustrated with the following example. Consider the
problem given by its SVD decomposition

½BjA�≡ U

2
6664
3 0 0 0

0 2 0 0

0 0 2 0

0 0 0 1

3
7775
0
BBB@1

4

2
6664
−1 −3

ffiffiffi
3

p ffiffiffi
3

p

3 −1
ffiffiffi
3

p
−

ffiffiffi
3

pffiffiffi
3

p ffiffiffi
3

p
1 3ffiffiffi

3
p

−
ffiffiffi
3

p
−3 1

3
7775
1
CCCA

T

;ð4:8Þ

where A ∈ R4×2, B ∈ R4×2 (it is easy to verify that ATB ≠ 0). Here q ¼ 1, e ¼ 1,

W ðq;eÞ ¼ 1

4

�
−3

ffiffiffi
3

p
−1

ffiffiffi
3

p
�
; V

ð−eÞ
12 ¼ 1

4

� ffiffiffi
3

p
−

ffiffiffi
3

p
�

have rank two and one, respectively. This problem is of the 1st class and belongs to the
set F 2. The TLS solution is determined by the orthogonal matrix

Q̂ ¼
�
Q  0

1 Q  0
2 0

0 0 I d−e

�
¼
2
4 cosðϕÞ − sinðϕÞ 0

sinðϕÞ cosðϕÞ 0

0 0 1

3
5;

which depends on only one real variable ϕ. Figure 4.1 shows how the 2-norm and the
Frobenius norm of the TLS solution depend on the value of ϕ. From the behavior of the
norms it is clear that the set of solutions minimal in the 2-norm has no intersection with
the set of solutions minimal in the Frobenius norm. If we use in the previous example
(4.8) the matrix of the right singular vectors

V ¼ 1

2

2
66664

0 1 0
ffiffiffi
3

p

−1 0
ffiffiffi
3

p
0ffiffiffi

3
p

0 1 0

0 −
ffiffiffi
3

p
0 1

3
77775;
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then there exists a solution which is minimal in both the 2-norm and the
Frobenius norm.

4.3. The set F 3—problems of the 1st class which do not have a TLS
solution. Consider a TLS problem of the 1st class from the set F 3, i.e., the case with
rankðV ð−eÞ

12 Þ < d− e. Since V ð−eÞ
12 in (4.5) is rank deficient, ~Q ∈ RðqþdÞ×ðqþdÞ in the block

diagonal form (4.3) leads to (4.7) with ~Γ ¼ ½ ~Γ1jV ð−eÞ
12 � containing linearly dependent col-

umn(s). Thus ~Γ in (4.1) is always singular. Consequently, in this case there does not exist
~Q in the block diagonal form yielding ~Γ nonsingular. Therefore, there is no correction
½ ~Gj ~E� having the norm (4.4) which makes the system (1.1) compatible; see Theorem 4.1.

Now we show that a TLS solution does not exist for the problems from the set F 3.
Using a general matrix ~Q (see (3.18)), we construct a correction (3.19) which makes the
system compatible, and the norm of this correction is arbitrarily close to the lower bound
(4.4). Denote ρ≡ ðd− eÞ− rankðV ð−eÞ

12 Þ the rank defect of V
ð−eÞ
12 . Analogously to

section 4.2, there exists an orthogonal matrix Q  0 ∈ RðqþeÞ×ðqþeÞ such that

V
ðqÞ
12 diagðQ  0; I d−eÞ ¼ ½W ðq;eÞQ  0jV ð−eÞ

12 � ¼ ½Ωk ~Γ1jV ð−eÞ
12 �

with rankð½ ~Γ1jV ð−eÞ
12 �Þ ¼ d− ρ; compare with (4.7). Let J ¼ fj1; : : : ; jρg denote indices

of any ρ columns of V ð−eÞ
12 such that the remaining columns of V ð−eÞ

12 (with indices
f1; : : : ; d− eg \ J ) are linearly independent. Because rankðV ðqÞ

12 Þ ¼ d, the matrix Ω
has ρ linearly independent columns which are not in Rð½ ~Γ1jV ð−eÞ

12 �Þ; let
K ¼ fk1; : : : ; kρg denote their indices. Consider an angle θ, 0 < θ < π. A Givens rota-
tion corresponding to θ applied subsequently on pairs of columns with indices jl and kl,
for l ¼ 1; : : : ;ρ, can be written as an orthogonal transformation

½Ωk ~Γ1jV ð−eÞ
12 �

2
64

C 11 0 S12

0 I e 0

−ST
12 0 C 22

3
75 ¼ ½Ω̂k ~Γ1 jV̂ ð−eÞ

12 �;

where C 11 ∈ Rq×q and C 22 ∈ Rðd−eÞ×ðd−eÞ are diagonal matrices having ρ diagonal en-
tries (on the positions ðkl; klÞ and ðjl; jlÞ, l ¼ 1; : : : ;ρ, respectively) equal to cosðθÞ
(the other diagonal entries are equal to one), and S12 ∈ Rq×ðd−eÞ has entries on positions
ðkl; jlÞ, l ¼ 1; : : : ;ρ, equal to sinðθÞ (the other entries are zero). Since 0 < θ < π, the

FIG. 4.1. (Left plot) The 2-norm and the Frobenius norm of TLS solutions of the problem (4.8) belonging
to the set F 2. Solutions minimal in different norms are distinct. (Right plot) Detail of the solutions minimal in
the 2-norm and in the Frobenius norm.
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matrix ~Γ ¼ ½ ~Γ1jV̂ ð−eÞ
12 � is nonsingular, and thus the corresponding correction makes the

system compatible. The transformation matrix

~Q ¼

2
64Q  0diagðC11; I eÞ Q  0

h
S12

0

i
½−ST

12j0� C 22

3
75

can be, with θ → 0, arbitrarily close to the block diagonal form (4.3), and moreover the
Frobenius norm of the corresponding correction

k½ ~Gj ~E�kF ¼
 Xnþd

j¼nþ1

σ2
j þ sin2ðθÞ

X
j∈J

ðσ2
nþ1 − σ2

nþeþjÞ
!

1 ∕ 2

can be arbitrarily close to the lower bound given by (4.4).
Consequently, there is no minimal correction that makes the system (1.1) compa-

tible. The TLS problem (1.1)–(1.3) with rank deficient V
ð−eÞ
12 does not have a

solution.

4.4. Correction corresponding to the matrix X�q�. In the previous three sec-
tions we have shown that a TLS solution (if it exists) always has the correction matrix
with the Frobenius norm (4.4). We can formulate the following corollary.

COROLLARY 4.6. Consider a TLS problem (1.1)–(1.3) of the 1st class. The construc-
tion (3.13)–(3.17) yields the TLS solution XTLS ≡ X ðqÞ if and only if there exists an
orthogonal matrix Q̂ in the block diagonal form (4.3) such that substituting Q̂ for Q
in (3.13)–(3.15) gives the same correction ½GjE�.

Now we focus on the properties of the correction ½GjE� given by (3.15) in general.
First we prove an auxiliary lemma.

LEMMA 4.7. Let ½GjE� be the correction matrix given by (3.15). Denote
s≡ rankð½BjA�Þ. Then the ranks of the correction and corrected matrix satisfy

minfs; dg ≥ rankð½GjE�Þ ≥ maxf0; s− ng;ð4:9Þ

maxf0; s− dg ≤ rankð½B þGjAþ E�Þ ≤ minfs; ng:ð4:10Þ

Proof. The upper bound in (4.9) follows immediately from (3.15). The lower bound
in (4.9) follows from the fact that the correction matrix makes the system compatible,
i.e., the resulting rank of ½B þGjAþ E� is at most n, which also proves the upper
bound in (4.10). Since the rank of ½GjE� is at most d, the lower bound in (4.10) follows
trivially. ▯

The result of the following theorem can also be found in [22, eq. (5.4)].
THEOREM 4.8. Let ½GjE� be the correction matrix given by (3.15). Then its Frobenius

norm satisfies 0
@ Xpþd

j¼pþ1

σ2
j

1
A1∕ 2

≥ k½GjE�kF ≥

0
@ Xnþd

j¼nþ1

σ2
j

1
A1∕ 2

:ð4:11Þ

Proof. The lower bound in (4.11) is trivial. The matrix ½GjE� has from (4.9) the
rank not greater than minfs; dg, which immediately gives the upper bound. From
the construction (3.15) a rank d matrix of the given form cannot have Frobenius norm
larger than (4.11). ▯
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Since the Frobenius norm of the correction ½GjE� given by (3.15) can be larger than
ðPnþd

j¼nþ1 σ
2
jÞ1∕ 2, the correction need not be minimal, and (3.17) need not represent (as

described above) a TLS solution. Further note that the inequalities in (4.11) become
equalities if and only if

σpþj ¼ σnþj; j ¼ 1; : : : ; d

(recall that n ¼ pþ q). This happens either if q ¼ 0 (the case with the unique solution
discussed in section 3.1), or if σpþ1 ¼ · · ·¼ σnþd (the special case discussed in
section 3.2).

5. Problems of the 2nd class. In this section we briefly describe problems
(1.1)–(1.3) of the 2nd class, i.e., the problems for which V

ðqÞ
12 does not have full row rank;

see Definition 2.2. Here the right singular vector subspace given by the last (qþ d) sin-
gular vectors vpþ1; : : : ; vnþd does not contain sufficient information for constructing a
solution (3.20), and the problems of the 2nd class do not have a TLS solution (the
argumentation is analogous to that in section 4.3).

The classical TLS algorithm, which gives an output also for problems of the 2nd
class, is derived in [17] by a straightforward generalization of the single right-hand side
concept. The right singular vector subspaceRð½V ðqÞT

12 jV ðqÞT
22 �T Þ used for the construction

(3.13)–(3.17) in previous cases is extended with additional right singular vectors until,
for some t, a full row rank block V

ðtÞ
12 ∈ Rd×ðtþdÞ is found in the upper right corner of V

(and V
ðt−1Þ
12 is, at the same time, rank deficient),

Then the matrix X ðtÞ ¼ −V
ðtÞ
22V

ðtÞ†
12 with the corresponding correction can be

constructed analogously to (3.13)–(3.17) with q replaced by t. Obviously, this matrix
might not be uniquely defined when σn−tþ1 is not simple, in particular, when
σn−t ¼ σn−tþ1. In order to handle a possible multiplicity of σn−tþ1, it is convenient
to consider the notation

σn− ~q > σn− ~qþ1 ¼ · · ·¼ σn−t ¼ σn−tþ1 ≥ σn−tþ2;

where ~q ≥ t; put for simplicity n− ~q≡ ~p. (If such σn− ~q ≡ σ ~p does not exist, then put
~q≡ n.) The condition that V ð ~qÞ

12 is of full row rank equal to d is readily satisfied, since
V

ð ~qÞ
12 extends V ðtÞ

12 . Then X ð ~qÞ and ½GjE� can be constructed as in (3.13)–(3.17) with q
replaced by ~q. Thus, the matrix X ð ~qÞ ≡−V

ð ~qÞ
22 V

ð ~qÞ†
12 represents a solution of the compa-

tible corrected system ðAþ EÞX ¼ B þG. The Frobenius and the 2-norm of the matrix
X ð ~qÞ are given by Lemma 3.5. Similarly to the problems of the 1st class, the minimality
property (3.22) ofX ð ~qÞ can be shown. Thus,X ð ~qÞ has minimal Frobenius and 2-norm over
all matrices ~X that can be obtained from the construction analogous to
(3.18)–(3.20) with q replaced by ~q. The substitution of ~q for t ensures the uniqueness
of the construction and leads to the matrix with the smallest norm. On the other hand, it
inevitably increases the norm of the correction, with
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k½GjE�kF >

� Xnþd

j¼nþ1

σ2
j

�1∕ 2

:

The Frobenius norm of ½GjE� is strictly larger than the smallest possible correction
reducing the rank of ½BjA� to n, and the matrix X ð ~qÞ does not represent a TLS
solution.2

6. Summary of the relationship to the classical TLS algorithm. The clas-
sical TLS algorithm gives for any data the output X ðκÞ which is equal (in exact arith-
metic) either to X ðqÞ given by (3.2), or by (3.10), or by (3.17), or to X ð ~qÞ described in
section 5.

ALGORITHM 1 (THE CLASSICAL TLS ALGORITHM).
A fully documented Fortran 77 implementation is given in [15], [16]. The code can be
obtained through Netlib.org, cf. http://www.netlib.org/vanhuffel.

Require: A ∈ Rm×n, B ∈ Rm×d {here the SVD of ½BjA� in the form (2.3)–(2.6)}
1: Δ←0
2: if rankðV ðΔÞ

12 Þ ¼ d and Δ ¼ n, then goto 6

3: if rankðV ðΔÞ
12 Þ ¼ d and σn−Δ > σn−Δþ1, then goto 6

4: Δ←Δþ 1
5: goto 2
6: κ←Δ
7: X ðκÞ←− V

ðκÞ
22 V

ðκÞ†
12

8: return κ, X ðκÞ

The output X ðκÞ is called a generic (or TLS) solution in [17] for any problem of the
1st class, and it is called a nongeneric solution in [17] for any problem of the 2nd class. As
our new partitioning and the included classification reveals,

(i) if the problem is of the 1st class and rankðW ðq;eÞÞ ¼ e (i.e., the problem be-
longs to the set F 1), thenX ðκÞ ≡ XTLS represents a TLS solution (it solves the
TLS problem (1.1)–(1.3)), κ ≡ q;

(ii) if the problem is of the 1st class and rankðW ðq;eÞÞ > e (i.e., the problem be-
longs to the set F 2 ∪ F 3), then X ðκÞ does not represent a TLS solution, which
exists for the problems in the set F 2 but does not exist for the problems in the
set F 3, κ ≡ q;

(iii) if the problem is of the 2nd class, (i.e., the problem belongs to the set S), then
X ðκÞ does not represent a TLS solution (a TLS solution does not exist), κ ≡ ~q.

For d ¼ 1 (single right-hand side case) the output X ðκÞ of Algorithm 1 represents the
TLS solution of the core problem (3.5) transformed to the original coordinate system.
The output X ðκÞ has two further important interpretations.

LEMMA 6.1 (the constrained total least squares (C-TLS)). The matrix X ðκÞ ¼
−V

ðκÞ
22 V

ðκÞ†
12 given by Algorithm 1 represents the unique solution of the constrained mini-

mization problem

min
X;E;G

k½GjE�kF subject to ðAþ EÞX ¼ B þG;ð6:1Þ

2The matrix X ð ~qÞ ¼ −V
ð ~qÞ
22 V

ð ~qÞ†
12 is called a nongeneric solution in [17, Definition 3.3, p. 78].
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and ½GjE�
�
0

w

�
¼ 0 for all

�
0

w

�
∈ R

 �
V

ðκÞ
12

V
ðκÞ
22

�!
ð6:2Þ

with the correction ½GjE� given by (3.15) (with q possibly replaced by ~q).
The additional constraint (6.2) can be equivalently rewritten as

½GjE�
�
0

Y

�
¼ 0;

where Y is defined analogously to (3.13). Since σn−κ > σn−κþ1, the correction matrix in
(6.1)–(6.2) is unique. Consequently, the constrained problem (6.1)–(6.2) has the unique
solution XC�TLS ≡ X ðκÞ. Furthermore, since the matrix in (3.13) (with q possibly re-
placed by ~q) has orthonormal columns, X ðκÞTY ¼ −ðΓ−1ÞTZTY ¼ 0, and the additional
constraint implies that X ðκÞTw ¼ 0 for all w from (6.2); see [17, Eq. 3.101, p. 79], [21],
[22]. Note that the problem (6.1)–(6.2) for κ ≡ ~q is considered a definition of the non-
generic solution in [17, Definition 3.3, p. 78 and Theorem 3.15, pp. 80–82].

LEMMA 6.2 (the truncated total least squares (T-TLS)). The matrix
X ðκÞ ¼ −V

ðκÞ
22 V

ðκÞ†
12 given by Algorithm 1 represents the unique minimum norm TLS

solution of the modified TLS problem

min
X;Ê;Ĝ

k½ĜjÊ�kF subject to ðÂþ ÊÞX ¼ B̂ þ Ĝ;ð6:3Þ

where ½B̂jÂ� ¼
 Xn−κ

j¼1

ujσjv
T
j

!
þ σn−κþ1

 Xnþd

j¼n−κþ1

ujv
T
j

!

with the corresponding correction ½ĜjÊ�, k½ĜjÊ�kF ¼ σn−κþ1

ffiffiffi
d

p
.

The problem (6.3) is clearly a TLS problem of the 1st class (belonging to the set F 1).
Moreover, it is a special case described in section 3.2. This problem is called truncated
total least squares (T-TLS) problem for the given A, B with the solution XT�TLS ≡ X ðκÞ;
see [17, note on p. 82]. It is worth noting that the T-TLS concept allows us to assume
that the original problem AX ≈ B is a perturbation of the modified problem ÂX ≈ B̂.
From the T-TLS point of view, any TLS problem may be interpreted as a perturbed
problem of the 1st class with the special singular values distribution (3.6). Since
XT�TLS ¼ X ðκÞ, Algorithm 1 can be used as a relatively simple and useful regularization
technique; see, e.g., [21], [2], [3] (for d ¼ 1) and also [17, algorithm and comments in
section 3.6.1, pp. 87–90]. The distribution of the smallest singular values of ½BjA� plays
no role in the algorithm output.

The true TLS solution (if it exists) does not have this regularization property. The
TLS solution uses information about the smallest singular values of ½BjA�.

7. Conclusions. We have presented a new classification of TLS problems with
multiple right-hand sides. Each TLS problem falls into one of four distinct sets. The
union of the first three sets F j, j ¼ 1, 2, 3, contains problems of the 1st class. It is
complemented by the set S of problems of the 2nd class, as illustrated by the following
schema.
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It has been shown that the special cases analyzed in [17] belong to the set F 1. We have
proved that any problem from F 1 ∪ F 2 has a TLS solution, whereas problems from
F 3 ∪ S do not have a TLS solution. Moreover, for any problem from F 1 ∪ F 2 there
exist a TLS solution minimal in the 2-norm and a solution minimal in the Frobenius
norm, but for the problems from the set F 2 the minimum norm solutions can be distinct.

The classical TLS algorithm (Algorithm 1) computes a TLS solution only for pro-
blems belonging to the set F 1. We have not provided an efficient algorithm for comput-
ing a TLS solution for the problems fromF 2 (where it exists). It can possibly be obtained
using a nonlinear optimization over a parameterization of the set of corresponding
orthogonal matrices. However, this optimization is hardly practically applicable.

The TLS problems with d ¼ 1 have been clarified through the concept of the core
reduction. An extension of this concept to a TLS problem with d > 1 could help to un-
derstand the discrepancy between the true TLS solution and the solution given by the
classical TLS algorithm. An approach based on such a reduction, outlined in [12], will be
discussed elsewhere.

Acknowledgments. We wish to thank Daniel Kressner and two anonymous re-
ferees for their comments which led to improvements of our manuscript.
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THE CORE PROBLEM WITHIN A LINEAR APPROXIMATION
PROBLEM AX ≈ B WITH MULTIPLE RIGHT-HAND SIDES∗

IVETA HNĚTYNKOVÁ†, MARTIN PLEŠINGER‡ , AND ZDENĚK STRAKOŠ§

Abstract. This paper focuses on total least squares (TLS) problems AX ≈ B with multiple
right-hand sides. Existence and uniqueness of a TLS solution for such problems was analyzed in
the paper [I. Hnětynková et al., SIAM J. Matrix Anal. Appl., 32, 2011, pp. 748–770]. For TLS
problems with single right-hand sides the paper [C. C. Paige and Z. Strakoš, SIAM J. Matrix Anal.
Appl., 27, 2006, pp. 861–875] showed how necessary and sufficient information for solving Ax ≈ b
can be revealed from the original data through the so-called core problem concept. In this paper we
present a theoretical study extending this concept to problems with multiple right-hand sides. The
data reduction we present here is based on the singular value decomposition of the system matrix
A. We show minimality of the reduced problem; in this sense the situation is analogous to the single
right-hand side case. Some other properties of the core problem, however, cannot be extended to the
case of multiple right-hand sides.

Key words. total least squares problem, multiple right-hand sides, core problem, linear approx-
imation problem, error-in-variables modeling, orthogonal regression, singular value decomposition

AMS subject classifications. 15A06, 15A18, 15A21, 15A24, 65F20, 65F25

DOI. 10.1137/120884237

1. Introduction. Consider a linear approximation problem

(1.1) AX ≈ B, or, equivalently, [B|A]
[

−Id
X

]
≈ 0,

where A ∈ Rm×n, X ∈ Rn×d, B ∈ Rm×d, without any further assumption on the
positive integers m, n, d, and ATB �= 0 (this eliminates the trivial case where it
does not make sense to approximate B by a linear combination of the columns of
A; see also [14]). The equivalent [B|A] form in (1.1) has been chosen so that our
transformations will take it to block form (as, for example, in (2.1) below for the
d = 1 case) revealing the core problem most simply. We will focus on incompatible
problems, i.e., R(B) �⊂ R(A). If R(B) ⊂ R(A), then the system AX = B can be
solved using standard methods. Consider changes of the coordinate systems in Rm,
Rn, and Rd represented by orthogonal transformations

(1.2) ÂX̂ ≡ (PTAQ)(QTXR) ≈ (PTBR) ≡ B̂,
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918 I. HNĚTYNKOVÁ, M. PLEŠINGER, AND Z. STRAKOŠ

where P−1 = PT , Q−1 = QT , R−1 = RT ; or, equivalently,

(1.3) [B̂|Â]

[ −Id
X̂

]
≡
(
PT [B|A]

[
R 0
0 Q

])([
RT 0
0 QT

] [
−Id
X

]
R

)
≈ 0.

We require that X solves (1.1) if and only if X̂ = QTXR solves (1.2) and call such
problems orthogonally invariant. The total least squares problem (TLS)

(1.4) min
X,E,G

‖[G|E]‖F subject to (A+ E)X = B +G

serves as an important example; see [12], [13], [7], [5, section 6], [18]. Mathematically
equivalent problems have been independently investigated under the names orthogonal
regression and errors-in-variables modeling; see [20], [21].

In [8] it is shown that even with d = 1 (which gives Ax ≈ b, where b is an
m-vector) the TLS problem may not have a solution and, when the solution exists,
it may not be unique; see also [6, pp. 324–326]. In order to resolve this difficulty,
the classical book [19] introduces the so-called nongeneric solution. This book also
extends the TLS theory to problems with multiple right-hand sides, i.e., for d > 1.
The existence and uniqueness of a TLS solution with d > 1 is then discussed in full
generality in the recent paper [10], giving a new classification of all possible cases.

The sequence of papers [12], [13], and [14] by Paige and Strakoš investigates, using
a unified framework, different least squares formulations for problems with d = 1. The
last paper [14] introduced the so-called core problem that separates the necessary and
sufficient information for solving the problem from the rest. It gives the necessary and
sufficient condition for existence of the TLS solution, explains when the TLS solution
exists and when it is unique, and clarifies the meaning of the nongeneric solution. For
a brief summary, see also the recent paper [10, pp. 752–753], which also shows that
there is a class of problems for which the classical TLS approach described in [19],
[22], [23], [9, Chapter 6.3, pp. 320–327] (in particular, the so-called classical TLS
algorithm; see [19, Chapter 3.6.1, pp. 87–90], [10, Algorithm 1, p. 767]) is unable to
find the existing TLS solutions.

The first steps in generalizing the core problem theory for d > 1 were done by
Björck in the series of talks [1], [2], [3], and also in the unpublished manuscript [4],
and by Sima [16] and Sima and Van Huffel in [17]. In a theoretical study presented in
this paper we further develop the data reduction suggested in [15] which gives the core
problem, we investigate its properties, and prove its minimality. We do not advocate
a computational technique for solving the problem. This is a matter of further work
and results will be published elsewhere.

The organization of this paper is as follows. Section 2 recalls the core problem
concept for a single right-hand side. Section 3 describes the data reduction formultiple
right-hand sides, shows how to assemble the transformation matrices, and discusses
basic properties of the reduced problem. Section 4 proves the minimality of the
reduced problem and thus justifies the definition of the core problem. Section 5
concludes this paper.

Throughout this paper, R(M) and N (M) denote the range and null space of a
matrix M , respectively; I� (or just I) denotes an � × � identity matrix; and 0�,ξ (or
just 0) denotes an � × ξ zero matrix. The matrices A, B, [B|A], and X from (1.1)
are called the system matrix, the right-hand sides (or the observation) matrix, the
extended (or data) matrix, and the matrix of unknowns, respectively.
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2. Data reduction in the single right-hand side case. Consider the linear
approximation problem (1.1) with d = 1. In [14] it was shown that there exist
orthogonal matrices P , Q that transform the original problem into the block form

PT [b|A]
[

1 0
0 Q

] [
1 0
0 QT

] [
−1
x

]
=

[
b1 A11 0
0 0 A22

]⎡
⎣

−1
x1

x2

⎤
⎦ ≈ 0,(2.1)

where b1 and A11 are of minimal dimensions. Such a transformation can be obtained
using the singular value decomposition (SVD) of the system matrix A,

(2.2) A = UΣV T , U ∈ Rm×m, Σ ∈ Rm×n, V ∈ Rn×n,

where U−1 = UT , V −1 = V T . Let A have k distinct nonzero singular values

(2.3) σ1 > σ2 > · · · > σk > 0,

and let their multiplicities be mj , j = 1, . . . , k;
∑k

j=1 mj = r ≡ rank(A). Then

(2.4) Σ = diag(σ1Im1 , . . . , σkImk
, 0m−r,n−r).

Consider the partitioning U = [U1, . . . , Uk, Uk+1], Uj ∈ Rm×mj , j = 1, . . . , k, and
Uk+1 ∈ Rm×mk+1 , where mk+1 ≡ m − r is the dimension of the null space N (AT ).
Columns of Uj represent an orthonormal basis of the jth left singular vector subspace
of A. Then

(2.5) UT [b|A]
[

1 0
0 V

]
= UT [b|AV ] ≡ [f |Σ],

where

f ≡ UT b = [fT
1 , . . . , fT

k , fT
k+1]

T , fj ≡ UT
j b, j = 1, . . . , k + 1,

and

(2.6) ϕj ≡ ‖fj‖ ≥ 0.

Note that ϕj = 0 if and only if b is orthogonal to the jth left singular vector subspace.
In order to be conformal with the multiple right-hand sides case, we keep (unlike in
[14]) the zero and nonzero components fj together until the last permutation. Let
Sj ∈ Rmj×mj , S−1

j = ST
j , be a Householder reflection matrix such that

(2.7) ST
j fj = e1ϕj , e1 = [1, 0, . . . , 0]T ∈ Rmj , j = 1, . . . , k + 1,

and let

S⊕ = diag(S1, . . . , Sk), SL = diag(S⊕, Sk+1), SR = diag(S⊕, In−r).

Note that ST
LΣSR = Σ. The orthogonal transformation

(USL)
T [b|A(V SR)] = ST

L [f |ΣSR] = [ST
Lf |Σ]

maximizes the number of zero entries in the right-hand side vector

ST
Lf = [ϕ1e

T
1 , . . . , ϕke

T
1 , ϕk+1e

T
1 ]

T

Článek:WoK SIMAX 2013

79
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(as mentioned above, we may have ϕj = 0 for some j). Let b have nonzero components
fj� in n left singular vector subspaces corresponding to nonzero singular values σj with
indices j1, . . . , jn, 1 ≤ n ≤ k. The component fk+1 (the component of b in the null
space of AT ) is nonzero due to the fact that the problem is incompatible. Consider
the row permutation ΠL of the matrix [ST

Lf |Σ] such that

ΠT
LS

T
Lf = [bT1 , 0]

T ≡ [ϕj1 , . . . , ϕjn , ϕk+1, 0, . . . , 0]
T ,

i.e., all entries of

(2.8) b1 = [ϕj1 , . . . , ϕjn , ϕk+1]
T = [‖fj1‖, . . . , ‖fjn‖, ‖fk+1‖]T ∈ Rn+1

are positive. Then there exists a column permutation ΠR of the matrix ΠT
LΣ such

that

ΠT
LΣΠR =

[
A11 0
0 A22

]
,

where the block A11 ∈ R(n+1)×n is (with b �∈ R(A)) rectangular, containing at most
one copy of each nonzero singular value σj on its diagonal and having the zero last
row. All the other singular values are moved to the diagonal of the second block A22,
which can be of any shape, or nonexistent. Summarizing, we obtain

PT [b|AQ] =

[
b1 A11 0
0 0 A22

]
, P ≡ USLΠL, Q ≡ V SRΠR,

where [b1|A11] and A11 are of minimal dimensions; see [14]. The corresponding trans-
formation and conformal splitting of vector of unknowns is

QTx = (V SRΠR)
Tx =

[
x1

x2

]
.

The subproblem [b1|A11], or A11x1 ≈ b1, contains the necessary and sufficient infor-
mation for solving the original problem Ax ≈ b, and it is called the core problem. The
solution of the second subproblem A22x2 ≈ 0 with the maximally dimensioned block
A22 ∈ R(m−n−1)×(n−n) can be considered to be x2 = 0 (see the discussion in [14])
giving

(2.9) x = Q

[
x1

x2

]
= V SRΠR

[
x1

0

]
.

The core problem (in a different form) can also be revealed by the Golub–Kahan
bidiagonalization; see [14, section 3] and [11].

For d = 1 the core problem has a unique TLS solution; see [14]. Using (2.9), the
core problem defines the minimum norm TLS solution if it exists, or the minimum
norm nongeneric solution of (1.1); see [14] and [10, section 3.1, pp. 752–753]. Com-
putationally (assuming exact arithmetic) the solution (2.9) is for d = 1, therefore,
identical to the output of the classical TLS algorithm given in [19, Chapter 3.6.1,
pp. 87–90]; see also [10, Algorithm 1, p. 767]. Unlike in the classical TLS algorithm,
the solution (2.9) is constructed in a straightforward way by separating the TLS-
meaningful part A11x1 ≈ b1 of the problem Ax ≈ b from the redundant and irrelevant
part represented by A22x2 ≈ 0, x2 = 0. In the rest of this paper it will be shown how
to generalize the SVD-based data reduction and obtain the core problem for d > 1,
i.e., for the problem AX ≈ B.
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3. Data reduction in the multiple right-hand side case. Consider the
problem (1.1) with d > 1. In this section, we construct orthogonal matrices P , Q, R
that transform the original data matrix [B|A] into the block form

PT [B|A]
[

R 0
0 Q

]
= [PTBR|PTAQ] =

[
B1 0 A11 0
0 0 0 A22

]
,(3.1)

where B1 and A11 are of minimal dimensions (the proof of minimality will be given in
section 4). The orthogonal transformation (3.1) is done in four successive steps: pre-
processing of the right-hand side B (section 3.1), transformation of the system matrix
A (SVD of A) (section 3.2), transformation of the right-hand side B (section 3.3),
and final permutation (section 3.4).

3.1. Preprocessing of the right-hand side. Let d ≡ rank(B) ≤ min{m, d}.
Consider the SVD of B in the form

B = SΘRT , S ∈ Rm×d, Θ ∈ Rd×d, R ∈ Rd×d,(3.2)

= �
�

0m

d d d d

d,

where S has mutually orthonormal columns, i.e., STS = Id, Θ is of full row rank, and

R is square, i.e., R−1 = RT . (Note that the schema illustrates the case m > d > d;
other cases can be illustrated analogously.) We will see later that this R plays the role
of the transformation matrix R in (3.1). If d < d, then B contains linearly dependent
columns representing redundant information that can be removed from the original
problem (1.1). Multiplication of (1.1) from the right by R gives

(3.3) A(XR) ≈ BR,

where

BR = SΘ ≡ [C, 0] ∈ Rm×d, C ∈ Rm×d, and

XR ≡ [Y, Y ′] ∈ Rn×d, Y ∈ Rn×d.
(3.4)

If d = d, then BR = C, XR = Y . With this notation

[BR|A]
[

−Id
XR

]
= [C, 0|A]

⎡
⎣

−Id 0
0 −Id−d

Y Y ′

⎤
⎦ = [AY − C|AY ′] ≈ 0.(3.5)

The original problem (1.1) is in this way split into two subproblems,

(3.6) AY ≈ C and AY ′ ≈ 0,

where the second problem is homogeneous. Following the arguments in [14], we con-
sider the meaningful solution Y ′ ≡ 0. In this way, the approximation problem (1.1)
reduces to

(3.7) AY ≈ C, or, equivalently, [C|A]
[

−Id
Y

]
≈ 0,

where A ∈ Rm×n, Y ∈ Rn×d, and C ∈ Rm×d is of full column rank. From (3.2)–(3.4)
it follows that the right-hand side matrix C has mutually orthogonal columns.
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3.2. Transformation of the system matrix. Consider the SVD of A given
by (2.2) with (2.3) and (2.4). The problem (3.7) can then be transformed analogously
to (2.5),

(3.8)
(
UTAV

)(
V TY

)
= ΣZ ≈ F,

where Z ≡ V TY , F ≡ UTC. Equivalently,

[F |Σ]
[

−Id
Z

]
≈ 0.(3.9)

The approximation problem ΣZ ≈ F has the full column rank right-hand side matrix
F with mutually orthogonal columns and the system matrix Σ in a diagonal form.

3.3. Transformation of the right-hand side. Similarly to the single right-
hand side case, we now transform the right-hand side matrix of (3.8) in order to get
as many zero rows as possible. Consider a partitioning of F into the block-rows with
respect to the multiplicities of the singular values of the system matrix A, i.e.,

F = [FT
1 , . . . , FT

k , FT
k+1]

T , where Fj ∈ Rmj×d, j = 1, . . . , k, k + 1.

Let rj ≡ rank(Fj) ≤ min{mj, d}. Consider the SVD of Fj in the form

Fj = SjΘjW
T
j , Sj ∈ Rmj×mj , Θj ∈ Rmj×rj , Wj ∈ Rd×rj ,(3.10)

= �
�
0

mj

d mj rj d

rj ,

where Sj is square, i.e., S−1
j = ST

j , Θj is of full column rank, and Wj has mutually

orthonormal columns, i.e., WT
j Wj = Irj , j = 1, . . . , k, k + 1. (Note that, as above,

the schema illustrates the case rj < mj < d.) The matrix Sj generalizes the role of
the identically denoted matrix in section 2; see (2.7). Consider the block diagonal
orthogonal matrices

(3.11) S⊕ = diag(S1, . . . , Sk), SL = diag(S⊕, Sk+1), SR = diag(S⊕, In−r),

where as in (2.4) r = rank(A), and recall that

Σ = diag(σ1Im1 , . . . , σkImk
, 0m−r,n−r) ∈ Rm×n, σ1 > σ2 > · · · > σk > 0;

see (2.3), (2.4). Then ΣZ ≈ F from (3.8) can be transformed to

(3.12)
(
ST
LΣSR

)(
ST
RZ
)

≈ ST
LF and ST

LΣSR = Σ.

Equivalently, (3.9) becomes

[
ST
LF |Σ

] [ −Id
ST
RZ

]
≈ 0,

and the extended (data) matrix has the form

(3.13)
[
ST
LF |Σ

]
=

⎡
⎢⎢⎢⎣

Θ1W
T
1 σ1Im1 0 0

...
. . .

...
ΘkW

T
k 0 σkImk

0
Θk+1W

T
k+1 0 · · · 0 0

⎤
⎥⎥⎥⎦ ∈ Rm×(n+d).
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If mj > rj , then the block ST
j Fj = ΘjW

T
j contains zero rows at the bottom; see

(3.10). Denote

(3.14) ΘjW
T
j ≡

[
Φj

0

]
, Φj ∈ Rrj×d,

where Φj is the block of nonzero rows (if rj = 0, then the block Φj has no rows). For
rj = mj we simply have ΘjW

T
j ≡ Φj . It follows from (3.10) that Φj has mutually

orthogonal rows. The matrix Φj generalizes the role of the number ϕj ; see (2.6), (2.8).

3.4. Final permutation. Now the aim is to find a permutation of (3.13) that
reveals the block diagonal structure (3.1). This can be done analogously to the single
right-hand side case (see also [14, section 2]), by moving the rows of (3.13) with zero
blocks in ΘjW

T
j (see (3.14)) to the bottom submatrix of the whole matrix (see the

matrix in the middle row of (3.15)) with subsequent moving of the corresponding
columns with the diagonal blocks σjImj−rj in the bottom to the right,

ΠT
L

⎡
⎢⎢⎢⎣

Θ1W
T
1 σ1Im1 0 0

...
. . .

...
ΘkW

T
k 0 σkImk

0
Θk+1W

T
k+1 0 · · · 0 0

⎤
⎥⎥⎥⎦

[
Id 0
0 ΠR

]

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Φ1 σ1Ir1 0 0 · · · 0 0
...

. . .
...

...
...

Φk 0 σkIrk 0 · · · 0 0
Φk+1 0 · · · 0 0 · · · 0 0
0 0 · · · 0 σ1Im1−r1 0 0
...

...
...

. . .
...

0 0 · · · 0 0 σkImk−rk 0
0 0 · · · 0 0 · · · 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≡
[

B1 A11 0
0 0 A22

]
.(3.15)

Here ΠL ∈ Rm×m is given by

(3.16) ΠL ≡

⎡
⎢⎢⎢⎢⎢⎣

[Ir1
0
] 0 0 [ 0

Im1−r1
] 0 0

. . .
...

. . .
...

0 [Irk
0
] 0 0 [ 0

Imk−rk

] 0

0 · · · 0 [
Irk+1

0
] 0 · · · 0 [ 0

Imk+1−rk+1

]

⎤
⎥⎥⎥⎥⎥⎦

and it permutes the block-rows starting with Φj up, while moving the block-rows
starting with zero blocks down. Analogously, ΠR ∈ Rn×n given by

ΠR ≡

⎡
⎢⎢⎢⎢⎣

[Ir1
0
] 0 [ 0

Im1−r1
] 0 0

. . .
. . .

...

0 [Irk
0
] 0 [ 0

Imk−rk

] 0

0 · · · 0 0 · · · 0 In−r

⎤
⎥⎥⎥⎥⎦

(3.17)
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rearranges the block-columns of the system matrix. Note that if for some j we have
rj = mj , then the block Imj−rj and the corresponding block-rows and block-columns
vanish; if rj = 0, then the block Irj and the corresponding block-rows and block-
columns vanish. Let us briefly summarize the whole transformation.

3.5. Summary of the transformation. Using the SVD B = SΘRT , defined
in (3.2), the original approximation problem (1.1)

AX ≈ B, A ∈ Rm×n, X ∈ Rn×d, B ∈ Rm×d

is transformed to

AY ≈ C, A ∈ Rm×n, Y ∈ Rn×d, C ∈ Rm×d,

with the full column rank right-hand side. Then using the SVD A = UΣV T defined
in (2.2)–(2.4), the problem is further transformed to

ΣZ ≈ F, Σ ∈ Rm×n, Z ∈ Rn×d, F ∈ Rm×d,

with the diagonal system matrix Σ. Using singular value decompositions Fj = SjΘjW
T
j

of block-rows of F (see (3.10)) and the orthogonal matrix S⊕ given by (3.11), the
right-hand side matrix gets the structure with the full row rank block-rows Φj and
the zero block-rows, while the diagonal system matrix Σ stays unchanged. Finally,
the permutation matrices ΠL, ΠR given by (3.16) and (3.17) are used to collect the
full row rank blocks, and to transform the system matrix to the block diagonal form
with two diagonal (in general rectangular) blocks; see (3.15).

We give a quick summary of the mathematical transformations, each preceded by
the relevant equation numbers:

(1.1), (3.2): AX ≈ B = SΘRT = [C, 0]RT ,

(2.2), (3.4)–(3.8):

{
(UTAV )(V TXR) ≈ UTBR,

Σ(V TXR) ≈ [UTC, 0] = [F, 0],

(3.10)–(3.14):

{
(ST

LU
TAV SR)(S

T
RV

TXR) ≈ ST
LU

TBR,

Σ(ST
RV

TXR) ≈ [ST
LF, 0],

(3.15)–(3.17):

⎧
⎪⎪⎨
⎪⎪⎩

(ΠT
LS

T
LU

TAV SRΠR)(Π
T
RS

T
RV

TXR) ≈ ΠT
LS

T
LU

TBR,

(ΠT
LΣΠR)(Π

T
RS

T
RV

TXR) ≈ [ΠT
LS

T
LF, 0],

diag(A11, A22)(Π
T
RS

T
RV

TXR) ≈ diag(B1, 0),

so that the full transformations of A, X , and B can be summarized as

(3.18) (PTAQ)(QTXR) ≈ PTBR, P ≡ USLΠL, Q ≡ V SRΠR.

Clearly P−1 = PT , Q−1 = QT , R−1 = RT , and

PT [B|A]
[

R 0
0 Q

]
=

[
B1 0 A11 0
0 0 0 A22

]
} m
} m − m

︸ ︷︷ ︸
d

︸ ︷︷ ︸
d − d

︸ ︷︷ ︸
n

︸ ︷︷ ︸
n − n

(3.19)
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is of the form (3.1), where from (3.15)

(3.20) [B1|A11] ≡

⎡
⎢⎢⎢⎣

Φ1 σ1Ir1 0
...

. . .

Φk 0 σkIrk
Φk+1 0 · · · 0

⎤
⎥⎥⎥⎦ ∈ Rm×(n+d),

and m ≡ ∑k+1
j=1 rj , n ≡ ∑k

j=1 rj , d ≡ rank(B). The block A22 has the form

(3.21) A22 ≡ diag(σ1Im1−r1 , . . . , σkImk−rk , 0m−r−rk+1,n−r).

Thus the original problem AX ≈ B is transformed into the block form

[
A11 0
0 A22

] (
QTXR

)
≈
[

B1 0
0 0

]
;

compare with (1.2). Using a conformal partitioning of the matrix of unknowns

QTXR =

[
X1 X ′

1

X2 X ′
2

]
} n
} n − n ,

︸ ︷︷ ︸
d

︸ ︷︷ ︸
d − d

(3.22)

where Q [X1

X2
] = Y , Q [X

′
1

X′
2
] = Y ′, and [Y, Y ′] = XR (see (3.4)) the block diagonal

structure of the system matrix and the right-hand sides matrix allows us to split the
original problem AX ≈ B into (generally four) subproblems

A11X1 ≈ B1, and A22X2 ≈ 0, A11X
′
1 ≈ 0, A22X

′
2 ≈ 0.

The last three subproblems are homogeneous and we consider, following the arguments
in [14], X2 ≡ 0, X ′

1 ≡ 0, X ′
2 ≡ 0. Only the subproblem

(3.23) A11X1 ≈ B1, or, equivalently, [B1|A11]

[
−Id
X1

]
≈ 0,

where A11 ∈ Rm×n, X1 ∈ Rn×d, B1 ∈ Rm×d has to be solved. If its solution is X1,
the solution X of the original problem AX ≈ B is then

(3.24) X ≡ Q

[
X1 0
0 0

]
RT .

The dimensions of the reduced problem satisfy

max{n, d} ≤ m ≡ n+ rk+1 ≤ n+ d.

Note that d can be smaller than, equal to, or even larger than n. From the construction
we immediately have the following properties:
(CP1) The matrix A11 ∈ Rm×n is of full column rank equal to n ≤ m.

(CP2) The matrix B1 ∈ Rm×d is of full column rank equal to d ≤ m.

(CP3) The matrices Φj ∈ Rrj×d are of full row rank equal to rj ≤ d, j = 1, . . . , k+1.
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Remark 3.1. Note that instead of the SVD preprocessing (3.2) of the right-
hand side B (section 3.1), one can use an LQ decomposition (producing a matrix
with m × d lower triangular block in the column echelon form and an orthogonal
matrix), or another decomposition giving a full column rank matrix multiplied by
an orthogonal matrix from the right. Similarly, instead of the SVDs (3.10) of Fj

(section 3.3) one can use QR decompositions (producing a matrix with an rj × d
upper triangular block in the row echelon form and an orthogonal matrix), or another
decompositions giving a full row rank matrix multiplied by an orthogonal matrix
from the left. Such modifications lead, in general, to a different subproblem [B̃1|Ã11]
with the same dimension as (3.20) and satisfying (CP1)–(CP3). Moreover, there exist

orthogonal matrices P̃−1 = P̃T , Q̃−1 = Q̃T , R̃−1 = R̃T such that

(3.25) P̃T [B1|A11]

[
R̃ 0

0 Q̃

]
= [B̃1|Ã11].

Properties (CP1)–(CP3) are invariant with respect to any orthogonal transformation
of the form (3.25).

4. The core problem. Let [B1|A11] be the subproblem of the given prob-
lem [B|A] obtained by the transformation (3.18)–(3.19). The subproblem [B1|A11],

B1 ∈ Rm×d, A11 ∈ Rm×n, has the properties (CP1)–(CP3). Consider now arbitrary
orthogonal transformations of the form in (1.2) of the original problem analogous to
(3.18)–(3.19) such that

(4.1) P̂T [B|A]
[

R̂ 0

0 Q̂

]
=

[
B̂1 0 Â11 0

0 0 0 Â22

]
,

where P̂−1 = P̂T , Q̂−1 = Q̂T , R̂−1 = R̂T , and B̂1 ∈ Rm̂×d̂, Â11 ∈ Rm̂×n̂. Substituting
for [B|A] from (3.19) gives

(4.2) (PT P̂ )T
[

B1 0 A11 0
0 0 0 A22

] [
RT R̂ 0

0 QT Q̂

]
=

[
B̂1 0 Â11 0

0 0 0 Â22

]
.

We will show that the subproblem [B1|A11] on the left-hand side of (4.2) has minimal

dimensions over all possible subproblems [B̂1|Â11] on the right-hand side; i.e., d ≤ d̂,
m ≤ m̂, and n ≤ n̂. In analogy with the single right-hand side case, this justifies
calling [B1|A11] a core problem within [B|A].

4.1. Proof of minimality. The proof consists of five successive steps presented,
for an easy orientation, in separate subsections. The first gives d ≤ d̂. The second step
describes the structure of the orthogonal matrix RT R̂. The proof of the inequality
m ≤ m̂ is then based on the projections of B to the left singular subspaces of A. The
fourth step describes the structure of the orthogonal matrix PT P̂ which is needed for
finalizing the proof by showing n ≤ n̂.

4.1.1. Number of columns of the reduced observation matrix. In (4.1)

we have B̂1 ∈ Rm̂×d̂, and

P̂TBR̂ =

[
B̂1 0
0 0

]
has rank(B̂1) = rank(B) = d, so that d ≤ d̂.
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4.1.2. Structure of the RT R̂ matrix. Consider the partitioning

RT R̂ =

[
R′

11 R′
12

R′
21 R′

22

]
, R′

11 ∈ Rd×d̂, R′
22 ∈ R(d−d)×(d−d̂).

Then (4.2) gives

(PT P̂ )T
[

B1 0
0 0

]
(RT R̂) = (PT P̂ )T

[
B1R

′
11 B1R

′
12

0 0

]
=

[
B̂1 0
0 0

]
.

︸ ︷︷ ︸
d̂

︸ ︷︷ ︸
d − d̂

︸ ︷︷ ︸
d̂

︸ ︷︷ ︸
d − d̂

Because B1 is of full column rank, then R′
12 = 0. Consequently

(4.3) RT R̂ =

[
R′

11 0
R′

21 R′
22

]
,

and therefore R′
11 has d orthonormal rows.

4.1.3. Number of rows of the reduced data matrix. The number m =∑k+1
j=1 rj of rows of [B1|A11] is the sum of dimensions of intersections of the range of

B with the individual left singular subspaces of A, and these dimensions are invariant
with respect to the orthogonal transformation of the form (3.18)–(3.19); see also
(3.20). The desired inequality m ≤ m̂ will be shown by comparing three different
forms of the SVD of the system matrix A. Recall that A = UΣV T (see (2.2)–(2.4))
is the standard SVD of A. Now consider the SVDs

Â11 = Û1Σ̂1V̂
T
1 , Â22 = Û2Σ̂2V̂

T
2 ,

with square orthogonal matrices Û1, Û2, V̂1, and V̂2, and diagonal matrices Σ̂1, Σ̂2.
Then, using (4.1),

(4.4) A =

(
P̂

[
Û1 0

0 Û2

])[
Σ̂1 0

0 Σ̂2

](
Q̂

[
V̂1 0

0 V̂2

])T

represents another SVD of the system matrix A. Furthermore, A11, A22 in (3.20),
(3.21) are diagonal matrices. The transformation (3.18)–(3.19) gives

(4.5) A = P

[
A11 0
0 A22

]
QT , where P = USLΠL,

which also represents the SVD of A. Because the singular values (and their multiplic-

ities) of A are unique, for some permutation matrices Π̂L, Π̂R (analogous to ΠL, ΠR

in (3.16), (3.17))

Σ = Π̂L

[
Σ̂1 0

0 Σ̂2

]
Π̂T

R = ΠL

[
A11 0
0 A22

]
ΠT

R .

The matrix U of the left singular vector subspaces of A can be expressed using (4.4),
(4.5) and some orthogonal matrices

(4.6) ŜL = diag(Ŝ1, . . . , Ŝk, Ŝk+1), Ŝj ∈ Rmj×mj , j = 1, . . . , k, k + 1,
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as

(4.7) U = P̂

[
Û1 0

0 Û2

]
Π̂T

LŜ
T
L = PΠT

LS
T
L .

Using (4.1) and (3.19), the projections of B in the left singular subspaces of A are

UTB = ŜLΠ̂L

[
ÛT
1 B̂1 0
0 0

]
R̂T = SLΠL

[
B1 0
0 0

]
RT ,

and, with (4.3),

(4.8)

[
ÛT
1 B̂1 0
0 0

]
= Π̂T

LŜ
T
LSLΠL

[
B1R

′
11 0

0 0

]
.

The matrix R′
11 ∈ Rd×d̂, d̂ ≥ d, has linearly independent rows; see (4.3) and sec-

tion 4.1.1. Now every row of B1 is nonzero (see (3.20) and (CP3)), so any row of B1

multiplied by R′
11 on the right must also be nonzero, and the matrix B1R

′
11 has m

nonzero rows. The matrix ΠL permutes rows (see (3.16)), and matrices SL, ŜL (see
(3.11), (4.6)) are orthogonal block diagonal matrices such that (see (3.15), (3.14)),

(4.9) ŜT
LSLΠL

[
B1R

′
11 0

0 0

]
=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ŜT
1 S1

[
Φ1R

′
11 0

0 0

]

...

ŜT
k Sk

[
ΦkR

′
11 0

0 0

]

ŜT
k+1Sk+1

[
Φk+1R

′
11 0

0 0

]

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

}
m1

...}
mk

}
mk+1

,

where each block of mj rows corresponds to one singular value σj (of the matrix Σ)
with the multiplicity mj . Because ΦjR

′
11 has all rj rows nonzero (since the rows of

Φj are linearly independent, the rows of ΦjR
′
11 are, in fact, also linearly independent

and, therefore, each ΦjR
′
11 is of full row rank) and ŜT

j Sj are orthogonal matrices,
the block matrix on the right of (4.9) has at least m nonzero rows; see (3.20). The

permutation matrix Π̂T
L then moves all the nonzero rows (and possibly also some zero

rows) of (4.9) to the top block [ÛT
1 B̂1, 0] ∈ Rm̂×d of the leftmost matrix in (4.8).

Thus ÛT
1 B̂1 has at least m nonzero rows (and possibly some zero rows). Because Û1

is square, B̂1 ∈ Rm̂×d̂ has at least m rows, so that m ≤ m̂.

4.1.4. Structure of the P T P̂ matrix. Consider the partitioning of the per-
mutation matrices ΠL in (3.16) with m =

∑k+1
j=1 rj as in (3.20), and Π̂L in (4.8) where

Û1 is m̂ × m̂,

ΠL = [Π1,Π2], Π1 ∈ Rm×m, Π̂L = [Π̂1, Π̂2], Π̂1 ∈ Rm×m̂.

Then (4.8) can be rewritten as

[
ÛT
1 B̂1 0
0 0

]
=

[
Π̂T

1 Ŝ
T
LSLΠ1 Π̂T

1 Ŝ
T
LSLΠ2

Π̂T
2 Ŝ

T
LSLΠ1 Π̂T

2 Ŝ
T
LSLΠ2

][
B1R

′
11 0

0 0

]
,
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yielding the condition

(4.10) (Π̂T
2 Ŝ

T
LSLΠ1)(B1R

′
11) = 0.

Using the structure of the matrices ΠL, S (see (3.11), (3.16)) and analogously for Π̂L

and Ŝ (see section 4.1.3),

Π̂T
2 Ŝ

T
LSLΠ1

=

⎡
⎢⎢⎢⎣

[0, Im1−r̂1 ]Ŝ
T
1 S1[

Ir1
0
] 0 0

. . .
...

0 [0, Imk−r̂k ]Ŝ
T
k Sk[

Irk
0
] 0

0 · · · 0 [0, Imk+1−r̂k+1
]ŜT

k+1Sk+1[
Irk+1

0
]

⎤
⎥⎥⎥⎦ ,

and thus with (3.20) the condition (4.10) is split into k + 1 block parts

(
[0, Imj−r̂j ]Ŝ

T
j Sj

[
Irj
0

])
(ΦjR

′
11) = 0, j = 1, . . . , k, k + 1.

Because ΦjR
′
11 are of full row rank, this gives for all indices j

[0, Imj−r̂j ]Ŝ
T
j Sj

[
Irj
0

]
= 0, and thus also Π̂T

2 Ŝ
T
LSLΠ1 = 0.

Using (4.7) we finally obtain

PT P̂ = ΠT
LS

T
L ŜLΠ̂L

[
Û1 0

0 Û2

]T

=

[
ΠT

1 S
T
L ŜLΠ̂1 Û

T
1 0

ΠT
2 S

T
L ŜLΠ̂1 Û

T
1 ΠT

2 S
T
L ŜLΠ̂2 Û

T
2

]
≡
[

P ′
11 0

P ′
21 P ′

22

]
} m
} m − m ,(4.11)

︸ ︷︷ ︸
m̂

︸ ︷︷ ︸
m − m̂

and therefore P ′
11 has m orthonormal rows.

4.1.5. Number of columns of the reduced system matrix. The relation
(4.2) gives, using the structure of PT P̂ in (4.11),

[
P ′
11 0

P ′
21 P ′

22

]T [
A11 0
0 A22

]
(QT Q̂) =

[
Â11 0

0 Â22

]
.

Thus

[(P ′
11)

TA11, (P
′
21)

TA22](Q
T Q̂) = [Â11, 0].

Because (P ′
11)

T has orthonormal columns and QT Q̂ is a square orthogonal matrix,

A11 ∈ Rm×n in (3.20) has rank n, and Â11 ∈ Rm̂×n̂ (see (4.1)) where

n = rank(A11) = rank((P ′
11)

TA11) ≤ rank([Â11, 0]) = rank(Â11) ≤ n̂

completing our proof.
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5. Summary and concluding remarks. We formulate the minimality proper-
ty as a theorem.

Theorem 5.1 (minimality). Consider the problem AX ≈ B (1.1) and its sub-

problem A11X1 ≈ B1 (3.23), where A11 ∈ Rm×n and B1 ∈ Rm×d are obtained by
the transformation (3.19) described in section 3. The subproblem A11X1 ≈ B1 has

minimal dimensions over all subproblems Â11X̂1 ≈ B̂1, Â11 ∈ Rm̂×n̂, B̂1 ∈ Rm̂×d̂

obtained by an orthogonal transformation of the form (4.1), i.e., d̂ ≥ d, m̂ ≥ m, and
n̂ ≥ n.

This motivates the following definition of the core problem within (1.1).
Definition 5.2 (core problem). The subproblem A11X1 ≈ B1 is a core problem

within the approximation problem AX ≈ B if [B1|A11] is minimally dimensioned and
A22 maximally dimensioned subject to (3.1), i.e., subject to the orthogonal transfor-
mations of the form

PT [B|A]
[

R 0
0 Q

]
= [PTBR|PTAQ] ≡

[
B1 0 A11 0
0 0 0 A22

]
.

The core problem obtained by the data reduction based on the SVD described in sec-
tion 3 is called the core problem in the SVD form.

This extends the core problem definition within the single right-hand side prob-
lems formulated by Paige and Strakoš in [14].

The data reduction presented here is based on the SVD of the system matrix A.
The original paper [14] presents two ways of determining the core problem. The second
is based on Golub–Kahan iterative bidiagonalization. This can also be generalized to
problems with multiple right-hand sides. It leads to a band algorithm which was for
this purpose proposed by Björck; see [1], [2], [3], and also the unpublished manuscript
[4].

The core problem concept is a useful tool in understanding the TLS problems,
which was the original motivation in [14]. The data reduction and core problem
based on the generalization of the Golub–Kahan iterative bidiagonalization is under
investigation. The results will be presented in the near future.
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BIDIAGONALIZATION, GENERALIZED JACOBI MATRICES, AND

THE CORE PROBLEM∗
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Abstract. The concept of the core problem in total least squares (TLS) problems with single
right-hand side introduced in [C. C. Paige and Z. Strakoš, SIAM J. Matrix Anal. Appl., 27 (2005),
pp. 861–875] separates necessary and sufficient information for solving the problem from redundancies
and irrelevant information contained in the data. It is based on orthogonal transformations such that
the resulting problem decomposes into two independent parts. One of the parts has nonzero right-
hand side and minimal dimensions and it always has the unique TLS solution. The other part
has trivial (zero) right-hand side and maximal dimensions. Assuming exact arithmetic, the core
problem can be obtained by the Golub–Kahan bidiagonalization. Extension of the core concept to
the multiple right-hand sides case AX ≈ B in [I. Hnětynková, M. Plešinger, and Z. Strakoš, SIAM
J. Matrix Anal. Appl., 34 (2013), pp. 917–931], which is highly nontrivial, is based on application
of the singular value decomposition. In this paper we prove that the band generalization of the
Golub–Kahan bidiagonalization proposed in this context by Björck also yields the core problem. We
introduce generalized Jacobi matrices and investigate their properties. They prove useful in further
analysis of the core problem concept. This paper assumes exact arithmetic.

Key words. total least squares problem, multiple right-hand sides, core problem, Golub–Kahan
bidiagonalization, generalized Jacobi matrices
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1. Introduction. This paper further elaborates on extending the core problem
concept to total least squares (TLS) problems with multiple right-hand sides; see
[13]. We will use the same notation as in [13] and very briefly recall some basic facts.
Consider a linear approximation problem

(1.1) AX ≈ B or, equivalently, [B|A]
[
−Id
X

]
≈ 0,

where A ∈ Rm×n, X ∈ Rn×d, B ∈ Rm×d, and ATB �= 0, without any further
assumption on the positive integers m, n, d. The matrices A, B, [B|A], and X
are called the system matrix, the right-hand side (or the observation) matrix, the
extended (or data) matrix, and the matrix of unknowns, respectively. We will focus
on incompatible problems, i.e., R(B) �⊂ R(A), although, the compatible case is not
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strictly excluded. Consider the orthogonal transformations

(1.2) ÂX̂ ≡ (PTAQ)(QTXR) ≈ (PTBR) ≡ B̂,

where P−1 = PT , Q−1 = QT , R−1 = RT , or, equivalently,

(1.3) [B̂|Â]
[ −Id

X̂

]
≡
(
PT [B|A]

[
R 0
0 Q

])([
RT 0
0 QT

] [
−Id
X

]
R

)
≈ 0.

We call problems (1.1) and (1.2)–(1.3) orthogonally invariant and require thatX solves

(1.1) if and only if X̂ = QTXR solves (1.2)–(1.3). Within this paper we investigate
the most common case of the TLS problem

(1.4) min
X,E,G

‖[G|E]‖F subject to (A+ E)X = B +G,

where ‖ · ‖F denotes the Frobenius norm.
The TLS problem has been studied for a long time, including the works of Golub

and Van Loan [10], Van Huffel and Vandewalle [21], Wei [22], [23], and many others.
The paper [10] analyzes the single right-hand side case (d = 1) and uses a strict
decrease of the smallest singular value of the extended matrix [b|A] in comparison
to the smallest singular value of A as the sufficient condition for existence of the
TLS solution. The subsequent work [21] extends the concept of the TLS solution
by projecting out the inappropriate right singular vectors of [b|A] (called unwanted
directions) associated with the smallest singular values. This allows construction of
the classical TLS algorithm (see [21, section 3.6.1]) which always gives as an output
a computationally defined “solution”, with a relatively straightforward computational
extension to problems with multiple right-hand sides (d > 1). The analytic part
of this computationally defined algorithmic output, i.e., explanation of its precise
meaning in terms of the formulation of the TLS problem, remains very involved and
is not fully explained in [21]. The work of Wei [22], [23] complements the previous
results by focusing mainly on the rank deficient problems. All the theory in [10], [21],
[22], [23] follows essentially the path outlined in [10], in particular, it is mostly based
on the sufficient (not necessary and sufficient) condition for existence of the TLS
solution. The solvability of multiple right-hand side problems has been analyzed in
full generality only recently in [11], revealing the intriguing difficulties in the classical
approach. In particular, it shows that the computationally defined “solution” of the
TLS problem may be in some cases different from the true TLS solution, i.e., the
classical TLS algorithm may not reach the existing TLS solution.

The core problem concept, introduced in [16] for d = 1, is based on a different
reasoning. It asks what does it mean in terms of the original data A and b that the
solution in the TLS sense does not exist. Van Huffel and Vandewalle indicate that
this happens in the presence of the so-called nonpredictive multicollinearities (see [21,
p. 71]), when the linear dependency between the columns of A is stronger than the
linear dependency between the range of A and the right-hand side b. Projecting out
some unwanted directions in construction of the computationally defined “solution”
does not remove all redundancies and irrelevant information from [b|A]. For an or-
thogonally invariant linear approximation problem this is done by the core problem
reduction allowing us to simply formulate the necessary and sufficient condition for
the existence of the TLS solution for d = 1; see [16]. The core problem reduction
can be done by the singular value decomposition (SVD) of A or by the Golub–Kahan
iterative bidiagonalization [9]; see [16], [14]. Moreover, the core problem approach
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reveals that any partial result of the Golub–Kahan iterative bidiagonalization contains
a part of the necessary information for solving the original problem and it does not
contain any redundancies or irrelevant information.

In the multiple right-hand side case the situation is more complicated. The first
steps in generalizing the core problem concept for d > 1 were done by Björck in the
series of talks [2], [3], [4], and in the unpublished manuscript [5], by Sima in [19],
by Sima and Van Huffel in [20], and by Plešinger in [18]. Following these works and
the paper [11] fully classifying situations which can occur when d > 1, the paper
[13] provides a rigorous extension of the core problem concept to TLS with multiple
right-hand sides (1.4). The orthogonal transformation (data reduction) used there is
based on the SVD of the matrix A.

The results for single right-hand side problems give a motivation for using the band
generalization of the Golub–Kahan bidiagonalization (or simply the band algorithm)
also in the multiple right-hand side case, as proposed in [2], [3], [4], [5]. Here the
deflation due to possible zero entries reducing the band shape of the transformed
matrix plays a crucial role. We investigate the band algorithm and prove rigorously
that it indeed provides a core problem in the sense of [13]. Furthermore, we derive
additional properties of the core problem with multiple right-hand sides that might
be useful in analysis of its solvability.

The paper is organized in the following way. Section 2 recalls the background
results. Section 3 describes the band generalization of the Golub–Kahan bidiagonal-
ization. Section 4 introduces generalized Jacobi matrices and analyzes properties of
the band subproblem. Section 5 concludes the paper.

Throughout the text R(M) and N (M) denote the range and null space of a
matrix M , respectively; I� (or just I) denotes an � × � identity matrix; ek denotes
the kth column of I; 0�,ξ (or just 0) denotes an � × ξ zero matrix; and ‖v‖ denotes
the Euclidean norm of a vector v. The following convention concerning the entries of
matrices will simplify the exposition:

• club (♣) stands for a nonzero entry, ♣ �= 0;
• heart (♥) stands for a general entry which can also be zero;
• empty spaces in matrices always represent zero entries.

Throughout the paper we assume exact arithmetic.

2. The core problem and other background results. In order to make the
text as self-consistent as possible, we briefly recall the known results used below.

2.1. Core problem. The core problem within the problem (1.1) is defined as
follows (see [13, Definition 5.2]).

Definition 2.1 (core problem). The subproblem A11X1 ≈ B1 is a core problem
within the approximation problem AX ≈ B if [B1|A11] is minimally dimensioned and
A22 maximally dimensioned subject to the orthogonal transformations of the form

PT [B|A]
[
R 0
0 Q

]
= PT [BR|AQ] ≡

[
B1 0 A11 0
0 0 0 A22

]
,(2.1)

where P−1 = PT , Q−1 = QT , R−1 = RT .
Let A11 ∈ Rm×n have k distinct singular values σj with multiplicities rj and the

orthonormal bases of the corresponding left singular vector subspaces Uj ∈ Rm×rj ,
j = 1, . . . , k. Let rk+1 ≡ dim(N (AT11)), with Uk+1 ∈ Rm×rk+1 having the orthonormal
basis vectors of N (AT11) as its columns. Then U ≡ [U1, . . . , Uk, Uk+1] ∈ Rm×m and
UT = U−1. The core problem A11X1 ≈ B1 has the following properties (see [13,
p. 925]):
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(CP1) The matrix A11 ∈ Rm×n is of full column rank equal to n ≤ m.

(CP2) The matrix B1 ∈ Rm×d is of full column rank equal to d ≤ m.

(CP3) The matrices Φj ≡ UTj B1 ∈ Rrj×d are of full row rank equal to rj ≤ d, for
j = 1, . . . , k + 1.

These properties guarantee minimality of the core problem; see [13, section 4]. Di-
mensions of any subproblem A11X1 ≈ B1 having the properties (CP1)–(CP3) cannot
be reduced by any orthogonal transformation of the form (2.1). Moreover

UT [B1|A11] =

⎡
⎢⎢⎢⎣

Φ1 UT1 A11

...
...

Φk UTk A11

Φk+1 0

⎤
⎥⎥⎥⎦

}r1
...
}rk
}rk+1

⎫
⎪⎪⎪⎬
⎪⎪⎪⎭
m,

︸ ︷︷ ︸
d

︸ ︷︷ ︸
n

where [U1, . . . , Uk]
TA11 is a square nonsingular matrix of the size n × n, n =

r1+· · ·+rk, and Φk+1 is of full row rank rk+1 = m−n. Thus (CP1)–(CP3) imply that
the extended matrix [B1|A11] is of full row rank equal to m, max{n, d} ≤ m ≤ n+ d.

2.2. Golub–Kahan bidiagonalization. Consider first d = 1, i.e., the single
right-hand side problemAx ≈ b. Here the core problem can be obtained by the Golub–
Kahan iterative bidiagonalization.1 Using the initial vectors q0 = 0 and p1 = b/γ1,
where γ1 = ‖b‖, it computes for j = 1, 2, . . . ,

qjαj = AT pj − qj−1γj ,(2.2)

pj+1γj+1 = Aqj − pjαj ,(2.3)

such that ‖qj‖ = ‖pj+1‖ = 1, and αj > 0, γj+1 > 0. The matrices

Pj ≡ [p1, . . . , pj] ∈ Rm×j, Qj ≡ [q1, . . . , qj ] ∈ Rn×j ,

have orthonormal columns, PTj Pj = QTj Qj = Ij ; see [9]. The iterative process (2.2)–
(2.3) terminates when the right-hand side of one of the equations becomes zero, i.e.,
either qjαj = 0 (in the incompatible case) or pj+1γj+1 = 0 (in the compatible case)
for some j. Consider that Ax ≈ b is incompatible, b �∈ R(A), and let qn+1αn+1 = 0.
Then, denoting P cp

1 ≡ Pn+1 and Qcp
1 ≡ Qn,

(2.4) (P cp
1 )T [b|AQcp

1 ] =

⎡
⎢⎢⎢⎢⎣

γ1 α1

γ2
. . .

. . . αn
γn+1

⎤
⎥⎥⎥⎥⎦
= [b1|A11] ∈ R(n+1)×(n+1)

represents the core problem within [b|A], and

PT [b|A]
[

1 0
0 Q

]
=

[
b1 A11 0
0 0 A22

]
, P ≡ [P cp

1 , P cp
2 ], Q ≡ [Qcp

1 , Q
cp
2 ],

where P cp
2 , Qcp

2 are chosen such that P−1 = PT , Q−1 = QT ; see [16]. A generalization
of the Golub–Kahan bidiagonalization for the problems with multiple right-hand sides
is given in section 3 below.

1Due to the close connection to the Lanczos algorithm one can also find it under the name the
Golub–Kahan–Lanczos bidiagonalization; see, e.g., [1], [3], [4].
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2.3. Right-hand side preprocessing. In order to get an equivalent problem
with the full column rank right-hand sides matrix, we preprocess B in an analogous
way to [13, section 3.1]. Let d ≡ rank(B) ≤ min{m, d}, B ∈ Rm×d. Consider any
decomposition of B in the form

(2.5) B = [C, 0]RT , C ∈ Rm×d, R ∈ Rd×d,

where C is of full column rank, and R is square orthogonal, i.e., R−1 = RT . Multi-
plication of (1.1) from the right by R gives

(2.6) A(XR) ≈ BR, where XR ≡ [Y, Y ′] ∈ Rn×d, Y ∈ Rn×d

(if d = d, then it can be considered R = Id, B = C, X = Y ). The original problem
(1.1) is in this way split into two subproblems,

(2.7) AY ≈ C and AY ′ ≈ 0,

where the second problem is homogeneous. Following the arguments in [16], we con-
sider the meaningful solution Y ′ ≡ 0. In this way, the approximation problem (1.1)

reduces to AY ≈ C in (2.7). The full column rank matrix C ∈ Rm×d is called the
preprocessed right-hand side.

Remark 2.2. A decomposition (2.5) can be obtained using the LQ decomposition
of B (see [13, remark 3.1]) in the form

ΠB = [Λ, 0]RT , Π ∈ Rm×m, Λ ∈ Rm×d, R ∈ Rd×d,

where Π is a permutation matrix (representing possible row pivoting of B), and Λ is
in a lower triangular column echelon form with nonzero columns. Then C ≡ ΠTΛ is
called the LQ-preprocessed right-hand side. Alternatively, one can use the SVD of B
(see [13, section 3.1]) in the form

(2.8) B = S[Θ, 0]RT , S ∈ Rm×d, Θ ∈ Rd×d, R ∈ Rd×d,

where S has mutually orthonormal columns, and the square nonsingular Θ contains
the singular values of B on the diagonal. Then C ≡ SΘ has (nonzero) mutually
orthogonal columns and it is called the SVD-preprocessed right-hand side.

3. Band generalization of the Golub–Kahan bidiagonalization. Now we
describe in details the band algorithm. Consider the problem AY ≈ C, where C ∈
Rm×d is of full column rank obtained above. As an extension of (2.4), we want
to reduce [C|A] to the upper triangular band matrix with (at most) d + 1 nonzero
diagonals (all entries above the dth superdiagonal are zero). We start with the QR
decomposition of the right-hand side C. The basic band structure is then obtained
using Householder reflections. The whole transformation can be reformulated as an
iterative procedure that, employing deflations, reveals a subproblem representing the
core problem analogously to (2.2)–(2.4).

3.1. Basic structure of the band algorithm. First, the right-hand side C is
transformed to the upper triangular form. Consider the QR decomposition

(3.1) C = P(0)F, F =

[
F1

0

]
, F1 =

⎡
⎢⎢⎢⎢⎣

γ1,1 β1,2 · · · β1,d

γ2,2
. . .

...
. . . βd−1,d

γd,d

⎤
⎥⎥⎥⎥⎦
,
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where P(0) ∈ Rm×m, P−1
(0) = PT(0), and F1 is the upper triangular square matrix with

a positive diagonal, γj,j > 0, j = 1, . . . , d. If C is the SVD-preprocessed right-hand
side, then F1 = Θ is diagonal containing the singular values of the original right-
hand side B, and the first d columns of P(0) are the columns of S; see (2.8). It
should be noted that the matrix P(0) as well as the matrices P(k) below, which are all
∈ Rm×m, are distinct from the matrices Pj ∈ Rm×j used above in the description of
the Golub–Kahan iterative bidiagonalization. Denote L(0) ≡ PT(0)A, then

(3.2) PT(0)[C|A] = [F |L(0)].

It remains to transform L(0) to a lower triangular band matrix with (at most) d + 1

nonzero diagonals (all entries below the dth subdiagonal are zero). This can be done,
e.g., by multiplications of L(0) with suitable Householder matrices HQ,j , HP,j , j =
1, 2, . . . , from the right and left, respectively. Let, for k = 1, 2, . . . ,

(3.3) P(k) = P(0)HP,1HP,2 . . . HP,k ∈ Rm×m, Q(k) = HQ,1HQ,2 . . .HQ,k ∈ Rn×n

be orthogonal matrices yielding a transformation

PT(k)[C|AQ(k)] = [F |PT(k)AQ(k)](3.4)

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

γ1,1 β1,2 · · · β1,d α1,d+1

γ2,2
. . .

... β2,d+1

. . .

. . . βd−1,d

...
. . . αk,d+k

γd,d βd,d+1 βk+1,d+k ♥ · · · ♥

γd+1,d+1

. . .
...

...
...

. . . βk+d−1,d+k ♥ · · · ♥
γd+k,d+k ♥ · · · ♥

♥ · · · ♥
...

...
♥ · · · ♥

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,(3.5)

with αj,d+j > 0, γd+j,d+j > 0, for j = 1, . . . , k.(3.6)

Denote

L(j) ≡ PT(j)AQ(j) = HT
P,jL(j−1)HQ,j ,(3.7)

and L(j−) ≡ PT(j−1)AQ(j) = L(j−1)HQ,j , j = 1, . . . , k.(3.8)

The entry αj,d+j represents the norm of the trailing subrow (of length n − j + 1) of

the jth row of L(j−1), and, analogously, the entry γd+j,d+j represents the norm of

the trailing subcolumn (of length m − j − d + 1) of the jth column of L(j−). If the
first row of L(0) is zero (i.e., α1,d+1 = 0), or if the trailing subcolumn of L(1−) of

length m− d is zero (i.e., γd+1,d+1 = 0), or if the problem does not have enough rows
(i.e., γd+1,d+1 does not exist), then the transformation (3.4) to the form (3.5) with

the condition (3.6) does not exist. In such case we formally put k = 0 and Q(0) ≡ In.
This particular case is discussed later in section 3.2. In the rest of this paragraph for
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simplicity we consider αj,d+j > 0, γd+j,d+j > 0, j = 1, . . . , k. Denote by p1, . . . , pd+k
the first d + k columns of P(k) and by q1, . . . , qk the first k columns of Q(k). Using
(3.7) rewritten as

(3.9) AQ(k) = P(k)L(k) and ATP(k) = Q(k)L
T
(k),

we can write for Aqj and AT pj

Aqj = [pj , pj+1, . . . , pj+d−1, pj+d][αj,d+j, βj+1,d+j , . . . , βj+d−1,d+j, γd+j,d+j ]
T,(3.10)

AT pj = [qj−d, qj−d+1, . . . , qj−1, qj ][γj,j , βj,j+1, . . . , βj,j+d−1, αj,d+j ]
T .(3.11)

Using the initial vectors p1, . . . , pd given by (3.1) and q1−d = · · · = q0 ≡ 0, the

columns of the (d+ k)× k leading principal block of L(k), and the columns q1, . . . , qk,
and pd+1, . . . , pd+k are iteratively generated by

qjαj,d+j ≡ AT pj − qj−dγj,j −

⎛
⎝
d−1∑

i=1

qj−d+iβj,j+i

⎞
⎠ ,(3.12)

βj+i,d+j ≡ pTj+iAqj for i = 1, . . . , d− 1,(3.13)

pd+jγd+j,d+j ≡ Aqj − pjαj,d+j −

⎛
⎝
d−1∑

i=1

pj+iβj+i,d+j

⎞
⎠ ,(3.14)

where ‖qj‖ = ‖pj+d‖ = 1, αj,d+j > 0, γd+j,d+j > 0, for j = 1, 2, . . . , k. The β entries

represent orthogonalization coefficients.

3.2. Deflation in the band algorithm. Now we focus on the case when the
right-hand side of (3.12) or (3.14) becomes zero (including the case k = 0). Let �
be the first index for which either q�α�,d+� = 0 (yielding formally α�,d+� = 0) or
pd+�γd+�,d+� = 0 (yielding formally γd+�,d+� = 0), 1 ≤ � ≤ min{n + 1,m − d + 1}.
The cases � = n+1 and � = m− d+1 represent reaching the number of columns and
rows of the system matrix, respectively.

3.2.1. Upper deflation. Let q�α�,d+� = 0 for some � < n+1. Recall that α�,d+�
is the norm of a trailing subrow of the �th row of L(�−1) = PT(�−1)AQ(�−1) to the right
of β�,d+�−1; therefore,

(3.15) PT(�−1)[C|AQ(�−1)] = [F |L(�−1)] =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

. . .

. . . α�−1,d+�−1. . . β�,d+�−1 0 · · · 0

β�+1,d+�−1 ♥ · · · ♥
...

...
...

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
.

In this case the Householder matrix HQ,� is constructed to transform the first row
below the �th row having a nonzero trailing subrow (say, the ξth row) while producing
αξ,d+� > 0.
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This upper deflation can be easily described using (3.12)–(3.14). Consider that
the (� + 1)th row of [F |L(�−1)] has the nonzero trailing subrow. The formula for
computing α�+1,d+� > 0 and q� is then given by equating the (�+1)th (instead of the

�th) columns of ATP(�) = Q(�)L
T
(�); see also (3.9) and (3.11). Formulas (3.12)–(3.14)

are then, for j = �, �+ 1, . . ., modified to

qjαj+1,d+j ≡ AT pj+1 − qj−d+1γj+1,j+1 −

⎛
⎝
d−1∑

i=2

qj−d+iβj+1,j+i

⎞
⎠ ,(3.16)

βj+i,d+j ≡ pTj+iAqj for i = 2, . . . , d− 1,(3.17)

pd+jγd+j,d+j ≡ Aqj − pj+1αj+1,d+j −

⎛
⎝
d−1∑

i=2

pj+iβj+i,d+j

⎞
⎠ .(3.18)

The number of summands and computed coefficients β is reduced by one for all j ≥ �.
Each upper deflation changes the pattern of nonzero entries in the band matrix by
reducing the effective bandwidth from the top by one.

3.2.2. Lower deflation. Let pd+�γd+�,d+� = 0 for � < m − d + 1. Recall that

γd+�,d+� is the norm of a trailing subcolumn of the �th column of L(�−) = PT(�−1)AQ(�)

below β�+d−1,d+�, therefore

(3.19) PT(�−1)[C|AQ(�)] = [F |L(�−)] =

⎡
⎢⎢⎢⎢⎢⎢⎣

. . .
. . .

...
...

γd+�−1,d+�−1 β�+d−1,d+� ♥ · · ·
0 ♥ · · ·
...

...
0 ♥ · · ·

⎤
⎥⎥⎥⎥⎥⎥⎦
.

Then we take HP,� = Im. The matrix L(�−) in (3.19) is multiplied by HQ,�+1 from
the right, giving α�+1,d+�+1, and the algorithm proceeds with transformation of the
(�+ 1)th column (provided its trailing subcolumn is nonzero). For capturing this
lower deflation analogously as above, it is convenient to consider a row-oriented for-
mulation of (3.12)–(3.14). Each lower deflation modifies the pattern of nonzero entries
in the band matrix by reducing the effective bandwidth from the bottom by one.

3.2.3. Band subproblem. Since the matrix [F |L(k)] has (d+ 1) nonzero diag-

onals (see (3.5)), after d deflations the effective bandwidth is reduced to one. Denote
P ∈ Rm×m, Q ∈ Rn×n as the products of the resulting Householder matrices (see
(3.3)) and denote L ≡ PTAQ. Then

(3.20) PT [C|AQ] = [F |L] ≡
[
B1 A11 0
0 0 A22

]

and the problem is decomposed into the desired subproblems; see, e.g., the following
illustration:
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⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

γ1,1 β1,2 β1,3 α1,4

γ2,2 β2,3 β2,4 α2,5

γ3,3 β3,4 β3,5 α3,6

γ4,4 β4,5 β4,6 α4,7

0 γ5,6 β5,7 α5,8

γ6,7 β6,8 0
γ7,8 α7,9

γ8,9 α8,10

0 ♥ · · · ♥
...

...
♥ · · · ♥

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

upper deflation
�� ��

�

lower deflations
�� ���

�
�

�
�

��

���

Let A11 ∈ Rm×n, B1 ∈ Rm×d, and denote P cp
1 ≡ [p1, . . . , pm] ∈ Rm×m, Qcp

1 ≡
[q1, . . . , qn] ∈ Rn×n. In the rest of this paper we show that the band subproblem

(3.21) (P cp
1 )T [C|AQcp

1 ] = [B1|A11] ∈ Rm×(n+d)

represents the core problem, by proving that it satisfies the properties (CP1)–(CP3);
see section 2.1.

An implementation of the band algorithm with inputs A and B, and outputs
A11, B1, P

cp
1 , Qcp

1 , and R (see (2.5)) can be found in Appendix A. For alternative
implementations see [19, Algorithm 2.4, p. 38] or [18, Algorithm 5.1, p. 74].

4. Core problem in the band form. Equations (3.20)–(3.21) immediately
give

ATP cp
1 = Q

[
AT11
0

]
and [C|AQcp

1 ] = P

[
B1 A11

0 0

]
,

which represent QR decompositions of matrices ATP cp
1 and [C|AQcp

1 ], respectively.
The matrix A11 is in the lower triangular column echelon form with nonzero columns,
thus it is of full column rank n giving the property (CP1). The right-hand side B1 is
in the upper triangular form with nonzero entries on the diagonal (see (3.1)), thus it
is of full column rank d giving the property (CP2). Further [B1|A11] is in the upper
triangular row echelon form with nonzero rows, thus it is of full row rank m giving
the inequality

(4.1) max{n, d} ≤ m ≤ n+ d.

Note that for d = 1 the matrix B1 becomes a vector b1, the band algorithm
becomes the standard Golub–Kahan bidiagonalization of A, the matrices [b1|A11], A11

become bidiagonal with [b1|A11]
T [b1|A11], A11A

T
11, and AT11A11 representing Jacobi

matrices (symmetric tridiagonal matrices with positive subdiagonal entries). This
relationship has been used in [14] and [12]. Jacobi matrices represent thoroughly
studied objects with their origin in the first half of the 19th century; see the historical
note 3.4.3 in [15, section 3.4, pp. 108–136]; see also [17, Chapter 7, pp. 119–150], [24,
section 5, paragraphs 36–48, pp. 299–316], and [7, Chapter 1.3, pp. 10–20].

In the following we introduce generalized Jacobi matrices, discuss their spectral
properties, and show their relationship to the band subproblem with d > 1. In partic-
ular, we investigate bases of eigenspaces of generalized Jacobi matrices in section 4.1,
and we show that A11A

T
11 represents a generalized Jacobi matrix in section 4.2. As a
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consequence, the bases of the left singular vector subspaces of A11 have the properties
guaranteeing that the band subproblem [B1|A11] satisfies also the property (CP3).
Other generalizations of Jacobi matrices can be found, e.g., in [6, Chapter 3].

4.1. Generalized Jacobi matrices. Let T ∈ Rn×n be a symmetric matrix
with entries tk,j . In analogy to the notation in, e.g., [8, section 4.1], we consider for
k = 1, . . . , n

(4.2) f(k) = min{j : tk,j �= 0} and h(k) = k − f(k).

The number f(k) is the column index of the first nonzero entry in the kth row of
T (provided it exists), and h(k) is the distance between this and the diagonal entry.
Consider the following matrices.

Definition 4.1 (ρ-wedge-shaped matrix). Let T ∈ Rn×n be a symmetric matrix,
and ρ, 1 ≤ ρ < n, an integer. If h(k) for k = ρ+1, . . . , n is positive and nonincreasing,
then we call T a ρ-wedge-shaped matrix.

For clarity we give some examples of 3-wedge-shaped matrices:

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

♥ ♥ ♥ ♣
♥ ♥ ♥ ♥ ♣
♥ ♥ ♥ ♥ ♥ ♣
♣ ♥ ♥ ♥ ♥ ♥ ♣
♣ ♥ ♥ ♥ ♥ ♥
♣ ♥ ♥ ♥ ♥
♣ ♥ ♥ ♥

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

♥ ♥ ♥ ♣
♥ ♥ ♥ ♥
♥ ♥ ♥ ♥ ♣
♣ ♥ ♥ ♥ ♥ ♣

♣ ♥ ♥ ♥
♣ ♥ ♥ ♣

♣ ♥

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

♥ ♥ ♥
♥ ♥ ♥
♥ ♥ ♥ ♣

♣ ♥ ♣
♣ ♥ ♣
♣ ♥ ♣
♣ ♥

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Recall that clubs (♣) stand for nonzero entries, and hearts (♥) stand for general
entries which can also be zero. Since 1-wedge-shaped matrices are symmetric tridiag-
onal with nonzero subdiagonal entries, the wedge-shaped matrices can be seen as a
generalization of Jacobi matrices.

Jacobi matrices have simple eigenvalues; see, e.g., [17, Lemma 7.7.1]. In the text
below it is shown that multiplicities of eigenvalues of a ρ-wedge-shaped matrix are
bounded by ρ. The following example of a 2-wedge-shaped matrix

⎡
⎢⎢⎢⎢⎢⎣

0 0 1

0 0 0
.. .

1 0 0
. . . 1

. . .
. . .

. . . 0

1 0 0

⎤
⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎣

0 1
1 0 1

1 0 1
1 0

⎤
⎥⎥⎦⊗ I2 ∈ R8×8

with eigenvalues

λ1,2 = −
√
5 + 1

2
, λ3,4 = −

√
5− 1

2
, λ5,6 =

√
5− 1

2
, λ7,8 =

√
5 + 1

2

illustrates that the bound is sharp, in the sense that the multiple eigenvalues with the
multiplicity ρ can be present. This also shows that the strict interlacing property of
eigenvalues of Jacobi matrices (see, e.g., [17, section 7.10]) does not hold for wedge-
shaped matrices. Eigenvectors of Jacobi matrices have nonzero first and last entries;
see, e.g., [17, Theorem 7.9.3 (7.9.5 in the original Prentice-Hall edition)]. The following
theorem shows how to generalize the property of the nonzero first element to leading
subvectors of eigenvectors of wedge-shaped matrices. This immediately gives the
bound for the multiplicities of the individual eigenvalues. Subsequently, we show how
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to generalize the property of the nonzero last element to eigenvectors of wedge-shaped
matrices.

Theorem 4.2. Let T ∈ Rn×n be a ρ-wedge-shaped matrix, 1 ≤ ρ < n. Let λ ∈ R,
v = [ν1, . . . , νn]

T ∈ Rn be an eigenpair of T , i.e., Tv = λv, v �= 0. Then the leading
subvector [ν1, . . . , νρ]

T ∈ Rρ of v is nonzero.
Proof. Because h(k), k = ρ + 1, . . . , n, is nonincreasing, the first nonzero entry

tk,f(k) in the kth row is also the last nonzero entry in the (f(k))th column of T . Using
the symmetry of T , tf(k),k is the last nonzero entry in the (f(k))th row. Thus the
(f(k))th row of Tv = λv can for k = ρ+ 1, . . . , n be written as

(4.3)

(
k−1∑

�=1

tf(k),� ν�

)
+ tf(k),k νk = λ νf(k).

Let, by contradiction, ν1 = · · · = νρ = 0. Then (4.3) is for k = ρ+ 1 reduced to

tf(ρ+1),ρ+1 νρ+1 = λ νf(ρ+1).

Because h(ρ+ 1) is positive, f(ρ+ 1) < ρ+ 1 and νf(ρ+1) = 0. Since tf(ρ+1),ρ+1 �= 0,
then νρ+1 = 0. Repeating the argument gives, for k = ρ+2, . . . , n, νρ+2 = · · · = νn =
0, which contradicts v �= 0.

This theorem has the following corollary.
Corollary 4.3. Let T ∈ Rn×n be a ρ-wedge-shaped matrix, 1 ≤ ρ < n. Let

λ ∈ R be an eigenvalue of T with the multiplicity r. Let v� = [ν1,�, . . . , νn,�]
T ∈ Rn,

� = 1, . . . , r, be an arbitrary basis of the corresponding eigenspace, i.e., TV = λV ,
where V ≡ [v1, . . . , vr] ∈ Rn×r. Then the leading ρ× r block of V ,

(4.4) Ω ≡

⎡
⎢⎣
ν1,1 · · · ν1,r
...

. . .
...

νρ,1 · · · νρ,r

⎤
⎥⎦ ∈ Rρ×r,

is of full column rank r.
Proof. Since V w = [ω1, . . . , ωn]

T represents for any w �= 0 ∈ Rr an eigenvector
of T , by Theorem 4.2, Ωw = [ω1, . . . , ωρ]

T is nonzero, which gives the assertion.
If r > ρ, then there exists a nontrivial linear combination of the columns of V

which gives a vector with the first ρ entries zero, i.e., Ω ∈ Rρ×r can obviously not have
full column rank. This gives the bound for the multiplicities of individual eigenvalues.

Corollary 4.4. An eigenvalue of a ρ-wedge-shaped matrix T ∈ Rn×n, 1 ≤ ρ <
n, has multiplicity at most ρ.

The following theorem generalizes the property of the last nonzero element of
eigenvectors of Jacobi matrices to eigenvectors of wedge-shaped matrices. The proof
is analogous to the proof of Theorem 4.2.

Theorem 4.5. Let T ∈ Rn×n be a ρ-wedge-shaped matrix, 1 ≤ ρ < n. Let λ ∈ R,
v = [ν1, . . . , νn]

T ∈ Rn be an eigenpair of T , i.e., Tv = λv, v �= 0. Denote

{s1, . . . , sρ} ≡ {1, . . . , n} \ {f(k) : k = ρ+ 1, . . . , n},
s1 < s2 < · · · < sρ ,

where f(k) is given by (4.2). Then the subvector [νs1 , . . . , νsρ ]
T ∈ Rρ of v is nonzero.
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Proof. Since tk,f(k) is the first nonzero entry in the kth row of T , the kth row of
Tv = λv can for k = ρ+ 1, . . . , n be written as

(4.5) tk,f(k) νf(k) +

⎛
⎝

n∑

�=f(k)+1

tk,� ν�

⎞
⎠ = λ νk.

Let, by contradiction, νs1 = · · · = νsρ = 0. Because h(n) is positive, f(n) < n, and
ν� = 0 for all � > f(n), in particular, νn ≡ νsρ = 0. Thus (4.5) is for k = n reduced
to

tn,f(n) νf(n) = 0,

and tn,f(n) �= 0 gives νf(n) = 0. Repeating the argument for k = n− 1, n− 2, . . . up
to ρ+ 1 gives νf(n−1) = νf(n−2) = · · · = νf(ρ+1) = 0, which contradicts v �= 0.

Note that s1, . . . , sρ represent the row (and column) indices where the effective
bandwidth of T is reduced by one, and sρ = n. Both nonzero subvectors of length ρ
described by Theorems 4.2 and 4.5 can be observed from the pattern of a wedge-shaped
matrix. As an illustration, eigenvectors of the following 3-wedge-shaped matrix of the
size 9 have nonzero subvectors [ν1, ν2, ν3]

T and [ν3, ν6, ν9]
T :

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ν1
ν2
ν3
ν4
ν5
ν6
ν7
ν8
ν9

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

←→
←→
←→

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

♥ ♥ ♥ ♣
♥ ♥ ♥ ♥ ♣
♥ ♥ ♥ ♥ ♥
♣ ♥ ♥ ♥ ♥ ♣
♣ ♥ ♥ ♥ ♥ ♣

♣ ♥ ♥ ♥
♣ ♥ ♥ ♣

♣ ♥ ♣
♣ ♥

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

←→

←→

←→

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ν1
ν2
ν3
ν4
ν5
ν6
ν7
ν8
ν9

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

4.2. Singular values and vectors of the band subproblem. To prove (CP3),
we first show the link of the band subproblem (3.20)–(3.21) to the wedge-shaped ma-
trices. For a positive definite matrix M = ZTZ with its (upper triangular) Cholesky
factor Z it is well known that

(4.6) env(M) = env(ZT + Z), where env(T ) = {(k, j) : f(k) ≤ j < k}

denotes the so-called envelope of a symmetric matrix T , and f(k) is given by (4.2);
see, e.g., [8, section 4.2]. Analogously, using the structure of the band subprob-
lem (3.20)–(3.21), it is reasonable to expect that the symmetric positive semidefi-
nite matrices A11A

T
11 and [B1|A11]

T [B1|A11] inherit the band structure and represent
wedge-shaped matrices. However, their full row rank upper triangular factors AT11
and [B1|A11], respectively, do not represent the Cholesky factors, in general. Thus
the abovementioned result cannot be used directly; see also an example in Figure 1.
Therefore we state and prove the following lemma which shows when A11A

T
11 and

[B1|A11]
T [B1|A11] are wedge-shaped matrices.

Lemma 4.6. Let A11X1 ≈ B1, A11 ∈ Rm×n, B1 ∈ Rm×d be the band subproblem
(3.20)–(3.21). If m > d, then the matrix

A11A
T
11 ∈ Rm×m
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♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣
♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣

♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣
♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣

♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣
♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣

♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣
♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣

♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣
♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥

♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥
♣ ♥♥ ♥♥ ♥♥ ♥♥ ♣

♣ ♥♥ ♥♥ ♥♥ ♥♥
♣ ♥♥ ♥♥ ♥♥ ♣

♣ ♥♥ ♥♥ ♣
♣ ♥♥ ♣

♣ ♥♥ ♣
♣ ♥♥ ♣

♣ ♥♥
♣ ♣

♣

[B1|A11]

m = 21
n = 16

d = 8

3 lower deflations (in cols. 1, 8, and 10 of A11)
5 upper deflations (in rows 10, 11, 13, 19, and 21)

♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣
♥♥ ♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣
♥♥ ♥♥ ♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣
♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣
♥♥ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣
♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣
♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣
♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣
♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥

♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣
♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥

♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥
♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥ ♥♥ ♥♥ ♣

♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥ ♥♥ ♥♥
♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥ ♥♥ ♣

♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥ ♥♥
♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥ ♣

♣ ♥♥ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥
♣ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♣

♣ ♥♥ ♥♥ ♣ ♥♥ ♣
♣ ♥♥ ♣ ♥♥ ♣

♣ ♥♥ ♣ ♥♥
♣ ♥♥ ♣ ♣

♣ ♣

[B1|A11]
T [B1|A11]

Fig. 1. Top: A band problem Z ≡ [B1|A11] with d = 8. Bottom: One can see that the
positive semidefinite matrix M ≡ [B1|A11]T [B1|A11] is an 8-wedge-shaped matrix. Since the upper
triangular matrix Z in the top does not represent the Cholesky factor of the matrix M in the bottom,
then env(M) �= env(ZT +Z); see, e.g., the encircled nonzero entry in the top part and the encircled
zero entry in the bottom part.

is d-wedge-shaped. Since d+ n > d, then the matrix

[B1|A11]
T [B1|A11] ∈ R(d+n)×(d+n)

is also d-wedge-shaped.
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Proof. Denote by aTk ≡ eTkA11 the kth row of A11, thus aTk aj represents the
(k, j)th entry of A11A

T
11. We look for the first nonzero entry in the kth row of A11A

T
11,

k = d + 1, . . . ,m. Denote by ϕ(j) ∈ {1, . . . ,m} the row index of the first nonzero
entry in the jth column of A11, i.e.,

(4.7) aTϕ(j) = [♥, . . . ,♥︸ ︷︷ ︸
j−1

, αϕ(j),d+j , 0, . . . , 0︸ ︷︷ ︸
n−j

], j = 1, . . . , n.

Denote by ψ(k) ∈ {1, . . . , n} the column index of the first nonzero entry in the kth
row of A11, i.e.,

(4.8) aTk = [0, . . . , 0︸ ︷︷ ︸
ψ(k)−1

, γk,d+ψ(k),♥, . . . ,♥︸ ︷︷ ︸
n−ψ(k)

], k = d+ 1, . . . ,m.

For j = ψ(k) the entries αϕ(j),d+j and γk,d+ψ(k) belong to the same column, i.e.,

(4.9) aTk aϕ(ψ(k)) = γk,d+ψ(k) αϕ(ψ(k)),d+ψ(k) > 0.

Using the lower echelon form of A11, all rows above aTϕ(ψ(k)) ((4.7) with j = ψ(k))

are structurally orthogonal to aTk (4.8), thus all entries to the left of aTk aϕ(ψ(k)) (4.9)
are zero. Consequently, aTk aϕ(ψ(k)) (4.9) is the first nonzero entry in the kth row of

A11A
T
11, k = d+ 1, . . . ,m. Thus

f(k) = ϕ(ψ(k));

see (4.2). The matrix A11 has the band form with the α entries located on the top
and the γ entries on the bottom of the band; see section 3.2.3 above. The row aTϕ(ψ(k))
((4.7) with j = ψ(k)) is always placed above the row (4.8). Thus (4.9) is on the left
of the diagonal entry aTk ak in the kth row of A11A

T
11, i.e., ϕ(ψ(k)) < k and

h(k) = k − ϕ(ψ(k))

is positive for k = d + 1, . . . ,m. Because both ϕ(j) and ψ(k) are increasing, the
composed function ϕ(ψ(k)) is also increasing, and h(k) is nonincreasing for k =
d+ 1, . . . ,m. Consequently, A11A

T
11 is a d-wedge-shaped-matrix.

The proof for [B1|A11]
T [B1|A11] is analogous: Replace A11 by [B1|A11]

T and
exchange the roles of the α and γ entries.

Recall that m ≥ max{n, d}; see (4.1). Thus the only case not covered by the
previous lemma is m = d, where A11A

T
11 has no particular structure. Note that

d+n = d (i.e., A11 has no columns) occurs in the excluded caseATB = 0 (after the QR
decomposition (3.1)–(3.2), the band algorithm starts with d upper deflations). The
matrix AT11A11 ∈ Rn×n is the trailing principal block of the d-wedge-shaped matrix
[B1|A11]

T [B1|A11]. If n > d, then AT11A11 represents a d-wedge-shaped matrix; see
also Figure 1. If n ≤ d, then AT11A11 has no particular structure.

Now we are ready to apply the spectral properties of wedge-shaped matrices
proved in section 4.1 to the band subproblem (3.20)–(3.21).

Corollary 4.7. Let A11X1 ≈ B1, A11 ∈ Rm×n, B1 ∈ Rm×d be the band
subproblem (3.20)–(3.21), i.e., [B1|A11] and A11 are the upper and lower triangular
band matrices, respectively, with (at most) d+1 nonzero diagonals. Then we have the
following:
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(a) The singular values of [B1|A11] and A11 have multiplicities at most d.
(b) Let v1, . . . , vr be an orthonormal basis of the right singular vector subspace of

[B1|A11] corresponding to a singular value with the multiplicity r (or of the
null space N ([B1|A11]) with the dimension r). Then the leading d × r block

of [v1, . . . , vr] ∈ R(n+d)×r is of full column rank r.
(c) Let u1, . . . , ur be an orthonormal basis of the left singular vector subspace of

A11 corresponding to a singular value with the multiplicity r (or of the null
space N (AT11) with the dimension r). Then the matrix

Φ ≡ [u1, . . . , ur]
TB1 ∈ Rr×d

is of full row rank r, i.e., the band subproblem A11X1 ≈ B1 satisfies the
condition (CP3); see section 2.1.

Proof. Assertion (a) follows directly from Lemma 4.6 and Corollary 4.4, except
for the case of A11 with m = d. Since A11 ∈ Rm×n is of full column rank, m ≥ n, the
assertion becomes in this case trivial. Assertion (b) follows directly from Lemma 4.6

and Corollary 4.3. For assertion (c), the leading block Ω ∈ Rd×r of [u1, . . . , ur] ∈ Rm×r

is of full column rank r by Corollary 4.3 (the case m = d excluded in Lemma 4.6

becomes again trivial) and B1 = [FT1 , 0]
T , where F1 ∈ Rd×d is nonsingular; see (3.1).

Thus Φ is of full row rank r.
Consequently, we have proved that the band algorithm computes the problem

A11X1 ≈ B1 that satisfies conditions (CP1)–(CP3) defining the core problem formu-
lated in section 2.1. We state this result as the following theorem.

Theorem 4.8. The band subproblem A11X1 ≈ B1 (3.20)–(3.21) obtained as the
output of the band algorithm described in section 3 applied on the problem AX ≈ B
represents a core problem within AX ≈ B in the sense of Definition 2.1. It can
therefore be called the core problem in the band form.

5. Concluding remarks. We have shown that the band generalization of the
Golub–Kahan iterative bidiagonalization algorithm always yields the minimally di-
mensioned subproblem within the original linear approximation problem AX ≈ B.
This consistently extends the results obtained in [16] to problems with multiple right-
hand sides.

Assertions (a) and (b) of Corollary 4.7 give some additional properties of core
problems. For d = 1, these properties reduce to the well-known facts that singular
values of [b1|A11] are simple and the right singular vectors have nonzero first compo-
nents, guaranteeing existence of the unique TLS solution of the core problem. The
properties from Corollary 4.7 might be helpful in analysis of solvability of core prob-
lems for d > 1. This issue is, however, still under investigation.

Appendix A. Implementation of the band algorithm. Algorithm 1 imple-
ments the band algorithm. Assuming exact arithmetic, it returns for general input
data A, B the matrices A11, B1 of the core problem in the band form, and the cor-
responding transformation matrices P cp

1 , Qcp
1 (see (3.21)), and R (see (2.5)). For

alternative implementations, see [19, Algorithm 2.4, p. 38] or [18, Algorithm 5.1,
p. 74]. In the algorithm pk, qj denote the kth and jth column of P and Q, and
Pk ≡ [p1, . . . , pk] ∈ Rm×k, Qj ≡ [q1, . . . , qj ] ∈ Rn×j (Q0 represents a matrix with no
columns); Lk,j ≡ PTk AQj denotes the k× j leading principal block of L, in particular
Lm,n = A11 (see (3.21)), and lk,j ≡ eTkLej is the (k, j)th entry of L. The variables
cU and cL are counters of the upper and lower deflations, respectively. The algorithm
stops when cU + cL = d = rank(B); see line 7. The indices j and k denote the
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Algorithm 1. Band generalization of the Golub–Kahan bidiagonaliza-
tion.

1: input A ∈ Rm×n, B ∈ Rm×d {ATB �= 0, rank(B) = d}
2: compute B = [C, 0]RT {RHS preprocessing, C ∈ Rm×d, RT = R−1}
3: compute C = PdF1 {QR decomposition in the economic form}
4: initialize Q0 ← [ ], Ld,0 ← [ ] {data arrays/matrices}
5: initialize cU ← 0, cL ← 0 {deflation counters}
6: initialize j ← 1, k ← d {control variables/indices}
7: while cU + cL < d do
8: if j = 1, then {compute an auxiliary vector}
9: auxq ← AT pj+cU = AT p1

10: else
11: auxq ← AT pj+cU −

∑j−1
i=1 qilj+cU ,i

12: end
13: if auxq �= 0, then
14: αj+cU ,d+j ← ‖auxq‖ {compute α coefficient}
15: qj ← auxq/αj+cU ,d+j {compute q vector}
16: Qj ← [Qj−1, qj ] {update of Q matrix}
17: beta← [ ]
18: if cU + cL < d− 2, then
19: for i = j + 1 + cU , . . . , j + d− 1− cL do
20: βi,d+j ← pTi Aqj {compute β coefficients}
21: beta← [beta, βi,d+j ]
22: end
23: end
24: Lk,j ← [Lk,j−1, [01,j−1+cU , αj+cU ,d+j, beta ]

T ] {update of L (add a col.)}
25: auxp ← Aqj −

∑k
i=1 pili,j {compute an auxiliary vector}

26: if auxp �= 0, then
27: k ← k + 1
28: γk,d+j ← ‖auxp‖ {compute γ coefficient}
29: pk ← auxp/γk,d+j {compute p vector}
30: Pk ← [Pk−1, pk] {update of P matrix}
31: Lk,j ← [LTk−1,j , [01,j−1, γk,d+j ]

T ]T {update of L matrix (add a row)}
32: else
33: cL ← cL + 1 {lower deflation}
34: end
35: j ← j + 1
36: else
37: cU ← cU + 1 {upper deflation}
38: end
39: end
40: m← k, n← j − 1, B1 ← [FT1 , 0d,m−d]

T , A11 ← Lm,n, P
cp
1 ← Pm, Qcp

1 ← Qn

41: output A11 ∈ Rm×n, B1 ∈ Rm×d, P cp
1 ∈ Rm×m, Qcp

1 ∈ Rn×n, R ∈ Rd×d

number of columns and rows, respectively, of the currently computed part of the
matrix L. If j or k becomes equal to n or m, respectively, then the algorithm stays
in the loop of lines {7–13, 36–39, 7, etc.} or {7–26, 32–35, 38–39, 7, etc.}. The value
of cU , respectively, cL increases until cU + cL = d. The following schema illustrates
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(on the example given below (3.20)) how the algorithm assembles the matrix A11; the
arrows represent updates in lines 24 or 31:

Ld,0 =

⎡
⎣
⎤
⎦ 24−→

⎡
⎣
α1,4

β2,4
β3,4

⎤
⎦ 31−→

⎡
⎢⎢⎣

α1,4

β2,4
β3,4
γ4,4

⎤
⎥⎥⎦

24−→

⎡
⎢⎢⎣

α1,4 0
β2,4 α2,5

β3,4 β3,5
γ4,4 β4,5

⎤
⎥⎥⎦

24−→

⎡
⎢⎢⎣

α1,4 0 0
β2,4 α2,5 0
β3,4 β3,5 α3,6

γ4,4 β4,5 β4,6

⎤
⎥⎥⎦

31−→

⎡
⎢⎢⎢⎢⎣

α1,4 0 0
β2,4 α2,5 0
β3,4 β3,5 α3,6

γ4,4 β4,5 β4,6
0 0 γ5,6

⎤
⎥⎥⎥⎥⎦

24−→

⎡
⎢⎢⎢⎢⎣

α1,4 0 0 0
β2,4 α2,5 0 0
β3,4 β3,5 α3,6 0
γ4,4 β4,5 β4,6 α4,7

0 0 γ5,6 β5,7

⎤
⎥⎥⎥⎥⎦

31−→ · · · 24−→

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

α1,4 0 0 0 0 0 0
β2,4 α2,5 0 0 0 0 0
β3,4 β3,5 α3,6 0 0 0 0
γ4,4 β4,5 β4,6 α4,7 0 0 0
0 0 γ5,6 β5,7 α5,8 0 0
0 0 0 γ6,7 β6,8 0 0
0 0 0 0 γ7,8 α7,9 0
0 0 0 0 0 γ8,9 α8,10

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= Lm,n = A11.

The sums in (3.12), (3.14), or in (3.16), (3.18), are implemented in lines 11 and 25,
respectively. This implementation does not reflect, for simplicity, the structure of zero
entries in the band matrix; i.e., as an example, the sum in line 11 computes the full
matrix-vector product of the matrix [q1, . . . , qj−1] with the last column of LTk,j−1.
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SOLVABILITY OF THE CORE PROBLEM WITH MULTIPLE
RIGHT-HAND SIDES IN THE TLS SENSE∗

IVETA HNĚTYNKOVÁ†, MARTIN PLEŠINGER‡ , AND DIANA MARIA SIMA§

Abstract. Recently it was shown how necessary and sufficient information for solving an or-
thogonally invariant linear approximation problem AX ≈ B with multiple right-hand sides can
be revealed through the so-called core problem reduction; see [I. Hnětynková, M. Plešinger, and
Z. Strakoš, SIAM J. Matrix Anal. Appl., 34 (2013), pp. 917–931]. The total least squares (TLS)
serves as an important example of such approximation problem. Solvability of TLS was discussed
in the full generality in [I. Hnětynková et al., SIAM J. Matrix Anal. Appl., 32 (2011), pp. 748–770].
This theoretical study investigates solvability of core problems with multiple right-hand sides in the
TLS sense. It is shown that, contrary to the single right-hand side case, a core problem with multiple
right-hand sides may not have a TLS solution. Further possible internal structure of core problems
is studied. Outputs of the classical TLS algorithm for the original problem AX ≈ B and for the core
problem within AX ≈ B are compared.

Key words. total least squares (TLS) problem, multiple right-hand sides, core problem, linear
approximation problem, error-in-variables modeling, orthogonal regression, classical TLS algorithm
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1. Introduction. Consider a linear approximation problem

(1.1) AX ≈ B or, equivalently, [B|A]
[
−Id
X

]
≈ 0,

where A ∈ Rm×n, X ∈ Rn×d, B ∈ Rm×d, and ATB �= 0. (Otherwise the only
meaningful solution is X ≡ 0.) Consider its orthogonal transformation

(1.2) ÂX̂ ≡ (PTAQ)(QTXR) ≈ (PTBR) ≡ B̂,

where P−1 = PT , Q−1 = QT , R−1 = RT , or, equivalently,

(1.3) [B̂|Â]

[ −Id
X̂

]
≡
(
PT [B|A]

[
R 0
0 Q

])([
RT 0
0 QT

] [
−Id
X

]
R

)
≈ 0.

We assume that the problem (1.1) is orthogonally invariant, meaning that X solves

(1.1) if and only if X̂ = QTXR solves (1.2)–(1.3). In this paper, we focus on the
total least squares (TLS) formulation of (1.1), i.e.,

(1.4) min
X,E,G

‖[G|E]‖F subject to (A+ E)X = B +G,
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where ‖.‖F denotes the Frobenius norm. The TLS problem (1.1)–(1.4) has been in-
vestigated for decades; see [3], [12], [13], [14]. The existence and uniqueness of a TLS
solution with d ≥ 1 was discussed in full generality in the paper [4], revealing some
difficulties in previous concepts. For example, the output of the widely used com-
putational approach—the classical TLS algorithm (see [10], [11], [12, Chapter 3.6.1,
pp. 87–90])—in some cases differs from the existing TLS solution.

The so-called core problem reduction introduced in [7] for d = 1 brings a different
point of view. It decomposes the original problem into two independent parts, one
always having the unique TLS solution and minimal dimension (called the core prob-
lem), and the other having zero solution and maximal dimension. In this way, the core
problem reduction allows one to separate the necessary and sufficient information for
solving the problem from the rest. Moreover, the core problem reduction for d = 1 is
invariant with respect to the classical TLS algorithm in the sense that the output of
the algorithm for a problem Ax ≈ b is equal to the output for its core problem (after
some orthogonal back-transformation).

The core concept was generalized to d > 1 recently in [5] and [6]; see also the first
attempts in [1], [2], [9], and [8]. The construction of a core problem is based either
on the singular value decomposition (SVD) in [5] or on the band generalization of the
Golub–Kahan bidiagonalization in [6]. Each of the approaches allowed investigators
to obtain several properties of core problems with d > 1. However, existence and
possible uniqueness of a TLS solution of a core problem, as well as any influence of
the core reduction on the outputs of the TLS algorithm, have not yet been analyzed.
Here we fill in these gaps. In particular, we prove that a core problem with d > 1 may
belong to any of the classification sets introduced in [4], and thus it may not have
a TLS solution. We show this constructively by deriving examples of core problems
belonging to all the sets. On the other hand, we prove that the invariance of the
classical TLS algorithm under the core problem reduction holds also for d > 1.

Section 2 summarizes the classification of TLS problems and gives properties
of core problems with d ≥ 1. It describes the basic results on solvability of core
problems in the TLS sense. Section 3 employs properties of core problems to explore
their possible internal structure. Section 4 analyzes the solvability of core problems
with d ≥ 1 in the TLS sense. Section 5 discusses the core problem reduction in the
context of the classical TLS algorithm. Section 6 concludes the paper.

Throughout the paper, R(M) and N (M) denote the range and null-space, re-
spectively, of a matrix M ; I� (or just I) denotes an �× � identity matrix; 0�,ξ (or just
0) denotes an � × ξ zero matrix; and M † denotes the Moore–Penrose pseudoinverse
of M . The matrices A, B, [B|A], and X from (1.1) are called the system matrix, the
right-hand sides (or the observation) matrix, the extended (or data) matrix, and the
matrix of unknowns, respectively.

2. Preliminaries. First we briefly recall some results from [4], [5], [6], and [7].

2.1. Classification of TLS problems. Consider the problem (1.1) and its SVD

(2.1) [B|A] = UΣV T and σ1 ≥ · · · ≥ σn ≥ σn+1 ≥ · · · ≥ σn+d ≥ 0;

i.e., σj denote the singular values including the multiplicities. If m < n+ d (which is
often the case for core problems), then

σ1 ≥ · · · ≥ σn ≥ σn+1 ≥ · · · ≥ σm ≥ 0 and σm+1 = · · · = σn+d ≡ 0.
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Define integers q, n ≥ q ≥ 0, and e, d ≥ e ≥ 1, such that

(2.2) σn−q > σn−q+1 = · · · = σn︸ ︷︷ ︸
q

= σn+1 = · · · = σn+e︸ ︷︷ ︸
e

> σn+e+1;

i.e., q is the “left” and e is the “right multiplicity” of σn+1. (Note that σn−q or
σn+e+1 may not exist if q = n or e = d, respectively.) Further define a conformal
partitioning1 of the matrix V ∈ R(n+d)×(n+d),

V =

[
V11 V12 V13

V21 V22 V23

]
}d
}n .(2.3)

︸ ︷︷ ︸
n−q

︸ ︷︷ ︸
q+e

︸ ︷︷ ︸
d−e

The block-columns correspond to singular values strictly larger than, equal to, and
strictly smaller than σn+1, respectively. (Note that V11, V21 or V13, V23 may not exist
if n = q or d = e, respectively.)

The classification introduced in [4] distinguishes four disjoint sets F1, F2, F3, and
S of TLS problems based on ranks of individual blocks in (2.3):2

F : If rank([V12, V13]) = d, then the problem is of the first class and the following
hold:
F1: If rank(V12) = e, rank(V13) = d−e, then the problem has a TLS solution

(that may be unique as well as nonunique), and there exists a TLS
solution minimal in both the Frobenius and the 2-norm at the same
time. Such a solution can be computed by the classical TLS algorithm.

F2: If rank(V12) > e, rank(V13) = d − e, then the problem has a nonunique
TLS solution, and the TLS solutions minimal in the Frobenius and 2-
norms may be different. The classical TLS algorithm cannot reach a
TLS solution.

F3: If rank(V12) > e, rank(V13) < d − e, then the problem does not have a
TLS solution.

S: If rank([V12, V13]) < d, then the problem is of the second class, and it does
not have a TLS solution.

Note that a problem Ax ≈ b with a single right-hand side (d = 1) belongs either to
the set F1 or to the set S. Further, the TLS solution minimal in both the Frobenius
and the 2-norm is in F1 (and only here) given by

(2.4) XTLS ≡ − [V22, V23][V12, V13]
†,

and it represents the unique TLS solution if and only if [V12, V13] is square invertible
(or equivalently σn > σn+1, or V12 is of full column rank); see [12], [4].

2.2. Core problem properties. The core problem within (1.1) is defined as
follows; see [5, Definition 5.2].

1Different partitionings of V are used in the literature. The paper [4] and the book [12] use
partitioning into four blocks Vij

(q), i = 1, 2, j = 1, 2. The blocks V11, [V12, V13], V22, [V22, V23] of

(2.3) correspond to the blocks V11
(q), V12

(q), V21
(q), V22

(q), respectively, in [4]. Since the analysis
in [12] is based on the matrix [A|B] instead of [B|A], the roles of block-rows of V in [12] and [4] are
exchanged.

2The classical literature (e.g., the book [12]) often uses the terminology generic and nongeneric
problems, which in this classification correspond to the sets F and S, respectively.
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Definition 2.1 (core problem). The subproblem A11X1 ≈ B1 is a core problem
within the approximation problem AX ≈ B if [B1|A11] is minimally dimensioned and
A22 maximally dimensioned subject to the orthogonal transformations of the form

(2.5) PT [B|A]
[

R 0
0 Q

]
= [PTBR|PTAQ] ≡

[
B1 0 A11 0
0 0 0 A22

]
,

where P−1 = PT , Q−1 = QT , R−1 = RT .

The following theorem describes the core problem by its properties.

Theorem 2.2. Let A11X1 ≈ B1 be any subproblem obtained by an orthogonal
transformation of the form (2.5). Then A11X1 ≈ B1 represents the core problem if
and only if it satisfies the following properties:
(CP1) The matrix A11 ∈ Rm×n is of full column rank equal to n ≤ m.

(CP2) The matrix B1 ∈ Rm×d is of full column rank equal to d ≤ m.
(CP3) Let A11 have k distinct nonzero singular values σj(A11) with multiplicities rj ,

and rk+1 ≡ dim(N (AT
11)). Let Uj ∈ Rm×rj be matrices having orthonormal

bases of left singular vector subspaces of A11 corresponding to σj(A11) for
j = 1, . . . , k, and of N (AT

11) for j = k + 1, as their columns. The matrices

Φj ≡ UT
j B1 ∈ Rrj×d are of full row rank equal to rj ≤ d for j = 1, . . . , k + 1.

For the proof see [5, section 4]. Any core problem has also the following properties:

(CP4) The extended matrix [B1|A11] ∈ Rm×(n+d) is of full row rank equal to m,
which follows from (CP1) and (CP3); see [6, section 2.1].

(CP5) Let [B1|A11] have k distinct nonzero singular values σj([B1|A11]) with mul-

tiplicities �j , and �k+1 ≡ dim(N ([B1|A11])). Let Vj ∈ R(n+d)×�j be matrices
having orthonormal bases of right singular vector subspaces of [B1|A11] cor-
responding to σj([B1|A11]) for j = 1, . . . , k, and of N ([B1|A11]) for j = k+1,
as their columns. The leading d×�j submatrices of Vj are of full column rank
equal to �j ≤ d, for j = 1, . . . , k + 1; see [6, Corollary 4.7(b)].

(CP6) Let σj(A11) denote distinct singular values of A11 with multiplicities rj , then
rj ≤ d and

∑
j rj = n, which follows from (CP3) and (CP1).

(CP7) Let σj([B1|A11]) denote distinct singular values of [B1|A11] with multiplicities
�j ; then �j ≤ d and

∑
j �j = m, which follows form (CP5) and (CP4).

It is worth noting that matrices A11 and B1 of the core problem within AX ≈ B are
not unique. Any problem Â11X̂1 ≈ B̂1 obtained by an orthogonal transformation

(2.6) [B̂1|Â11] ≡ [P̂TB1R̂|P̂TA11Q̂] = P̂T [B1|A11]

[
R̂ 0

0 Q̂

]
,

where P̂−1 = P̂T , Q̂−1 = Q̂T , R̂−1 = R̂T , also represents a core problem within
AX ≈ B; see [5, Remark 3.1]. The properties (CP1)–(CP7) are invariant with
respect to the orthogonal transformation of the form (2.6).

Remark 2.3. Revealing the core problem using the SVD of A with the SVD-
preprocessing ofB leads to the so-called SVD form of the core problem with B1 having
mutually orthogonal columns, and A11 diagonal (possibly with some additional zero
rows); see [5]. The approach based on the band generalization of the Golub–Kahan
bidiagonalization algorithm leads to the so-called band form with B1 upper triangular,
A11 lower triangular in a column echelon form, and [B1|A11] upper triangular in a
row echelon form; see [6].
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2.3. Basic results on solvability of core problems. Using (2.5), the original
problem AX ≈ B transforms into the block form

[
A11 0
0 A22

] (
QTXR

)
≈
[

B1 0
0 0

]
.

A conformal partitioning of the matrix of unknowns

QTXR =

[
X1 Z1

X2 Z2

]
} n
} n− n

(2.7)

︸ ︷︷ ︸
d

︸ ︷︷ ︸
d− d

allows us to split the original problem AX ≈ B into subproblems

A11X1 ≈ B1 and A11Z1 ≈ 0, A22X2 ≈ 0, A22Z2 ≈ 0.

The last three subproblems are homogenous. Following the arguments in [7], X2 ≡ 0,
Z1 ≡ 0, and Z2 ≡ 0, and only the core problem

(2.8) A11X1 ≈ B1 or, equivalently, [B1|A11]

[
−Id
X1

]
≈ 0,

has to be solved. If X1 is some solution (e.g., the TLS solution) of (2.8), then

(2.9) X ≡ Q

[
X1 0
0 0

]
RT

represents a reasonable solution of the original problem AX ≈ B, fully determined
by the solution of the core problem. This leads us to the fundamental question of
existence (and possibly also uniqueness) of a TLS solution of (2.8).

For a problem with single right-hand side, i.e., d = d = 1, the properties (CP5)
and (CP7) guarantee solvability of the corresponding core problem in the TLS sense;
see [3], [7], and [4].

Corollary 2.4. Let Ax ≈ b be an approximation problem and A11x1 ≈ b1 the
core problem within Ax ≈ b. Then the following hold:

• The smallest singular value σn+1([b1|A11]) of [b1|A11] is simple.
• The first entry of the right singular vector of [b1|A11] corresponding to the

singular value σn+1([b1|A11]) is nonzero.
Consequently, the core problem A11x1 ≈ b1 belongs to the set F1 and has the unique
TLS solution.

As a result, the core problem reduction simplifies the classification of single right-
hand side problems and gives (through the back-transformation) a clear interpretation
framework for a solution of the original problem.

Now consider a core problem with multiple right-hand sides,

A11X1 ≈ B1, A11 ∈ Rm×n, B1 ∈ Rm×d,

and its SVD analogous to (2.1)–(2.3), where q + e is the multiplicity of the singular
value σn+1 of [B1|A11], and the matrix V of right singular vectors of [B1|A11] is
partitioned with respect to integers n, d, q, and e. Since the columns of

(2.10)

[
V12

V22

]
∈ R(n+d)×(q+e)
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form an orthonormal basis of the right singular vectors subspace corresponding to
σn+1, the leading d× (q+ e) submatrix of (2.10), i.e., the matrix V12, is of full column
rank by (CP5). This observation together with the results summarized in section 2.1
gives the following corollary.

Corollary 2.5. Let A11X1 ≈ B1 be a core problem. Then the following asser-
tions are equivalent:

• The problem A11X1 ≈ B1 has a unique TLS solution.
• The problem A11X1 ≈ B1 belongs to the set F1.

For multiple right-hand sides problems with core problems in F1, this corollary
states solvability results generalizing the results for single right-hand side problems.
However, we show that a core problem with multiple right-hand sides may belong to
any of the sets F1,F2,F3, or S. We do it constructively, by building examples of core
problems belonging to these sets. In order to do this, we first prove that core problems
may have some further internal structure not present in problems with d = 1.

3. Internal structure of core problems. The following theorem shows that
a core problem with multiple right-hand sides may be composed of two or more
independent subproblems having the core problem properties.

Theorem 3.1. The problems

A
(α)
11 X

(α)
1 ≈ B

(α)
1 , A

(α)
11 ∈ Rmα×nα , B

(α)
1 ∈ Rmα×dα ,

A
(β)
11 X

(β)
1 ≈ B

(β)
1 , A

(β)
11 ∈ Rmβ×nβ , B

(β)
1 ∈ Rmβ×dβ ,

represent two core problems, i.e., both satisfy (CP1)–(CP3), if and only if the problem

(3.1) A11X1 ≈ B1, where A11 =

[
A

(α)
11 0

0 A
(β)
11

]
and B1 =

[
B

(α)
1 0

0 B
(β)
1

]
,

represents a core problem, i.e., satisfies (CP1)–(CP3).

Proof. Obviously (CP1) are (CP2) hold; thus we concentrate on (CP3). Let

A
(�)
11 = U (�)Σ(�)(V (�))T , � = α, β,

be SVDs with the standard ordering of singular values. Denote by σ
(�)
i the distinct

nonzero singular values of A
(�)
11 , by U

(�)
i the blocks of corresponding left singular

vectors, and let Φ
(�)
i ≡ (U

(�)
i )TB

(�)
1 , � = α, β. Let ΨL, ΨR be permutation matrices

such that

A11 =

([
U (α) 0
0 U (β)

]
ΨL

)

︸ ︷︷ ︸
U11

(
ΨT

L

[
Σ(α) 0
0 Σ(β)

]
ΨR

)

︸ ︷︷ ︸
Σ11

(
ΨT

R

[
V (α) 0
0 V (β)

]T )

︸ ︷︷ ︸
V T
11

is an SVD of A11 with the standard ordering of singular values. Denote by σi the
distinct nonzero singular values of A11, by Ui the blocks of corresponding left singular
vectors, and let Φi ≡ UT

i B1. For each σi one of the following assertions is true:

• σi = σ
(α)
j for some j, and it is not a singular value of A

(β)
11 ;

• σi = σ
(β)
k for some k, and it is not a singular value of A

(α)
11 ;

• σi = σ
(α)
j = σ

(β)
k for some j and k, so it is a singular value of both A

(α)
11 , A

(β)
11 .
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Let the permutations ΨL, ΨR be chosen such that

Ui =

[
U

(α)
j

0

]
or Ui =

[
0

U
(β)
k

]
or Ui =

[
U

(α)
j 0

0 U
(β)
k

]

in these cases, respectively. This gives

Φi = [Φ
(α)
j , 0 ] or Φi = [ 0 ,Φ

(β)
k ] or Φi =

[
Φ

(α)
j 0

0 Φ
(β)
k

]
,

and Φi is of full row rank if and only if Φ
(α)
j or Φ

(β)
k or both are of full row rank,

respectively. The same result can be obtained analogously also for ΦN ≡ UT
NB1 and

Φ
(�)
N ≡ (U

(�)
N )TB1, where UN , U

(�)
N are bases of N (AT

11), N ((A
(�)
11 )

T ), respectively.

It is worth introducing the following theorem, although it can be considered as a
special case of the previous one.

Theorem 3.2 (degenerate version of Theorem 3.1). The problem

A
(α)
11 X

(α)
1 ≈ B

(α)
1 , A

(α)
11 ∈ Rmα×nα , B

(α)
1 ∈ Rmα×dα ,

represents a core problem, i.e., satisfies (CP1)–(CP3), and B
(β)
1 ∈ Rmβ×dβ is square

nonsingular, if and only if

(3.2) A11X1 ≈ B1, A11 =

[
A

(α)
11

0

]
, B1 =

[
B

(α)
1 0

0 B
(β)
1

]

represents a core problem, i.e., satisfies (CP1)–(CP3).

Proof. The proof is straightforward. Technically, one can use Theorem 3.1 with

A
(β)
11 ∈ Rmβ×0, a system matrix with no columns.

The following definition completes Theorems 3.1 and 3.2.

Definition 3.3 (reducible core problem). Any core problem [B1|A11] having,
after some transformation of the form (2.6), the block structure (3.1) or (3.2), i.e.,

(3.3) P̂T [B1|A11]

[
R̂ 0

0 Q̂

]
=

[
B

(α)
1 0 A

(α)
11 0

0 B
(β)
1 0 A

(β)
11

]
,

where P̂−1 = P̂T , Q̂−1 = Q̂T , R̂−1 = R̂T , including the case of A
(β)
11 with no columns,

is called reducible (or composed or decomposable). A core problem which is not re-
ducible is called irreducible.

Individual subproblems [B
(�)
1 |A

(�)
11 ], � = α, β, are called components of [B1|A11].

If R(B(�)
1 ) ⊂ R(A(�)

11 ), then [B
(�)
1 |A

(�)
11 ] is called a compatible component. A compo-

nent which is not compatible is called incompatible. If A
(�)
11 has no columns, then

[B
(�)
1 |A

(�)
11 ] = [B

(�)
1 ] is called a degenerate component.

Based on the previous results, we may conclude that when some core problem is
reducible, it would be more reasonable to solve the individual subproblems indepen-
dently. However, the question of constructing the block-structure-revealing transfor-
mation (3.3), or at least of detecting whether the given (core) problem is reducible or
not, remains open.
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Remark 3.4. An extreme example of an incompatible reducible core problem con-
sists only of one compatible and one degenerate component. The compatible compo-

nent A
(α)
11 X

(α)
1 ≈ B

(α)
1 , R(B(α)

1 ) ⊂ R(A(α)
11 ) has a square nonsingular system matrix

(see (CP1) and (CP4)), and thus (if it is treated separately) it has the unique solution

X
(α)
1 = (A

(α)
11 )−1B

(α)
1 . The right-hand side of the degenerate component cannot be

approximated by the columns of A11; see (3.2). Thus, while solving a TLS problem
(1.4), the degenerate component only increases the norm of the correction matrix G.

4. TLS solvability of core problems. Now we employ Theorem 3.1 to get
examples of core problems with multiple right-hand sides in all four sets F1, F2, F3,
and S.

4.1. Examples of reducible core problems. Consider three incompatible

core problems with single right-hand sides A
(�)
11 x

(�)
1 ≈ b

(�)
1 , A

(�)
11 ∈ R3×2, b

(�)
1 ∈ R3, for

� = α, β, γ. Let

(4.1) [b
(�)
1 |A

(�)
11 ] = U (�)Σ(�)(V (�))T = U (�)

⎡
⎢⎣

σ
(�)
1 0 0

0 σ
(�)
2 0

0 0 σ
(�)
3

⎤
⎥⎦

⎡
⎢⎣

v
(�)
11 v

(�)
12 v

(�)
13

v
(�)
21 v

(�)
22 v

(�)
23

v
(�)
31 v

(�)
32 v

(�)
33

⎤
⎥⎦

T

be the SVDs of their extended matrices. The partitioning (2.3) of V (�) is suggested
by the lines. (The third block-column is not present since the “right multiplicities”

of σ
(�)
3 are equal to one; see (2.2).)

Example 4.1. Consider a reducible core problem containing two subproblems (4.1)
as components:

[B1|A11] ≡
[

b
(α)
1 0 A

(α)
11 0

0 b
(β)
1 0 A

(β)
11

]
∈ Rm×(n+d), m = 6, n = 4, d = 2.

There exist permutation matrices ΨL, ΨR such that

[B1|A11] = UΣV T , U =

[
U (α) 0
0 U (β)

]
ΨL, Σ = ΨT

L

[
Σ(α) 0
0 Σ(β)

]
ΨR,

V =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

v
(α)
11 v

(α)
12 v

(α)
13 0 0 0

0 0 0 v
(β)
11 v

(β)
12 v

(β)
13

v
(α)
21 v

(α)
22 v

(α)
23 0 0 0

v
(α)
31 v

(α)
32 v

(α)
33 0 0 0

0 0 0 v
(β)
21 v

(β)
22 v

(β)
23

0 0 0 v
(β)
31 v

(β)
32 v

(β)
33

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

ΨR

represents an SVD with standard ordering of singular values. Denote by σj , j =

1, . . . , 6, the sorted singular values of [B1|A11], and consider V12 ∈ Rd×(q+e), V13 ∈
Rd×(d−e), the blocks of V analogous to (2.3). If, e.g.,

min{σ(α)
2 , σ

(β)
2 } > max{σ(α)

3 , σ
(β)
3 },

then

σ4 > σ5 ≥ σ6, q = 0, e ∈ {1, 2}
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and

[V12, V13] =

[
v
(α)
13 0

0 v
(β)
13

]
or

[
v
(α)
13 0

0 v
(β)
13

]
or

[
0 v

(α)
13

v
(β)
13 0

]
,

depending on the relation between σ
(α)
3 and σ

(β)
3 (>, =, <, respectively). The parti-

tioning of [V12, V13] is suggested by the vertical line. (If σ
(α)
3 = σ

(β)
3 , then the matrix

V13 has no columns.) The matrix [V12, V13] is in any case square nonsingular, and this
core problem belongs to the set F1 having the unique TLS solution.

Example 4.2. Consider [B1|A11] as in Example 4.1. If, e.g.,

σ
(α)
3 = σ

(β)
2 ,

then

σ3 > σ4 = σ5 > σ6, q = 1, e = 1, and [V12, V13] =

[
v
(α)
13 0 0

0 v
(β)
12 v

(β)
13

]
.

Since rank(V12) = 2 > e and rank(V13) = 1 = d− e, this core problem belongs to the
set F2 having a nonunique TLS solution.

Example 4.3. Consider [B1|A11] as in Example 4.1. If, e.g.,

σ
(α)
3 > σ

(β)
2 ,

then

σ4 > σ5 > σ6 and [V12, V13] =

[
0 0

v
(β)
12 v

(β)
13

]
.

The matrix [V12, V13] is rank deficient, and this core problem belongs to the set S
having no TLS solution.

Now we present an example in the set F3.

Example 4.4. Consider a reducible core problem containing all three subproblems
(4.1) as components, i.e.,

[B1|A11] ≡

⎡
⎢⎣

b
(α)
1 0 0 A

(α)
11 0 0

0 b
(β)
1 0 0 A

(β)
11 0

0 0 b
(γ)
1 0 0 A

(γ)
11

⎤
⎥⎦ ∈ Rm×(n+d),

and m = 9, n = 6, d = 3. An SVD of [B1|A11] with standard ordering of singular
values can be written in a way analogous to that in Example 4.1. Denote by σj ,
j = 1, . . . , 9, the sorted singular values of [B1|A11]. If, e.g.,

σ
(α)
3 = σ

(β)
3 = σ

(γ)
1 ,

then
σ4 > σ5 = σ6 = σ7 > σ8 > σ9, q = 2, e = 1,

and

[V12, V13] =

⎡
⎢⎣

v
(α)
13 0 0 0 0

0 v
(β)
13 0 0 0

0 0 v
(γ)
11 v

(γ)
12 v

(γ)
13

⎤
⎥⎦ .

Since rank(V12) = 3 > e and rank(V13) = 1 < d− e, this core problem belongs to F3

having no TLS solution.
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4.2. Example of irreducible core problem in F2. Examples 4.1–4.4 may
motivate a tempting conjecture, that each core problem which does not belong to F1

is reducible. The following irreducible problem stands as a counterexample.

Example 4.5.3 Consider a problem A11X1 ≈ B1, A11 ∈ R4×2, B1 ∈ R4×2 given
by its SVD, with the partitioning (2.3) of V revealing that it belongs to F2,

(4.2) [B1|A11] ≡ I4

⎡
⎢⎢⎣

3 0 0 0
0 2 0 0
0 0 2 0
0 0 0 1

⎤
⎥⎥⎦

⎛
⎜⎜⎝

1

4

⎡
⎢⎢⎣

−1 −3
√
3
√
3

3 −1
√
3 −

√
3√

3
√
3 1 3√

3 −
√
3 −3 1

⎤
⎥⎥⎦

︸ ︷︷ ︸
V

⎞
⎟⎟⎠

T

.

Because [B1|A11] is of full column rank, then A11 and B1 are of full column rank,
and the problem satisfies (CP1) and (CP2). Employing the SVD of A11 = U ′Σ′(V ′)T

reveals that (CP3) is also satisfied; i.e., (4.2) represents a core problem. It will be
useful to consider its SVD form

(4.3) (U ′)T [B1|A11V
′] ≡

⎡
⎢⎢⎣

b11 b12 σ1 0
b21 b22 0 σ2

b31 b32 0 0
b41 b42 0 0

⎤
⎥⎥⎦ , where σ1,2 =

√
4± 3

8

√
5 .

Now we show by contradiction that this core problem is irreducible.

Let [b
(�)
1 |A

(�)
11 ], � = α, β, be the components of (4.2)–(4.3) in their SVD forms.

They are either both incompatible,

(4.4) [b
(α)
1 |A

(α)
11 ] ≡

[
b1α σ1

b3α 0

]
, [b

(β)
1 |A

(β)
11 ] ≡

[
b2β σ2

b4β 0

]
,

or one is incompatible and one is degenerate (with, e.g., A
(β)
11 having no columns),

(4.5) [b
(α)
1 |A

(α)
11 ] ≡

⎡
⎣

b1α σ1 0
b2α 0 σ2

b3α 0 0

⎤
⎦ , [b

(β)
1 |A

(β)
11 ] ≡ [ b4β ].

Since the SVD form (4.3) of a reducible core problem can be composed of SVD forms
of its components (4.4) or (4.5), there exist orthogonal matrices GL, GR ∈ R2×2 (see
(2.6)) such that

(4.6)

[
I2 0
0 GT

L

]
⎡
⎢⎢⎣

b11 b12
b21 b22
b31 b32
b41 b42

⎤
⎥⎥⎦GR is equal to

⎡
⎢⎢⎣

b1α 0
0 b2β
b3α 0
0 b4β

⎤
⎥⎥⎦ or

⎡
⎢⎢⎣

b1α 0
b2α 0
b3α 0
0 b4β

⎤
⎥⎥⎦.

In both cases,

(4.7)

[
b31 b32
b41 b42

]
= GL

[
b3α 0
0 b4β

]
GT

R

3We include MATLAB scripts exa45sym.m [local/web 5.66KB] and exa45num.m [local/web
5.56KB] in supplementary materials, so one can easily follow and verify the subsequent steps by
symbolic (using the Symbolic Math Toolbox) and numeric calculations, respectively. The same
problem was used in [4, eq. (4.8)], however in a different context.
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represents an SVD (up to possibly negative signs of b3α or b4β). Since for the con-
sidered example |b3α| �= |b4β |, the decomposition in (4.7) is unique, fully determining
the matrices GL, GR (up to signs of their columns). Computation of GL and GR for
(4.2), followed by the transformation (4.6), however, does not yield either of the two
patterns of nonzero entries in the right-hand-side matrix, nor a permutation of them,
contradicting the assumption of reducibility.

The question of whether there exist irreducible core problems also in sets F3 and
S, i.e., having no TLS solution, remains open.

5. Outputs of the classical TLS algorithm. The classical TLS algorithm
[12, pp. 87–90] represents a powerful approach for solving TLS problems (1.1). In
exact arithmetic, it returns for any input data A ∈ Rm×n, B ∈ Rm×d an output
matrix

(5.1) X← class TLS alg (A,B), X ∈ Rn×d,

constructed as follows. Consider the SVD (2.1). Find the smallest κ, n ≥ κ ≥ 0, such
that

Σ = [ Σ̃1 Σ̃2 ] , σmin(Σ̃1) ≡ σn−κ > σn−κ+1 ≡ σmax(Σ̃2),(5.2)
︸ ︷︷ ︸
n−κ

︸ ︷︷ ︸
κ+d

and V =

[
Ṽ11 Ṽ12

Ṽ21 Ṽ22

]
}d
}n , rank(Ṽ12) = d.(5.3)

︸ ︷︷ ︸
n−κ

︸ ︷︷ ︸
κ+d

(If κ = n, then σn−κ, Σ̃1, Ṽ11, and Ṽ21 do not exist.) The output (5.1) is then

(5.4) X = − Ṽ22Ṽ
†
12.

Recalling the classification in section 2.1, if AX ≈ B belongs to the sets F1, F2, or F3,
then κ = q, and the partitioning (5.3) coincides with (2.3) such that Ṽ12 = [V12, V13];
compare (2.2)–(2.3) with (5.2)–(5.3). If AX ≈ B belongs to the set S, then κ > q; see
also the discussion below Algorithm 1 in [4, p. 767]. Further, if AX ≈ B belongs to
the set F1, then X = XTLS (compare (2.4) and (5.4)), which is not true for problems
in the sets F2, F3, or S. This allows us to extend Corollary 2.5 as follows.

Corollary 5.1. Let A11X1 ≈ B1 be a core problem. Then the following asser-
tions are equivalent:

• The problem A11X1 ≈ B1 has a unique TLS solution.
• The problem A11X1 ≈ B1 belongs to the set F1.
• The output of the classical TLS algorithm for the data A11, B1 represents a

TLS solution.

In order to study how core reduction influences the TLS algorithm, we now com-
pare the outputs of the classical TLS algorithm for a problem AX ≈ B and its core
problem, and for a reducible problem and its components.

5.1. Classical TLS algorithm and the core problem reduction. Consider
a single right-hand side problem Ax ≈ b and its core problem

(5.5) A11x1 ≈ b1, where PT [b|AQ] =

[
b1 A11 0
0 0 A22

]
.
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Define x ← class TLS alg (A, b) and x1 ← class TLS alg (A11, b1). In [7], it was
shown that

(5.6) x = Q

[
x1
0

]
;

i.e., the algorithm gives the same output (up to the orthogonal transformation) for
the original problem and for the core problem. The following theorem extends this
result to d > 1.

Theorem 5.2. Let AX ≈ B be an approximation problem (1.1) and

(5.7) A11X1 ≈ B1, PT [BR|AQ] =

[
B1 0 A11 0
0 0 0 A22

]

be a core problem within AX ≈ B. Let

(5.8) X← class TLS alg (A,B), X1 ← class TLS alg (A11, B1)

be the outputs of the classical TLS algorithm. Then

(5.9) X = Q

[
X1 0
0 0

]
RT ;

i.e., the classical TLS algorithm gives the same output (up to the orthogonal transfor-
mation) for the original problem and for the core problem.

Notice that there is a clear resemblance between (5.9) and the basic solution
equality (2.9). However, since the TLS algorithm returns the TLS solution only for
problems from the set F1, neither of the matrices X, X1 has to represent a TLS solution.
The theorem states an important consistency result, that the original problem and
the core problem are solved in the same sense by the TLS algorithm.

Proof. The SVD (2.1) of [B|A] ∈ Rm×(d+n) with the partitioning (5.2)–(5.3) gives

(5.10) PT [BR|AQ] = (PTU)[Σ̃1, Σ̃2]

[
RT Ṽ11 RT Ṽ12

QT Ṽ21 QT Ṽ22

]T
.

Consider further the SVD of [B1|A11] with the partitioning analogous to (5.2)–(5.3),

(5.11) [B1|A11] = U (1)Σ(1)(V (1))T = U (1)[Σ̃
(1)
1 , Σ̃

(1)
2 ]

[
Ṽ

(1)
11 Ṽ

(1)
12

Ṽ
(1)
21 Ṽ

(1)
22

]T
,

described by the smallest κ, n ≥ κ ≥ 0, for which

(5.12) σn−κ([B1|A11]) ≡ σmin(Σ̃
(1)
1 ) > σmax(Σ̃

(1)
2 ) ≡ σn−κ+1([B1|A11])

and Ṽ
(1)
12 ∈ Rd×(d+κ) is of full row rank. Then

X1 = − Ṽ
(1)
22 (Ṽ

(1)
12 )†

is the output of the algorithm for the core problem. Consider also the SVD of A22,

A22 = U (2)Σ(2)(V (2))T = U (2)[Σ̃
(2)
1 , Σ̃

(2)
2 ] [Ṽ

(2)
1 , Ṽ

(2)
2 ]T ,
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where U (2), V (2) are square orthogonal; the partitioning of Σ(2) satisfies

(5.13) σmin(Σ̃
(2)
1 ) > σmax(Σ̃

(1)
2 ) ≥ σmax(Σ̃

(2)
2 );

and the partitioning of V (2) is conformal with the partitioning of Σ(2). Then
[

B1 0 A11 0
0 0 0 A22

]
(5.14)

=

[
U (1) 0

0 U (2)

][
Σ̃

(1)
1 0 Σ̃

(1)
2 0 0

0 Σ̃
(2)
1 0 Σ̃

(2)
2 0

]
⎡
⎢⎢⎢⎣

Ṽ
(1)
11 0 Ṽ

(1)
12 0 0

0 0 0 0 Id−d

Ṽ
(1)
21 0 Ṽ

(1)
22 0 0

0 Ṽ
(2)
1 0 Ṽ

(2)
2 0

⎤
⎥⎥⎥⎦

T

.

From (5.12) and (5.13) it immediately follows that

(5.15) σmin

([
Σ̃

(1)
1 0

0 Σ̃
(2)
1

])
> σmax

([
Σ̃

(1)
2 0 0

0 Σ̃
(2)
2 0

])
≡ σmax(Σ̃

(1)
2 ).

Since (5.10) and (5.14) represent two SVDs of the same matrix, and since (5.15) holds,
there exist permutation matrices ΨL, ΨR1 , ΨR2 such that

(5.16) [Σ̃1, Σ̃2] = ΨT
L

[ [
Σ̃

(1)
1 0

0 Σ̃
(2)
1

]
ΨR1

[
Σ̃

(1)
2 0 0

0 Σ̃
(2)
2 0

]
ΨR2

]
.

Consequently

(5.17)

[
RT Ṽ11 RT Ṽ12

QT Ṽ21 QT Ṽ22

]
=

⎡
⎢⎢⎢⎣

Ṽ
(1)
11 0 Ṽ

(1)
12 0 0

0 0 0 0 Id−d

Ṽ
(1)
21 0 Ṽ

(1)
22 0 0

0 Ṽ
(2)
1 0 Ṽ

(2)
2 0

⎤
⎥⎥⎥⎦

[
ΨR1 0
0 ΨR2

]
,

where Ṽ
(1)
12 ∈ Rd×(d+κ) is of full row rank d, and thus

(5.18) rank

([
Ṽ

(1)
12 0 0
0 0 Id−d

]
ΨR2

)
= d.

The partitioning of the matrices on the right-hand sides of (5.16)–(5.17) has properties
(5.15) and (5.18) analogous to (5.2)–(5.3).

Recall that κ is the smallest integer in the partitioning (5.11) of [B1|A11], and the
largest singular value on the right-hand side of the inequality (5.15) is originated in
[B1|A11]. Consequently, the blocks suggested by the lines in the partitioning (5.16)–
(5.17) are of the same dimensions as the blocks in (5.2)–(5.3). Then (5.17) gives

Ṽ12 = R

[
Ṽ

(1)
12 0 0
0 0 Id−d

]
ΨR2 , Ṽ22 = Q

[
Ṽ

(1)
22 0 0

0 Ṽ
(2)
2 0

]
ΨR2 ,

and the output X of the algorithm for the original data is given by

X = − Ṽ22Ṽ
†
12 = −

(
Q

[
Ṽ

(1)
22 0 0

0 Ṽ (2) 0

]
ΨR2

)⎛
⎝ΨT

R2

⎡
⎣

(Ṽ
(1)
12 )† 0
0 0
0 Id−d

⎤
⎦RT

⎞
⎠

= −Q

[
Ṽ

(1)
22 (Ṽ

(1)
12 )† 0

0 0

]
RT = Q

[
X1 0
0 0

]
RT .
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5.2. Classical TLS algorithm and reducible core problems. Now we study
the outputs of the TLS algorithm for a reducible core problem and its components.
Consider two core problems,

(5.19) A
(�)
11 X

(�)
1 ≈ B

(�)
1 , A

(�)
11 ∈ Rm�×n� , B

(�)
1 ∈ Rm�×d� , � = α, β,

and their SVDs with the block partitionings (5.2)–(5.3),

[B
(�)
1 |A

(�)
11 ] = U (�)Σ(�)(V (�))T = U (�)

[
Σ̃

(�)
1 , Σ̃

(�)
2

] [ Ṽ
(�)
11 Ṽ

(�)
12

Ṽ
(�)
21 Ṽ

(�)
22

]T
,

and denote

X
(�)
1 ← class TLS alg (A

(�)
11 , B

(�)
1 ), i.e., X

(�)
1 = − Ṽ

(�)
22 (Ṽ

(�)
12 )†.

Further consider a reducible core problem and its SVD,

(5.20) [B1|A11] ≡
[

B
(α)
1 0 A

(α)
11 0

0 B
(β)
1 0 A

(β)
11

]
= U (1)Σ(1)(V (1))T ,

and denote
X1 ← class TLS alg (A11, B1).

We focus on two particular cases of relations among the singular values of the indi-
vidual components in (5.20).

Example 5.3. If, e.g.,

σmin(Σ̃
(α)
1 ) > σmax(Σ̃

(β)
1 ), σmin(Σ̃

(β)
1 ) > σmax(Σ̃

(α)
2 ), σmin(Σ̃

(α)
2 ) > σmax(Σ̃

(β)
2 ),

then, for some permutation matrix ΨL,

Σ(1) = ΨT
L

[
Σ̃

(α)
1 0 Σ̃

(α)
2 0

0 Σ̃
(β)
1 0 Σ̃

(β)
2

]
, V (1) =

⎡
⎢⎢⎢⎣

Ṽ
(α)
11 0 Ṽ

(α)
12 0

0 Ṽ
(β)
11 0 Ṽ

(β)
12

Ṽ
(α)
21 0 Ṽ

(α)
22 0

0 Ṽ
(β)
21 0 Ṽ

(β)
22

⎤
⎥⎥⎥⎦ ,

with the partitioning (5.2)–(5.3) suggested by the lines. Then

X1 = −
[

Ṽ
(α)
22 0

0 Ṽ
(β)
22

][
Ṽ

(α)
12 0

0 Ṽ
(β)
12

]†
=

[
X
(α)
1 0

0 X
(β)
1

]
.

The output of the classical TLS algorithm for this reducible problem is a direct sum
of outputs for the individual components.

Example 5.4. If, e.g.,

(5.21) σmin([B
(α)
1 |A

(α)
11 ]) ≡ σmin(Σ̃

(α)
2 ) > σmax(Σ̃

(β)
1 ) ≡

∥∥∥
[
B

(β)
1 |A

(β)
11

]∥∥∥
2
,

then, for some permutation matrix ΨL,

Σ(1) = ΨT
L

[
Σ̃

(α)
1 Σ̃

(α)
2 0 0

0 0 Σ̃
(β)
1 Σ̃

(β)
2

]
, V (1) =

⎡
⎢⎢⎢⎣

Ṽ
(α)
11 Ṽ

(α)
12 0 0

0 0 Ṽ
(β)
11 Ṽ

(β)
12

Ṽ
(α)
21 Ṽ

(α)
22 0 0

0 0 Ṽ
(β)
21 Ṽ

(β)
22

⎤
⎥⎥⎥⎦ ,
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with the partitioning (5.2)–(5.3) suggested by the lines. Then

X1 = −
[

V
(α)
22 0 0

0 V
(β)
21 V

(β)
22

][
V

(α)
12 0 0

0 V
(β)
11 V

(β)
12

]†
=

[
X
(α)
1 0
0 0

]
.

The output X
(β)
1 corresponding to the second component is not present in the output

of the algorithm for this reducible problem.

Consequently, the output of the classical TLS algorithm for a reducible core prob-
lem depends not only on the individual components, but also on the relations between
them. Neglecting the component with a smaller 2-norm in Example 5.4 can be seen
as a sort of regularization.

Remark 5.5. Note that we have not used any of the particular properties (CP�),
� = 1, . . . , 7, of core problems in sections 5.1 and 5.2. Thus, Theorem 5.2 can be
extended to any subproblem A11X1 ≈ B1 of the given problem AX ≈ B obtained
by an orthogonal transformation of the form (5.7). The output of the classical TLS
algorithm is for AX ≈ B fully determined by any A11X1 ≈ B1 obtained as in (5.7),
not necessarily the core problem. Similarly, Examples 5.3 and 5.4 can be generalized
to any approximation problems (5.19).

6. Conclusions. We have shown that core problems with multiple right-hand
sides may have a specific internal structure, which has led us to introduce the so-
called reducible and irreducible core problems. We have proved that, contrary to the
case with a single right-hand side, a core problem with multiple right-hand sides may
belong to any of the classification sets F1 (if and only if it has a unique TLS solution),
F2 (having infinitely many TLS solutions), F3, or S (having no TLS solution). We
have proved that the output of the classical TLS algorithm stays unchanged under the
core problem reduction (up to an orthogonal transformation), which is an important
consistency result fully generalizing the result obtained previously for problems with
a single right-hand side. We have shown that the output of the TLS algorithm for a
reducible core problem depends on its components as well as on the relations between
them. The question of detecting possible reducibility of a given problem remains
open.
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Abstract Regularization techniques based on the Golub-Kahan iterative bidiagonal-
ization belong among popular approaches for solving large ill-posed problems. First,
the original problem is projected onto a lower dimensional subspace using the bidi-
agonalization algorithm, which by itself represents a form of regularization by pro-
jection. The projected problem, however, inherits a part of the ill-posedness of the
original problem, and therefore some form of inner regularization must be applied.
Stopping criteria for the whole process are then based on the regularization of the
projected (small) problem.

In this paper we consider an ill-posed problem with a noisy right-hand side (ob-
servation vector), where the noise level is unknown. We show how the information
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from the Golub-Kahan iterative bidiagonalization can be used for estimating the noise
level. Such information can be useful for constructing efficient stopping criteria in
solving ill-posed problems.

Keywords Ill-posed problems · Golub-Kahan iterative bidiagonalization · Lanczos
tridiagonalization · Noise revealing

Mathematics Subject Classification (2000) 15A06 · 15A18 · 15A23 · 65F10 ·
65F22

1 Introduction

Consider an ill-posed linear algebraic system with the right-hand side b contaminated
by white noise

Ax ≈ b, A ∈ Rn×n, b = bexact + bnoise ∈ Rn, (1.1)

with A nonsingular and the goal to numerically approximate the exact solution

x ≡ xexact = A−1bexact. (1.2)

Linear approximation problems of this form arise in a broad class of applica-
tions. In many cases the matrix A represents a discretized smoothing operator with
the singular values of A decaying gradually without a noticeable gap. Since A is
ill-conditioned, the presence of the noise makes the naive solution xnaive = A−1b

meaningless. Therefore it is necessary to use regularization techniques for finding
an acceptable numerical approximation to (1.2) which reflects a sufficient amount
of information contained in the data, while suppressing the devastating influence of
the noise. In image processing A typically represents a discretized blurring operator.
In other applications A might be of different origin. Throughout the paper we as-
sume A square and nonsingular. The presented methods can be extended to a general
rectangular case, which is also confirmed by numerical experiments. However, the
analysis contains some subtle points which would further extend the length of the
paper.

For the unknown noise component bnoise we assume

‖bnoise‖ � ‖bexact‖, (1.3)

where ‖v‖ denotes the standard Euclidean norm of the vector v. We will further
assume that multiplication of a vector v by A and AT results in smoothing which
reduces the relative sizes of the high frequency components of v. In particular, in
comparison to v, the vectors AT Av and AAT v have significantly reduced high fre-
quency components.

The Golub-Kahan iterative bidiagonalization algorithm [14] is widely used for
solving large ill-posed problems. In hybrid methods, see, e.g., [18, Chap. 6.7,
pp. 162–164] or [10, 27, 28, 36], the outer bidiagonalization (which itself represents
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Noise revealing via Golub-Kahan bidiagonalization 671

a regularization of the original large problem by projection) is combined with an in-
ner regularization of the projected small problem. The bidiagonalization is stopped
when the regularized solution of the projected problem matches some selected stop-
ping criteria. They are typically based, amongst others (see [1, 2]) on estimation of
the L-curve and it’s curvature [4–6], estimation of the distance between the exact
and regularized solution [35], the discrepancy principle [32, 33], and cross validation
methods [7, 15, 34]. These techniques have been studied and compared in the context
of regularization, e.g., in [18, Chap. 7, pp. 175–208] and in [27].

It is worthwhile recalling that the regularization idea was mentioned, although
not fully developed, by Golub and Kahan [14]. It was described in detail in relation
to using the Golub-Kahan iterative bidiagonalization, under the name damped least
squares, by Paige and Saunders in [42]; see also [41] or [48]. Paige and Saunders
alluded to some older interesting references in [42]. From the more recent literature
we mention [16], where hybrid methods based on bidiagonalization are described as
least-squares projection methods, and [51], where bidiagonalization is used to com-
pute low-rank approximations of large sparse matrices. Numerical stability of the
bidiagonalization algorithm was studied and new stable variants have been proposed,
e.g., in [3, 51], with a simplified analysis of [3] presented in [40].

A new contribution to the theoretical background for hybrid methods has recently
been presented in [43–45]. In exact arithmetic, the bidiagonalization provides a fun-
damental decomposition of the matrix of the data [b,A]. When the bidiagonalization
stops, it reveals the so called core problem represented by the computed bidiagonal
matrix. The core problem is minimally dimensioned and it contains the necessary and
sufficient information for solving the original orthogonally invariant linear approxi-
mation problem Ax ≈ b. Whenever the bidiagonalization is stopped before reaching
the core problem, it gives (in exact arithmetic) its leading left upper part. Conse-
quently, the approximate solution computed at the given step is based on information
which is necessary for solving the original problem and it is not influenced by any part
of the redundant or irrelevant information. From the properties of the core problem
it then follows (see [23, 45]) that further possible steps can be considered a refine-
ment of the current approximation. Ill-posed problems from the core problem point of
view were studied in [49, 50]. It should be mentioned that the application of the core
problem theory to results of finite precision computations needs further investigation.

In this paper we focus on the Golub-Kahan iterative bidiagonalization and in-
vestigate how the noise contained in the right-hand side b is propagated to the pro-
jected problem. We demonstrate under the given assumptions that the unknown noise
level can be determined from the information available during the bidiagonalization
process. The knowledge of the noise level can further be used in construction of stop-
ping criteria for hybrid methods.

Similar ideas are used in [20, 46, 47] for selection of a value of the regulariza-
tion parameter for which the residual vector changes from being dominated by the
remaining signal to being white-noise like. This leads to a parameter-choice method
based on Fourier analysis of residual vectors. In [25] regularization properties of it-
erative methods GMRES, MINRES, RRGMRES, MR-II and CGLS are studied. It
is shown that MINRES, MR-II and CGLS filter out large singular value decomposi-
tion (SVD) components of the residual, but this is not always true for GMRES and

Článek:WoK BIT 2009

133
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RRGMRES, where the SVD components are mixed [25, Sect. 3]. The noise propa-
gation to reconstructed images computed by regularizing iterations is further studied
in [19]. Our approach, which uses information from the iterative bidiagonalization
algorithm for estimating the level of the noise in the data, offers another view on the
noise propagation studied in [19, 20, 25, 46, 47].

The paper is organized as follows. Section 2 gives a brief recollection of the Golub-
Kahan iterative bidiagonalization, its relationship to the Lanczos tridiagonalization
and to approximation of the distribution function in the corresponding Riemann-
Stieltjes integral. Section 3 describes propagation of the noise in the bidiagonaliza-
tion vectors. Section 4 shows how to estimate at a negligible cost the unknown noise
level in the original data. This can lead to construction of stopping criteria for the
bidiagonalization process as well as to construction of the regularized solution us-
ing many different approaches which can be applied in subsequent steps, cf. [27,
Sect. 3.2]. It is important to emphasize that the first four sections of our paper deal
with mathematical properties of the problem and of the methods, i.e., they assume ex-
act arithmetic. Therefore, unless specified otherwise, the presented experiments were
performed with double reorthogonalization of the computed sequences of the bidiag-
onalization vectors, which ensures preserving orthogonality close to machine preci-
sion. Up to now, effects of rounding errors in solving ill-posed problems were not, to
our knowledge, thoroughly investigated. In the references known to us, loss of orthog-
onality in solving ill-posed problems is not considered a fundamental issue although
there are papers that acknowledge that it can be a potential problem. If the loss of
orthogonality occurs, then the reader is referred to some form of reorthogonalization,
with no further investigation of the differences between the non-reorthogonalized and
reorthogonalized computations. In many cases the implementation details are miss-
ing, and it is unclear whether the experiments used reorthogonalization or not. We
will show in Sect. 5 that effects of rounding errors in solving ill-posed problems
can be substantial and the matter should be investigated further. Concluding remarks
summarize the main ideas and formulate open questions.

2 Golub-Kahan iterative bidiagonalization

Given the initial vectors w0 ≡ 0, s1 ≡ b/β1, where β1 ≡ ‖b‖ �= 0, the Golub-Kahan
iterative bidiagonalization computes for j = 1,2, . . .

αjwj = AT sj − βjwj−1, ‖wj‖ = 1,
(2.1)

βj+1sj+1 = Awj − αj sj , ‖sj+1‖ = 1

until αj = 0 or βj+1 = 0, or until the process is stopped by reaching the dimensional-
ity of the problem. Let Sk = [s1, . . . , sk] and Wk = [w1, . . . ,wk] be the matrices with
the left and right bidiagonalization vectors as their (orthonormal) columns, and

Lk ≡

⎡
⎢⎢⎢⎣

α1
β2 α2

. . .
. . .

βk αk

⎤
⎥⎥⎥⎦ , Lk+ ≡

[
Lk

βk+1e
T
k

]
, (2.2)
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where ek is the kth vector of the standard Euclidean basis. Then the first k steps of
the Golub-Kahan iterative bidiagonalization can be written in the matrix form as

AT Sk = WkL
T
k , AWk = [Sk, sk+1]Lk+, (2.3)

see [14, 38].
This algorithm is closely related to the Lanczos tridiagonalization of a symmetric

matrix [29, 30]. The Lanczos tridiagonalization of the matrix AAT with the starting
vector s1 = b/β1, β1 = ‖b‖, yields in k steps the symmetric tridiagonal matrix Tk

such that

AAT Sk = SkTk + αkβk+1sk+1e
T
k , (2.4)

and

Tk = LkL
T
k =

⎡
⎢⎢⎢⎢⎣

α2
1 α1β2

α1β2 α2
2 + β2

2
. . .

. . .
. . . αk−1βk

αk−1βk α2
k + β2

k

⎤
⎥⎥⎥⎥⎦

,

i.e. the matrix Lk from the Golub-Kahan iterative bidiagonalization represents a Cho-
lesky factor of the matrix Tk . For a more detailed description of the outlined relation-
ship we refer to [23] and to the literature given there.

Using the results from [22, Sect. 14], the Lanczos tridiagonalization of a given ma-
trix B generates at each step k a non-decreasing piecewise constant distribution func-
tion ω(k), with the nodes being the (distinct) eigenvalues of the Lanczos matrix Tk and
the weights ω

(k)
j being the squared first components of the corresponding normalized

eigenvectors. The distribution functions ω(k), k = 1,2, . . . represent approximations
to the distribution function ω, a non-decreasing piecewise constant function with the
nodes being the distinct eigenvalues λ1, . . . , λt of the matrix B and the weights ωj

being the squared components of the normalized starting vector in the direction of the
j th invariant subspace of B , j = 1, . . . , t , for more details see, e.g., [31, Sect. 2.2],
[11].

Consider the singular value decomposition (SVD) of the bidiagonal matrix of the
projected problem

Lk = PkΘkQ
T
k , (2.5)

where P −1
k = P T

k , Q−1
k = QT

k , and Θk is a diagonal matrix with singular values

θ
(k)
1 , . . . , θ

(k)
k of Lk on its diagonal ordered in increasing order. Please note that here

the increasing order of the singular values follows the standard ordering of the Ritz
values in the Lanczos method. From (2.4) it follows that if B = AAT and the Lanczos
tridiagonalization starts with the vector s1 = b/β1, β1 = ‖b‖, then

Tk ≡ LkL
T
k = PkΘ

2
k P T

k

Článek:WoK BIT 2009

135



674 I. Hnětynková et al.

is the spectral decomposition of Tk , (θ
(k)
� )2 are its eigenvalues and p

(k)
� ≡ Pke� its

eigenvectors, � = 1, . . . , k. Furthermore, consider the SVD of A,

A = UΣV T =
n∑

j=1

σjujv
T
j , (2.6)

where U = [u1, . . . , un], V = [v1, . . . , vn], U−1 = UT ,V −1 = V T , and Σ is a di-
agonal matrix with the singular values σ1, . . . , σn of A on its diagonal ordered in
nonincreasing order, σn > 0. Then

AAT = UΣ2UT

is the spectral decomposition of the matrix AAT , σ 2
j are its nonzero eigenvalues and

uj the corresponding eigenvectors, j = 1, . . . , n. Summarizing, the Lanczos tridiago-
nalization (2.4) generates at each step k the distribution function ω(k) with the nodes
(θ

(k)
� )2 and the weights |(p(k)

� , e1)|2 that approximates the distribution function ω

with the nodes σ 2
n , . . . , σ 2

1 and the weights |(b/β1, un)|2, . . . , |(b/β1, u1)|2.
The fact that the weights of ω are determined by the projections of the normalized

right-hand side vector b onto the left singular subspaces of A is especially important.
As we will see in Sect. 3, until the level determined by the noise is reached, the
absolute value of each of these projections is related to the size of the corresponding
singular value. This is because of the discrete Picard condition (see Sect. 3).

Mathematically, the bidiagonalization algorithm yields two sequences of subprob-
lems. Consider an approximation to the solution of (1.1) in the subspace generated
by the vectors w1, . . . ,wk , i.e. xk = Wkyk , so that in seeking AWkyk ≈ b,

rk = b − AWkyk = Sk+1(e1β1 − Lk+yk) = Sk(e1β1 − Lkyk) − sk+1βk+1e
T
k yk.

If the approximation is computed by ensuring that the residual rk is orthogonal to Sk ,
then we obtain

Lky
CGME
k = e1β1, Lk ∈ Rk×k, (2.7)

which corresponds to the CGME method; see, e.g., [16]. If the approximation is com-
puted by minimizing the norm of the residual rk , then we get

‖Lk+y
LSQR
k − e1β1‖ = min

y
‖Lk+y − e1β1‖, Lk+ ∈ R(k+1)×k, (2.8)

which corresponds to the CGLS or LSQR method; see [22, 41, 42]. In both cases,
[β1e1,Lk] respectively [β1e1,Lk+] approximate the core problem within Ax ≈ b;
see [23, 24, 43]. In short, the bidiagonalization concentrates the useful information
from the data [b,A] to the leading principal bidiagonal block. In noisy ill-posed
problems (1.1), however, the subproblems (2.7), (2.8) can also be polluted by the
noise.
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3 Propagation of the noise in the Golub-Kahan iterative bidiagonalization

Noise propagation in the Golub-Kahan iterative bidiagonalization is illustrated for the
problem shaw from the Regularization Toolbox [17]. The matrix A, the exact right-
hand side bexact and the exact solution x were determined by [A,b_exact,x]
= shaw(400). We add the noise bnoise as a random vector using the MATLAB
function randn(400,1), scaled in order to obtain different noise levels δnoise,

δnoise ≡ ‖bnoise‖
‖bexact‖ . (3.1)

Figure 1(a) shows the singular values σj of the matrix A (solid line) computed by the
MATLAB function svd, and the absolute values of the projections |(b,uj )| of the
noisy right-hand side b onto the left singular vector subspaces of the matrix A. We
use the noise levels δnoise = 10−14, 10−8, and 10−4. Until the noise level is reached,
the absolute values of the right-hand side projections onto the left singular vector
subspaces are close to the corresponding singular values. This is given by the fact
that, for this problem, |(bexact, uj )|, j = 1,2, . . . satisfy the discrete Picard condition:
on average, they decay faster than the singular values of A; see [25], [20, Sect. 4] and
Fig. 1(b). For the subspaces corresponding to small singular values, the projections
of b are completely dominated by the noise, and the discrete Picard condition for b is
thus drastically violated.

Consider the vectors sk , wk generated by the bidiagonalization algorithm (2.1)
described in the previous section. The starting vector s1 = b/‖b‖ is the normalized
noisy right-hand side and therefore it is contaminated by the noise. The vector s2
is obtained from s1 as follows. First, application of the smoothing operator AAT

Fig. 1 The singular values σj and the absolute values of the projections of the noisy right-hand side b

onto the left singular vectors of A for the problem shaw(400) and the noise levels δnoise = 10−14, 10−8,
and 10−4 (a). The singular values of the matrix A computed by the statement [A,b,x]=shaw(60)
using the standard routine from the Regularization Toolbox [17] (solid line) compared with the singular
values of the matrix A computed by the modified routine shaw_vpa, cf. http://www.cs.cas.cz/krylov,
section ‘Software’, (dash-dotted line) using high precision arithmetic guaranteeing 128 decimal digits (b).
The discrete Picard condition is illustrated by plotting |(bexact, uj )|, where bexact is computed using the
routine shaw_vpa
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(see (2.4)) smooths out the high frequency components in both bexact and bnoise;
see also [25, Sect. 3.1], [19, Sect. 4.3]. The subsequent orthogonalization of AAT s1
against s1 represents a linear combination of s1 contaminated by the noise and AAT s1
which has been smoothed. Therefore the contamination of s1 by the high frequency
part of the noise is transferred, with multiplication by a scalar coefficient, to s2.
Adding a multiple of AAT s1 eliminates a portion of the smooth part of s1. There-
fore the relative level of the high frequency part of the noise can be expected to be
higher in s2 (which is orthogonal to s1) than in s1. Analogous high frequency noise
transfer takes place for any k with the vector sk+1 obtained from AAT sk through the
orthogonalization against the vectors sk−1 and sk with a subsequent normalization.

The rest of Sect. 3 is structured into two complementary subsections. First we use
the relationship between the Golub-Kahan iterative bidiagonalization and the Lanc-
zos tridiagonalization described in Sect. 2. The noise amplification is described as
an effect of damping (filtering out) the smooth (low frequency) components due to
convergence of Ritz values to large eigenvalues. Then we show that smoothing and
orthogonalization in the Golub-Kahan iterative bidiagonalization can be interpreted
as a step-by-step elimination of the dominant smooth (low frequency) components,
and it therefore leads to revealing of the high frequency noise.

3.1 Lanczos tridiagonalization and filtering out the low frequency components

The white noise amplification can be described in the frequency domain by comput-
ing the spectral coefficients of sk with respect to the (noise-free) orthonormal left
singular vectors of the matrix A. Using (2.6), (2.4) gives the matrix identity for the
spectral components

Σ2(UT Sk) = (UT Sk)(LkL
T
k ) + αkβk+1(U

T sk+1)e
T
k ,

with the last column of the last term equal to

αkβk+1(U
T sk+1) = Σ2(UT sk) − (α2

k + β2
k )(UT sk) − αk−1βk(U

T sk−1). (3.2)

Consider for example shaw(400) for which the vector s1 has dominant components
in the directions of several left singular vectors representing low frequencies, with a
noticeable maximum in u1. This is illustrated in Figs. 1 and 2 which shows the left
singular vectors of A corresponding to σ1, σ2, . . . , σ10. An analogous assumption can
be used for discrete ill-posed problems in general, see [20, Sect. 2]. At the first step

α1β2(U
T s2) = Σ2(UT s1) − α2

1(UT s1) = (Σ2 − α2
1I )UT s1,

and, apart from multiplication by α1β2, the spectral components UT s2 are given by
the spectral components of UT s1 scaled by Σ2 − α2

1I . The scaling acts as filtering
which damps the dominant lowest frequency component in the direction of u1. At the
same time, the high frequency components are multiplied by the factors σ 2

j /(α1β2)−
α1/β2, where the first term is negligible for large j , and the absolute value of the
second term is likely to be significantly larger than one (see the argument below). As
a consequence, the relative level of high frequency noise is likely to be much larger
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Fig. 2 The left singular vectors of A corresponding to σ1, σ2, . . . , σ10 for the problem shaw(400)

in s2 than in s1. At the general step, the Lanczos recurrence (3.2) can be rewritten in
terms of the (Lanczos) polynomial in the diagonal matrix Σ2,

UT sk+1 = ϕk(Σ
2)UT s1, (3.3)

where ϕk(λ) is the kth orthonormal polynomial with respect to the Riemann-Stieltjes
integral defined by the distribution function ω with the points of increase σ 2

n , . . . , σ 2
1

(please recall that we assume, for simplicity of exposition, σn > 0) and the weights
|(s1, un)|2, . . . , |(s1, u1)|2 respectively; see Sect. 2.1 The roots of ϕk(λ) are given by
(θ

(k)
� )2, � = 1, . . . , k (the Ritz values). Because of the dominance of the weights cor-

responding to the large nodes of ω, the large Ritz values (θ
(k)
k )2, (θ

(k)
k−1)

2, . . . closely
approximate σ 2

1 , σ 2
2 , . . .; see Fig. 3. This creates the damping effect of ϕk(λ) in the

direction of the smooth components (s1, u1)u1, (s1, u2)u2, . . . of s1. The constant
term

ϕk(0) =
k∏

j=1

αj

βj+1
(3.4)

then causes the relative amplification of the high frequency noise components present
in s1.

Summarizing, assume that the components of s1 in the directions of the left sin-
gular vectors u1, u2, u3, . . . decay faster than the associated singular values. Then,
as a consequence of the orthogonalization process (3.2), s2, s3, . . . will have domi-
nant components in the directions of the left singular vectors u2, u3, . . . respectively,
with the relative levels of the high frequency noise components gradually increas-
ing. Eventually, for some k ≡ knoise, the vector sknoise+1 will have comparable com-

1It is worth to mention that the polynomials orthogonal with respect to a given Riemann-Stieltjes integral
are called Stieltjes polynomials, and the associated three-term recurrence, given in its matrix form by
Lanczos, was described by Stieltjes and others in the 19th century, cf. [13, Sect. 1.4, p. 80].
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Fig. 3 The eigenvalues of AAT

(circles), and the Ritz values
(crosses) corresponding to the
8th (top plot) and 18th (bottom
plot) iterations respectively, for
the problem shaw(400). (All
the circles in the top plot
reappear as the nine rightmost
circles in the bottom plot)

Fig. 4 The absolute values of the first 80 spectral components of the vectors sk computed using the
double reorthogonalized Golub-Kahan iterative bidiagonalization for the problem shaw(400) with the
noise level δnoise = 10−14. The dashed line represents the machine precision εM

ponents in practically all subspaces generated by singular vectors corresponding to
σ 2

knoise+1, σ
2
knoise+2, . . . , and this will reveal the noise. Figure 4 shows the absolute

values of the components of several vectors UT sk (the spectral components) for the
problem shaw(400) with the noise level 10−14. The absolute values of the com-
ponents in the vector UT s18 corresponding to σ18, σ19, . . . are comparable, with no
dominant maximum. Consequently, the noise is revealed in s18 for k = knoise = 17.
In the next step the high frequency components in s19 slightly decrease, and this is
captured in Fig. 5. Components corresponding to low frequencies gradually decrease
to the machine precision level εM (plotted by the dashed line). Figure 5 nicely illus-
trates why knoise = 17 is the appropriate choice of the noise revealing iteration, i.e.
why the noise is fully revealed in s18.
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Fig. 5 Each graph shows for a given k the norms of the components of two consecutive vectors sk (the tri-
angle) and sk+1 (the circle) in the subspace span{u1, . . . , uk+1}, also called the signal subspace (the hori-
zontal axis), and the subspace span{uk+2, . . . , un}, also called the noise subspace (the vertical axis), for the
problem shaw(400) with the noise level δnoise = 10−14. Since the vectors sj are normalized, the points
are on the unit circle. One can see that until the noise level is reached, each step of the Golub-Kahan itera-
tive bidiagonalization algorithm moves the subsequent vector counterclockwise, i.e. each sk+1 is closer to
the noise subspace (the vertical axis) than sk . The vector s19, on the other hand, moves significantly clock-
wise due to the fact that the noise is partially projected out, and therefore the noise is revealed in s18. This
justifies the choice of the noise revealing iteration knoise = 17. We are grateful to an anonymous referee
for suggesting this visualization of the noise propagation process

3.2 Smoothing and orthogonalization in the Golub-Kahan iterative
bidiagonalization

In order to further illustrate the (high frequency) white noise amplification, we con-
sider the decomposition of s1 into the exact component sexact

1 and the noise compo-
nent snoise

1 , s1 = sexact
1 + snoise

1 . Then the second equation in (2.1) gives

β2s2 = Aw1 − α1(s
exact
1 + snoise

1 ),

where Aw1 is smooth with the low frequency components of the noise negligible rel-
atively to the low frequency components of the exact data. This justifies the following
definition of sexact

2 and snoise
2 ,

β2s
exact
2 ≡ Aw1 − α1s

exact
1 ,

β2s
noise
2 ≡ Aw1 − α1s1 − β2s

exact
2 = −α1s

noise
1 ,

giving

β2(s
exact
2 + snoise

2 ) = Aw1 − α1(s
exact
1 + snoise

1 ).

Analogously, for k = 2,3, . . .

βk+1s
exact
k+1 ≡ Awk − αks

exact
k , (3.5)

βk+1s
noise
k+1 ≡ −αks

noise
k , (3.6)

sk+1 = sexact
k+1 + snoise

k+1 , βk+1sk+1 = Awk − αksk. (3.7)
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It should be understood that sexact
k and snoise

k do not represent true exact data and noise
components of sk , respectively. If the multiplication by AAT represents a significant
smoothing of the high frequency components, then one can however expect that while
‖sexact

k ‖ � ‖snoise
k ‖, ‖sexact

k ‖ is close to the norm of the true data component and
‖snoise

k ‖ is close to the norm of the true noise component of sk . Using (3.6),

snoise
k+1 ≡ − αk

βk+1
snoise
k ≡ (−1)kρ−1

k snoise
1 (3.8)

where the cumulative amplification ratio

ρ−1
k ≡

k∏
j=1

αj

βj+1
= ϕk(0), (3.9)

see (3.4), on average (rapidly) grows as k increases.
In order to justify the expectation that ρ−1

k on average (rapidly) grows with in-
creasing k, we rewrite the Golub-Kahan bidiagonalization (2.1) for the spectral com-
ponents UT sj and V T wj ,

α1(V
T w1) = Σ(UT s1), (3.10)

β2(U
T s2) = Σ(V T w1) − α1(U

T s1), (3.11)

and for k = 2,3, . . .

αk(V
T wk) = Σ(UT sk) − βk(V

T wk−1), (3.12)

βk+1(U
T sk+1) = Σ(V T wk) − αk(U

T sk). (3.13)

From (3.10) we see that (V T w1) is dominated by the same components as (UT s1),
with the dominance even enlarged as a consequence of the scaling by Σ . In (3.11),
however, Σ(V T w1) is orthogonalized against UT s1 in order to get, after normaliza-
tion, UT s2. This requires that the dominance in Σ(V T w1) and UT s1 is cancelled
out, otherwise the orthogonality UT s2 ⊥ UT s1 can not hold. If the dominance is sig-
nificant, one can therefore expect β2 � α1. An analogous argument can be applied to
the general step (3.12) and (3.13). Since the dominance in Σ(UT sk) and (V T wk−1)

is shifted by one component, one can not expect a significant cancellation, and, as a
consequence

αk ≈ βk

should roughly hold. On the other hand, the vectors Σ(V T wk) and UT sk do ex-
hibit dominance in the direction of the same components. If this dominance is strong
enough, then the required orthogonality of sk+1 and sk can not be achieved without a
significant cancellation, and

βk+1 � αk

can be expected, giving the large cumulative amplification ratio ρ−1
k (small ρk) as k

progresses. The process is illustrated in Fig. 6.
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Fig. 6 The absolute values of the first 25 components of the vectors Σ(V T wk), αk(UT sk), and
βk+1(UT sk+1) for the problem shaw(400) for k = 7, β8/α7 = 0.0542 (a), and k = 12, β13/α12 =
0.0677 (b)

Summarizing, starting with s1 = b/β1 contaminated by white noise, the Golub-
Kahan iterative bidiagonalization algorithm applied to the discrete ill-posed problem
Ax ≈ b, where A represents a smoothing operator, amplifies the relative level of the
noise in sk+1 as k increases with the cumulative amplification ratio ρ−1

k . Note that the
recurrence for the vectors wk starts with the smoothed vector w1 = AT s1/‖AT s1‖.
Consequently, all vectors wk are smoothed, and, in comparison to the vectors sk , they
do not contain significant information about the noise.

Remark Here we deal with mathematical properties (assuming exact arithmetic) and
we do not need to consider specific implementation details. It should be noted, how-
ever, that the transfer of the high frequency noise from sk−1 and sk to sk+1 is a lo-
cal phenomenon which seemingly does not require preserving global orthogonality
among the vectors s1, . . . , sk . Since in practical implementations the local orthogo-
nality among sk−1, sk and sk+1 is well preserved, cf. [39], one can intuitively expect
that the preceding considerations are valid, with a small inaccuracy, also in practi-
cal finite precision computations. As we will demonstrate numerically, although such
an intuitive argument is to some extent valid, the transfer of noise in finite precision
computations is much more complicated; see Sect. 5.

The amplification of white noise in the Golub-Kahan iterative bidiagonalization
is illustrated in Figs. 7–12. Figures 7–9 show individual components of several left
bidiagonalization vectors sk and their components sexact

k and snoise
k , computed using

(3.5)–(3.7), for the problem shaw(400) with the noise level 10−14. The Golub-
Kahan iterative bidiagonalizations were performed with double reorthogonalization
of the computed vector sequences, which ensures preserving orthogonality close to
machine precision. Here we use the low noise level on purpose to illustrate the propa-
gation of the noise through many steps of the iterative bidiagonalization. Results with
larger noise levels will be presented below. As k increases, we observe the increas-
ing oscillating pattern of sk . For the vectors s17 and s18 the basic oscillating pattern
(determined by sexact

k ) is strongly modulated by the high frequency noise; compare
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Fig. 7 Individual components of several left bidiagonalization vectors sk computed using the double
reorthogonalized Golub-Kahan iterative bidiagonalization for the problem shaw(400) with the noise
level δnoise = 10−14

Fig. 8 Individual components of several vectors sexact
k

computed by (3.5) and (3.7) using the double
reorthogonalized Golub-Kahan iterative bidiagonalization for the problem shaw(400) with the noise
level δnoise = 10−14

Figs. 7 and 8. It is interesting to observe that the level of the high frequency noise
in the subsequent vector s19 is significantly lower than in s18. As a consequence of
smoothing and the orthogonality of s19 to s18 and s17, the high frequency noise is
partially projected out, cf. Fig. 5. Figure 10 presents the norms of the components
sexact
k , snoise

k and the smallest singular value of the matrix Sk as k increases, which
nicely complements the visual description in Figs. 7–9. Please notice that the de-
composition of sk into the components sexact

k and snoise
k , which should be close to the

(unknown) exact data and noise components, is no longer relevant for k ≥ knoise. Fi-
nally, Fig. 11 gives the values of the normalization coefficients αk,βk+1 and of their
cumulative ratio ρk , and Fig. 12 depicts αk,βk and the cumulative ratio

k∏
j=2

βj

αj

. (3.14)
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Fig. 9 Individual components of several vectors snoise
k

computed by (3.6) and (3.7) using the double
reorthogonalized Golub-Kahan iterative bidiagonalization for the problem shaw(400) with the noise
level δnoise = 10−14. Note that the scale on the y axis is for different k different

Fig. 10 The norms of sexact
k

, snoise
k

and the smallest singular value of the matrix Sk for the problem

shaw(400) with the noise level δnoise = 10−14, computed by the Golub-Kahan iterative bidiagonaliza-
tion with double reorthogonalization (a), and without reorthogonalization (b). For comparison, the trian-
gles in (b) represent the norm of the components snoise

k
computed with double reorthogonalization. Please

note the different vertical scales in (a) and (b)

The experimental results in Figs. 10(a), 11(a) and 12 correspond to the Golub-Kahan
iterative bidiagonalization with double reorthogonalization, while Figs. 10(b) and
11(b) correspond to the results obtained without reorthogonalization. The differences
will be discussed in Sect. 5 below.

The basis consisting of the left singular vectors of A is computationally expen-
sive, and computing the corresponding components of the vectors sk is practically
infeasible. Analogous noise-revealing behavior can be observed in any other suitable
orthonormal basis. Consider, e.g., the standard Fourier trigonometric basis

fj (x) ≡ e( 2πι
n

)jx, for j = 0,±1, . . . ,±n, (3.15)
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Fig. 11 Normalization coefficients αk,βk+1 and their cumulated ratio ρk , see (3.9), for the problem
shaw(400) with the noise level δnoise = 10−14, computed by the Golub-Kahan iterative bidiagonaliza-
tion with double reorthogonalization (a), and without reorthogonalization (b)

Fig. 12 Normalization
coefficients αk,βk and their
cumulated ratio (3.14) for the
problem shaw(400) with the
noise level δnoise = 10−14,
computed by the Golub-Kahan
iterative bidiagonalization with
double reorthogonalization

where ι is the imaginary unit. Fourier coefficients in this basis can be computed ef-
ficiently using the fast Fourier transform, [8, 9]. Figure 13 shows similar results as
Fig. 4 computed for the basis (3.15) using the MATLAB function fft.

Similar behavior can be observed for other noise levels, as well as for noise-free
problems. In this last case the “high frequency noise” is simply caused by local round-
ing errors from the finite precision arithmetic. Recall here that, because of the double
reorthogonalization, the local rounding errors do not cause loss of orthogonality of
the computed bidiagonalization vectors (the loss of orthogonality is kept close to the
machine precision level). For more details see Sect. 5.

4 Determination of the noise level in the data and detection of the noise
revealing iteration

As mentioned in Sect. 3, Fourier coefficients of the vectors sk can be computed
cheaply using, e.g., MATLAB function fft. Then some kind of statistical criteria
can be used to identify the iteration where the Fourier coefficients k + 1, . . . , n of
the vector sk+1 are (on average) comparable, i.e. sk+1 resembles (except the first k
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Fig. 13 The absolute values of the first 80 Fourier components of the vectors sk , computed using the
double reorthogonalized Golub-Kahan iterative bidiagonalization, in the trigonometric basis (3.15) for the
problem shaw(400) with the noise level δnoise = 10−14

components) white noise. Such statistical tools are used in a different context in [20,
46, 47] to decide whether a given residual vector is white-noise like. Here we pro-
pose a different approach which is more straightforward. The connection between
the Golub-Kahan iterative bidiagonalization and the Lanczos tridiagonalization de-
scribed in Sect. 2 suggests a new way of determining the noise level in the data
without computing spectral or Fourier coefficients of sk .

4.1 Automatic determination of the noise level based on approximation
of the Riemann-Stieltjes distribution function

As recalled in Sect. 2, the Lanczos tridiagonalization generates a sequence of distrib-
ution functions ω(k) with the nodes (θ

(k)
� )2 and the weights |(p(k)

� , e1)|2, � = 1, . . . , k,
that approximate the distribution function ω with the nodes σ 2

j and the weights

|(b/β1, uj )|2, j = n,n − 1, . . . ,1; see [12, 31, 37, 52]. Depending on the noise level,
for the smaller nodes of the distribution function ω the weights are completely dom-
inated by noise, i.e., there exists an index Jnoise such that for j ≥ Jnoise

|(b/β1, uj )|2 ≈ |(bnoise/β1, uj )|2,

and the weight of the set of the associated nodes is given by

δ2 ≡
n∑

j=Jnoise

|(bnoise/β1, uj )|2, (4.1)

for illustration see Fig. 1. Since ‖bnoise‖ � ‖bexact‖, we can approximately write

δ2
noise = ‖bnoise‖2

‖bexact‖2
≈ ‖bnoise‖2

‖b‖2
=

n∑
j=1

|(bnoise/β1, uj )|2. (4.2)
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With discrete ill-posed problems one can assume Jnoise � n, and therefore, assuming
white noise,

δ2 ≈ n − Jnoise

n
δ2

noise ≈ δ2
noise. (4.3)

Please recall that the large nodes σ 2
1 , σ 2

2 , . . . are well-separated relative to the
small ones and their weights on average decrease faster than σ 2

1 , σ 2
2 , . . . . Therefore

the distribution function ω(k) approximates the distribution function ω in a special
way—the large nodes essentially control the behavior of the early stages of the Lanc-
zos tridiagonalization; see also Sect. 3, in particular Fig. 3. For k = 1,2, . . . the large
singular values of Lk become close to the largest singular values of A due to the
dominance described above. At any iteration step the weight corresponding to (θ

(k)
1 )2

must be larger than the sum of weights of all σ 2
j smaller than (θ

(k)
1 )2; see [12, 26], [11,

Sect. 5.3]. As k increases, some (θ
(k)
1 )2 eventually approaches (or becomes smaller

than) the node σ 2
Jnoise

, and its weight |(p(k)
1 , e1)|2 becomes

|(p(k)
1 , e1)|2 ≈ δ2 ≈ δ2

noise. (4.4)

Using the notation of Sect. 3, this iteration step is equal to knoise + 1. Indeed,
|(p(k)

1 , e1)| is proportional to the noise level only after all smooth components of s1

with the norms larger than the noise level are damped at the iteration step knoise. The
smallest nodes (θ

(knoise+1)
1 )2, (θ

(knoise+2)
1 )2, . . . strictly decrease due to the strict inter-

lacing property of the Ritz values, but the corresponding weights (which also strictly
decrease) remain in the subsequent steps approximately the same until the set of the
smallest nodes {σ 2

n , . . . , σ 2
Jnoise

} is approximated by more than one Ritz value and the
weight (4.1) is split, which happens when

(θ
(k)
1 )2 < σ 2

j for j � Jnoise. (4.5)

Summarizing, the weight |(p(k)
1 , e1)|2 corresponding to the smallest Ritz value (θ

(k)
1 )2

is strictly decreasing. At some iteration step k = knoise +1 it sharply starts to (almost)
stagnate on the level close to the squared noise level δ2

noise, see (4.3) and (4.4). In
order to determine knoise and to estimate δnoise, it is therefore sufficient to monitor the
first component of the left singular vector |(p(k)

1 , e1)| of the bidiagonal matrix Lk that

is associated to its smallest singular value θ
(k)
1 ; see (4.4). When it starts to stagnate,

δnoise ≈ |(p(knoise+1)
1 , e1)|. (4.6)

The stagnation can be detected by an automated procedure that does not rely on
human interaction.

Figure 14 shows the positions of the leftmost points [(θ(k)
1 )2, |(p(k)

1 , e1)|2], k =
1,2, . . . with respect to the distribution function ω(λ) (a) and |(p(k)

1 , e1)| as a function
of k (b) for the problem shaw(400) with the noise level δnoise = 10−14; (c) and (d)
show the same for the noise level δnoise = 10−4.
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Fig. 14 The positions of the leftmost points [(θ(k)
1 )2, |(p(k)

1 , e1)|2], k = 1,2, . . . with respect to the distri-

bution function ω(λ) (a) and the absolute value of the first component |(p(k)
1 , e1)| of the left singular vector

of Lk corresponding to its smallest singular value (b) for the problem shaw(400) with the noise level
δnoise = 10−14; (c) and (d) show the same for the noise level δnoise = 10−4. The horizontal dashed-dotted
lines represent the squared noise level δ2

noise and the noise level δnoise, respectively

4.2 An additional way of estimating the noise level in the data

Knowing the iteration knoise where the noise is revealed in the Golub-Kahan iterative
bidiagonalization, one can also estimate the level of the noise in the original data
from the bidiagonalization coefficients. Here knoise can be determined as described in
the previous section. This section therefore describes an additional way of checking
the estimate of δnoise obtained in Sect. 4.1. Using (3.8),

snoise
k+1 = (−1)kρ−1

k

bnoise

‖b‖ ,

where ρk is defined by (3.9), which gives

‖bnoise‖
‖b‖ = ρk‖snoise

k+1 ‖. (4.7)
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At the iteration step knoise the noise is revealed, and we can assume that on average
the components sexact

k and snoise
k are of about the same norm, cf. sexact

18 and snoise
18 in

Figs. 8 and 9. Therefore

1 = ‖sknoise+1‖ = ‖sexact
knoise+1 + snoise

knoise+1‖ ≤ ‖sexact
knoise+1‖ + ‖snoise

knoise+1‖

gives, considering that sexact
knoise+1 is much smoother than snoise

knoise+1 and thus there is not
much cancellation between the individual components,

‖snoise
knoise+1‖ ≈ 1

2
.

Assuming ‖bnoise‖ � ‖bexact‖, the left part of (4.7) can be approximated, as in (4.2),
by

‖bnoise‖
‖b‖ = ‖bnoise‖

‖bexact + bnoise‖ ≈ ‖bnoise‖
‖bexact‖ ,

which finally gives the estimate of the noise level in the original data

δnoise = ‖bnoise‖
‖bexact‖ ≈ 1

2
ρknoise . (4.8)

Table 1 shows the iterations knoise (second row) and the corresponding estimates of
the noise level |(p(knoise+1)

1 , e1)| (third row) and 1
2ρknoise (last row) for the problems

shaw(400) and ilaplace(100,1) from the Regularization Toolbox [17] with
different noise levels δnoise. The estimates are average values computed using the
set of 1000 randomly chosen sample vectors bnoise. In our experiments knoise was

Table 1 Noise level in the data (first row), iteration knoise where the noise is revealed (second row), the

estimated noise level |(p(knoise+1)

1 , e1)| (third row) and 1
2 ρknoise (last row), see (4.6) and (4.8) respectively,

for problems shaw(400) and ilaplace(100,1). The estimates represent average values computed
using 1000 randomly chosen vectors bnoise

problem shaw(400)

noise level δnoise 1 × 10−14 1 × 10−10 1 × 10−6 1 × 10−4 1 × 10−2

knoise 16 13 9 7 4

|(p(knoise+1)

1 , e1)| 1.80 × 10−14 8.99 × 10−11 1.31 × 10−6 1.01 × 10−4 1.03 × 10−2

estimate 1
2 ρknoise 8.93 × 10−15 4.95 × 10−11 6.55 × 10−7 5.24 × 10−5 5.55 × 10−3

problem ilaplace(100,1)

noise level δnoise 1 × 10−13 1 × 10−10 1 × 10−7 1 × 10−2 1 × 10−1

knoise 22 18.75 15.30 6.02 2

|(p(knoise+1)

1 , e1)| 9.12 × 10−14 1.24 × 10−10 1.34 × 10−7 1.02 × 10−2 1.11 × 10−1

estimate 1
2 ρknoise 4.77 × 10−14 6.42 × 10−11 7.11 × 10−8 8.98 × 10−3 5.57 × 10−2
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determined as the first iteration step k for which

|(p(k+1)
1 , e1)|

|(p(k+1+step)

1 , e1)|
<

(
|(p(k)

1 , e1)|
|(p(k+1)

1 , e1)|

)ζ

, (4.9)

where ζ was set to 0.5 and step was set to 3. We emphasize that (4.9) should be
considered as an example of a possible automated stopping criteria. Its form has not
resulted from an extensive research; such work is yet to be done and the results will
most probably depend on particular application areas. For the problem shaw (4.9)
works well except for the noise level δnoise = 1 × 10−14 where the automatically
determined value knoise = 16 is one less than the value determined in Sect. 3. The
error is, however, negligible; see Fig. 14.

4.3 A comment on regularization and stopping criteria

When solving discrete ill-posed problems using hybrid methods based on the Golub-
Kahan iterative bidiagonalization, for sufficiently large k, k � n, the absolute value
of the first component of the left singular vector of Lk corresponding to its smallest
singular value (almost) stagnates close to the level of the noise present in the original
data. The beginning of the stagnation determines |(p(knoise+1)

1 , e1)| ≈ δnoise and the
iteration knoise when the noise level is revealed; see (4.6). Moreover, (4.8) gives the
additional (secondary) noise level estimate.

Knowing the noise level, many different approaches can be applied in the subse-
quent steps, cf. [27, Sect. 3.2] including the straightforward application of the dis-
crepancy principle [32, 33] (see also [18, Chap. 7.2, pp. 179–181]). It remains to
determine which of these are effective in this context. Results in this direction will be
reported elsewhere.

5 Noise propagation and the loss of orthogonality in the bidiagonalization
vectors

To our knowledge, the effects of rounding errors have up to now not been thoroughly
investigated in the literature on hybrid methods for solving discrete ill-posed prob-
lems, although they are sometimes acknowledged as a potential difficulty. As illus-
trated on Figs. 10 and 11, loss of orthogonality and subsequently loss of linear in-
dependence among the computed bidiagonalization vectors very significantly affect
the propagation of the noise in the Golub-Kahan iterative bidiagonalization process.
The corresponding Lanczos process without reorthogonalization computes multiple
approximations to the well-separated squared large singular values. Consequently,
the convergence of the Ritz values in the other parts of the spectrum can be signif-
icantly delayed, which affects convergence of the hybrid methods to the regularized
solutions. The noise-revealing phenomenon is then complicated by the fact that com-
putation of multiple approximations for the well-separated large singular values is
connected with reappearance of the smooth components in the computed left bidi-
agonalization vectors sk , which makes the propagation of the noise in the bidiago-
nalization process rather irregular. This is illustrated in Figs. 15–18, analogous to
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Fig. 15 Individual components of several left bidiagonalization vectors sk computed by the double re-
orthogonalized Golub-Kahan iterative bidiagonalization for the problem shaw(400) with the noise level
δnoise = 10−4

Fig. 16 Individual components of several left bidiagonalization vectors sk computed by the Golub-Kahan
iterative bidiagonalization without reorthogonalization for the problem shaw(400) with the noise level
δnoise = 10−4

Figs. 7, 10 and 11. Figures 15 and 16 show individual components of several left
bidiagonalization vectors sk computed by the Golub-Kahan iterative bidiagonaliza-
tion with double reorthogonalization and without reorthogonalization, respectively,
for the problem shaw(400) with the noise level δnoise = 10−4. Figure 17 presents
the norms of the components sexact

k , snoise
k and the smallest singular value of the matrix

Sk as k increases. Finally, Fig. 18 gives the values of the normalization coefficients
αk , βk+1 and of their cumulated ratio ρk , see (3.9). We see that here the appearance
of the smooth left bidiagonalization vector s8 in the Golub-Kahan iterative bidiago-
nalization without reorthogonalization delays the revealing of the noise level by one
iteration. In more difficult examples the loss of orthogonality among the bidiagonal-
ization vectors can significantly delay the noise-revealing process. Nevertheless, as
illustrated in Fig. 19 presenting results computed by the Golub-Kahan iterative bidi-
agonalization without reorthogonalization, the determination of the noise level based
on monitoring the absolute value of the first component of the left singular vector
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Fig. 17 The norms of sexact
k

, snoise
k

and the smallest singular value of the matrix Sk for the problem

shaw(400)with the noise level δnoise = 10−4, computed by the Golub-Kahan iterative bidiagonalization
with double reorthogonalization (a), and without reorthogonalization (b). For comparison, the triangles in
(b) represent the norm of the component snoise

k
computed with double reorthogonalization

Fig. 18 Normalization coefficients αk,βk+1 and their cumulated ratio ρk , see (3.9), for the problem
shaw(400)with the noise level δnoise = 10−4, computed by the Golub-Kahan iterative bidiagonalization
with double reorthogonalization (a), and without reorthogonalization (b)

of Lk corresponding to its smallest singular value still works. The knoise determined
from Fig. 19(a) is, however, shifted by one step in comparison to Fig. 16, where
knoise = 8.

It is worth noting that the propagation of noise in the Golub-Kahan iterative bidi-
agonalization for discrete ill-posed problems is different from the propagation of the
elementary finite precision rounding errors which are present in each iteration. An in-
vestigation of this interesting topic is, however, outside the scope of this paper.

6 Conclusion

This paper considers discrete ill-posed problems represented by the linear system
(1.1) with the following properties:
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Fig. 19 The absolute value of the first component |(p(k)
1 , e1)| of the left singular vector of Lk corre-

sponding to its smallest singular value for the problem shaw(400) with the noise level δnoise = 10−4

(a) and 10−2 (b). The matrix Lk was computed using the Golub-Kahan iterative bidiagonalization without
reorthogonalization. The horizontal dashed-dotted line represents the noise level δnoise

– the matrices A,AT ,AAT have a smoothing property;
– the left singular vectors uj of A represent increasing frequencies as j increases;
– related to the last point, the system satisfies the discrete Picard condition; on aver-

age, the absolute value of the projections of the exact right-hand side bexact to the
left singular subspaces of A decays faster than the corresponding singular values;

– the noise component bnoise in the right-hand side represents white noise.

We showed that for this class of ill-posed problems it is possible to identify the it-
eration when the noise present in the data begins to propagate significantly to the
projected problem computed by the Golub-Kahan iterative bidiagonalization. The
unknown level of the noise in the original data can be estimated at a negligible cost
from the absolute value of the first component of the left singular vector of the bidi-
agonal matrix of the projected system corresponding to its smallest singular value.
This estimate is reliable and accurate. It can also be subsequently compared with the
secondary estimate which uses the computed bidiagonalization coefficients. The es-
timated noise level can be used for construction of efficient stopping criteria based
on many different approaches. We emphasize that throughout the paper the assump-
tion on the white noise character of bnoise is substantial. Possible generalizations to
cases with colored noise of varying degrees of dispersion, but dominated by high
frequencies, need further investigation.

It is worth recognizing that if any of the assumptions made is not satisfied, then
the presented noise revealing techniques may not succeed. Figures 20 and 21 show
individual components of several left bidiagonalization vectors sk computed by the
double reorthogonalized Golub-Kahan iterative bidiagonalization, and their compo-
nents in the basis of the left singular vectors of A, for the problem phillips(256)
from the Regularization Toolbox [17] with the noise level 10−6. Even though we ob-
serve an increase of the high frequency components in the vectors s1, s2, . . . , it is
not possible to identify the noise revealing iteration knoise so clearly as proposed in
Sect. 3. The reason is that in phillips(256) the discrete Picard condition is par-
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Fig. 20 Individual components of several left bidiagonalization vectors sk computed using the double
reorthogonalized Golub-Kahan iterative bidiagonalization for the problem phillips(256) with the
noise level δnoise = 10−6

Fig. 21 The absolute values of the first 80 spectral components of the vectors sk computed using the
double reorthogonalized Golub-Kahan iterative bidiagonalization for the problem phillips(256)with
the noise level δnoise = 10−6. The dashed line represents machine precision εM

tially violated due to oscillations of the absolute value of the individual components.
The technique presented in [20, 46] based on the Fourier analysis of the residual
vectors works well also for this problem.

In this paper we have proposed noise revealing tools which may have potentially
wide application for the solution of discrete ill-posed problems. The numerical ex-
periments presented in this paper report only results obtained for the problem shaw
(and to some extent also ilaplace and phillips) from the Regularization Tool-
box [17]. Further experiments were performed with ilaplace, phillips, de-
riv2, and, without reorthogonalization, with ODF (here the matrix is rectangular
of dimensions 5290 × 3375; see [21]) and with image deblurring examples Elephant
(square problem of dimension 152280) and Barbara (two square problems of dimen-
sions 65536 and 262144), cf. http://www.cs.cas.cz/krylov, section ‘Software’. Based
on the results, which can be found on the given www page, we believe that the con-
clusions derived from our observations and their mathematical justification offered
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in Sects. 3 and 4 will find wide applications subject to the assumptions given above.
We have also formulated several open questions which will be the subject of further
investigation. The paper presents a step in understanding the noise revealing and reg-
ularizing properties of the Golub-Kahan iterative bidiagonalization. An application
of the methods presented here to large scale problems needs further work. Results
will be reported elsewhere.

Throughout the paper we have assumed A square and nonsingular. An extension
of the results presented in this paper to problems with rectangular and even rank defi-
cient matrices would require an additional assumption on the norm of the component
of the right side b in the nullspace of AT .
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Appendix

The terminology “Golub-Kahan iterative bidiagonalization” used throughout the pa-
per is worth a short explanation. In their seminal paper [14], Golub and Kahan pro-
posed two approaches for orthogonal bidiagonalization of a given matrix. In the first
approach the bidiagonalization is computed by a sequence of Householder transfor-
mations from the left and right of A. The second approach, called here the Golub-
Kahan iterative bidiagonalization, is introduced in the paper by the following words
(here we use, for consistency, our notation for the lower bidiagonalization of A, while
in [14] the authors consider the upper bidiagonalization):

An alternative approach to bidiagonalization of A is to generate the columns of
S and W sequentially as is done by the Lanczos algorithm for tridiagonalizing
a symmetric matrix. The equation

AW = SL and ST A = LWT

can be expanded in terms of columns si of S and wi of W to yield . . . ,

where W,S and L denote the results of the full bidiagonalization; see [14, p. 210].
For computation of the singular values of the bidiagonal matrix their paper refers
to the idea of computation of the eigenvalues of the augmented matrix, which leads
(through the Lanczos algorithm) to computation of the eigenvalues of the symmetric
tridiagonal matrix, with reference to [29, Chap. 3].

Golub and Kahan gave by their reference to Lanczos an example of fairness which
should be appreciated and followed. But their iterative bidiagonalization algorithm
can not be attributed, according to our opinion, to Lanczos. The iterative bidiago-
nalization was proposed in [14]. Though the term “Lanczos bidiagonalization” is
widespread in a part of literature, we concur with the remaining literature, in par-
ticular with [41, 42], that it is appropriate to use the name Golub-Kahan iterative
bidiagonalization.
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SUMMARY

This paper is concerned with the numerical solution of symmetric large-scale Lyapunov equations with
low-rank right-hand sides and coefficient matrices depending on a parameter. Specifically, we consider the
situation when the parameter dependence is sufficiently smooth, and the aim is to compute solutions for
many different parameter samples. On the basis of existing results for Lyapunov equations and parameter-
dependent linear systems, we prove that the tensor containing all solution samples typically allows for an
excellent low multilinear rank approximation. Stacking all sampled equations into one huge linear sys-
tem, this fact can be exploited by combining the preconditioned CG method with low-rank truncation. Our
approach is flexible enough to allow for a variety of preconditioners based, for example, on the sign function
iteration or the alternating direction implicit method. Copyright © 2013 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Let us consider a Lyapunov matrix equation

A.˛/X.˛/M.˛/T CM.˛/X.˛/A.˛/T D B.˛/B.˛/T , (1)

where the coefficient matrices A.˛/,M.˛/ 2 Rn�n, B.˛/ 2 Rn�t , and consequently also the
solution matrix X.˛/ 2Rn�n, depend on a parameter ˛ 2R.

We are concerned with the problem of solving (1) for possibly many parameter samples. This is
needed in interpolatory model reduction techniques for parameterized linear control systems, see
[1, 2]. For the rest of this paper, we will assume that A.˛/ and M.˛/ are both symmetric positive
definite for all parameter values ˛ of interest. In particular, this implies that (1) has a unique symmet-
ric positive definite solution. Our assumption is satisfied, for example, for Lyapunov equations (1)
arising from the finite element discretization of an infinite-dimensional linear control system gov-
erned by a parameter-dependent parabolic PDE. In this case, A.˛/ and M.˛/ correspond to the
stiffness and mass matrices, respectively. We will comment on extensions to the nonsymmetric case
in Section 4.

For the rest of this paper, we suppose that the right-hand side of (1) has low rank, that is, t � n.
Under our assumptions, this implies that X.˛/ admits an excellent low-rank approximation for
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fixed ˛, see, for example, [3–6]. Virtually all existing algorithms for large-scale Lyapunov equa-
tions exploit this observation. This includes the low-rank Smith iteration and alternating direction
implicit (ADI) method [7, 8], subspace methods [9–13], and low-rank variants of the sign function
iteration [14,15]. All these methods deal efficiently with a single Lyapunov equation evaluated at an
individual parameter sample, but none of them can be extended in an obvious way to deal efficiently
with many parameter samples.

In this paper, we propose new Krylov subspace based techniques to solve (1) for many param-
eter samples simultaneously. For this purpose, we combine our recently developed low-rank tech-
niques for solving parameter-dependent linear systems [4] with low-rank techniques for Lyapunov
equations. For this purpose, we proceed as follows.

In Section 2, we consider (1) for a fixed parameter sample and treat it as a Kronecker-structured
n2�n2 linear system. This view, which has already been promoted in [16], allows more flexibility in
the choice of the solver and the preconditioner. More specifically, we combine the standard conju-
gate gradient (CG) method with preconditioners inspired by existing methods for solving Lyapunov
equations. One obvious disadvantage of this approach is that each iterate in the CG method is a vec-
tor of length n2, which is infeasible for large-scale applications. This can be avoided by applying
low-rank truncations to the iterates, an idea that has been successfully used in [17–19].

In Section 3, the approach from Section 2 is extended to m > 1 parameter samples by con-
sidering all m Lyapunov equations simultaneously in one huge block diagonal linear system of
size mn2 � mn2. Again, a CG method is applied to solve this system. However, instead of low-
rank matrix truncation, we now consider the iterates of length mn2 as third-order tensors of size
n�n�m and apply multilinear low-rank approximation [20]. The success of this approach crucially
depends on the approximability of the solution tensor. In the case of smooth dependence on a single
parameter, we prove rapid decay of the approximation error for increasing multilinear ranks. This
approach is also well suited for several parameters, provided that the number of samples does not
grow too large. This can be achieved for several parameters by sparse collocation techniques, see for
example [21].

In the technical report [22] accompanying this paper, we describe an alternative approach for
p > 1 parameters. Assuming that the samples are arranged in a tensor grid, the solutions of (1) are
collected into a tensor of order 2C p, where the first two modes correspond to the rows/columns
of the solutions and each of the remaining p modes corresponds to a parameter. The associated
linear system is then solved by combining CG with low-rank truncation in the so called hierarchical
Tucker format [23, 24].

Remark 1
All numerical experiments in this paper have been performed in MATLAB version 7.8 (R2009a) on
an Intel Core2 Duo (T8300) 2.40 GHz processor.

2. NO PARAMETER

We first consider (1) for a fixed parameter sample. For simplicity, we omit the dependence on the
parameter:

AXM T CMXAT D BBT , (2)

where A and M are both symmetric positive definite. It is well known that (2) can be cast as a
Kronecker product linear system

.M ˝ACA˝M/x D b, (3)

with x D vec.X/ and b D vec.BBT /, where vec.�/ stacks the columns of an n � n matrix into a
vector of length n2.
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2.1. The basic form of preconditioned CG

As the matrix in the linear system (3) is symmetric positive definite, we can apply the precondi-
tioned CG method to (3). We will base our preconditioner on existing methods for solving a standard
Lyapunov equation of the form

NA NX C NX NAT D NB NBT . (4)

Note that (2) and (4) are equivalent via the relations NA D L�1M AL
�T
M , NB D L�1M B , and X D

L�TM
NXL�1M , with the Cholesky factorization M D LMLTM . Given a preconditioner P�1 for

NA WD I ˝ NAC NA˝ I (5)

the Kronecker product formulation of (4), a preconditioner for (3) is obtained as�
L�1M ˝L

�1
M

�
P�1

�
L�TM ˝L

�T
M

�
. (6)

Algorithm 1 is the standard CG method [25] applied to (3) with the preconditioner (6). The only
difference to the standard formulation is that we recast all operations in terms of n � n matrices
instead of vectors of length n2. In particular, the inner product h�, �i should be understood as the
matrix inner product and the preconditioner P�1 is considered as a linear operator on Rn�n. Such
an approach is not new; it belongs to the class of so called global Krylov subspace methods, see, for
example, [26].

Algorithm 1 Conjugate gradient method for solving AXM T CMXAT D BBT .

Require: Symmetric positive definite matricesA,M 2Rn�n and right-hand side matrixB 2Rn�t ,
tolerance tol> 0.

Ensure: Approximation Xk to solution of Lyapunov equation (2).

1: LM  chol .M/ {(sparse) Cholesky decomposition}
2: k 0,
3: R0 BBT {initial residual corresponding to (2)}
4: Compute NR0 L�1M R0L

�T
M .

5: Compute NZ0 D P�1
�
NR0
�
. {apply preconditioner for (4)}

6: Compute Z0 L�1M
NZ0L

�T
M .

7: �CG
0  hR0,Z0i

8: P0 Z0
9: repeat

10: k kC 1
11: Wk APk�1M

T CMPk�1A
T {apply Lyapunov operator}

12: ˛CG
k
 �CG

k�1
=hWk ,Pk�1i

13: Xk Xk�1C ˛
CG
k
Pk�1

14: Rk Rk�1 � ˛
CG
k
Wk

15: Compute NRk L�1M RkL
�T
M .

16: Compute NZk D P�1
�
NRk
�
. {apply preconditioner for (4)}

17: Compute Zk L�1M
NZkL

�T
M .

18: �CG
k
 hRk ,Zki

19: ˇCG
k
 �CG

k
=�CG
k�1

20: Pk Zk C ˇ
CG
k
Pk�1

21: until kBBT � .AXkM T CMXkA
T /kF < tol {test true residual for convergence}

It is well known that the solution X of the Lyapunov equation (2) is symmetric. It turns out that
Algorithm 1 automatically preserves this symmetry. More specifically, if the preconditioner P�1
applied to a symmetric matrix again results in a symmetric matrix, it can be easily seen that all
iterates Pk , Rk , Xk , Wk , Zk generated by Algorithm 1 are symmetric n� n matrices.

Copyright © 2013 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2014; 21:666–684
DOI: 10.1002/nla
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2.2. Incorporating low-rank truncation into the preconditioned CG method

A serious drawback of Algorithm 1 is that the storage requirements are O.n2/ as the iterates are
generally dense n � n matrices. Motivated by the facts that the right-hand side BBT has low rank
(as we assumed t � n) and that the solution X can be well approximated by a low-rank matrix, we
expect the iterates to be also approximable by low-rank matrices. The ranks of iterates can, however,
grow in a transient phase of convergence, see Figure 1, right (compare also to Figure 2). This rank
growth has to be avoided using a suitable preconditioner. We will explicitly enforce low rank by
truncating the iterates repeatedly.

Any symmetric matrix S 2 Rn�n of rank r � n can be stored in O.nr/ memory by means of a
decomposition

S D USƒSU
T
S , (7)

where ƒS 2 Rr�r is symmetric and US 2 Rn�r . For example, this can be achieved by the spectral
decomposition of S . All iterates of Algorithm 1 will be represented in the factored form (7). This
allows all operations needed in Algorithm 1 to be performed efficiently:
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Figure 1. Algorithm 1 applied to the test problem, see Remark 3 or [27, Sec. 2.3.1]. The matrices A and M
are the stiffness and mass matrices, respectively, n D 11, 036. The matrix B 2 Rn�1 is chosen randomly.
Left: Convergence of the residual norms. Right: Numerical ranks for Xk and Rk for " D 10�10. The CG

method stops after 744 iterations (4 h, 1min, 43 s) with residual norm 4.489 � 10�11.
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Figure 2. Evolution of 15 largest singular values of Xk as k increases. Solid lines correspond to positive
eigenvalues, dashed lines to absolute values of negative eigenvalues.
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Matrix multiplication. An operation of the form NS D L�1M SL
�T
M is performed as

NS D L�1M
�
USƒSU

T
S

�
L�TM D

�
L�1M US

�
ƒS

�
U TS L

�T
M

�
DW U NSƒSU

T
NS

,

not increasing the rank and requiring O.nnz.LM /r/ instead of O.nnz.LM /n/ operations,
where nnz denotes the number of nonzero entries of a matrix.

Matrix addition. NS D S C T is performed as

S C T D USƒSU
T
S CUTƒTU

T
T D ŒUS ,UT �

�
ƒS 0

0 ƒT

�
ŒUS ,UT �

T

DW U NSƒ NSU
T
NS

.

While this operation has zero cost, the rank generally increases to rSCrT , where rS , rT are
the ranks of S , T , respectively.

Application of Lyapunov operator. NS D ASM T CMSAT is performed in an analogous way:

ASM T CMSAT D AUSƒSU
T
S M

T CMUSƒSU
T
S A

T

D ŒAUS ,MUS �

�
0 ƒS
ƒS 0

�
ŒAUS ,MUS �

T

DW U NSƒ NSU
T
NS

,

doubling the rank and requiring O.nnz.M/r C nnz.A/r/ instead of O.nnz.M/n C
nnz.A/n/ operations.

Matrix inner product. hS ,T i is performed as

hS ,T i D tr.ST /D tr
�
U TT USƒSU

T
S UTƒT

�
,

where the last matrix product can be evaluated in O.nrSrT / instead of O.n2/ operations,
provided that ƒS , ƒT are diagonal.

The only operation not covered in the list earlier is the application of the preconditioner P�1; this
will be discussed in Section 2.3.

When applying Algorithm 1, the ranks of the iterates and consequently also the storage require-
ments will grow dramatically. This rank growth can be limited as follows. Given a factored matrix
S D USƒSU

T
S of rank r , we first perform a QR decomposition US DQR with Q 2 Rn�r having

orthonormal columns and R 2Rr�r being upper triangular. Then,

S D USƒSU
T
S DQ

�
RƒSR

T
�
QT .

We then compute a spectral decomposition

RƒSR
T D ŒV1,V2�

�
ƒ1 0

0 ƒ2

�
ŒV1,V2�

T ,

where ƒ1 2 R Nr�Nr is a diagonal matrix containing the Nr eigenvalues of largest absolute magnitude.
The truncated matrix NS of rank Nr is obtained as

NS D U NSƒ NSU
T
NS

, with U NS DQV1, ƒ NS Dƒ1.

Note that kS � NSk2 D kƒ2k2 D � NrC1.S/, where �j .�/ denotes the j th largest singular value of a
matrix. It remains to discuss the choice of the parameter Nr , the numerical rank to which the different
iterates of Algorithm 1 are truncated.

Numerical rank for Xk . For a desired user-specified accuracy " > 0 and a safety factor C1 6 1,
we let the numerical rank of Xk denote the smallest j such that

�jC1.Xk/6 C1 " kXkk2. (8)

In our experiments, we have observed that C1 D 0.05 gives good performance.
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Numerical rank for Rk . As the residuals can be expected to become small with increasing k, a
relative criterion of the form (8) would lead to unnecessarily high ranks in latter stages of the
CG method. Instead, we let the numerical rank of Rk denote the smallest j such that

�jC1.Rk/6maxfC1 " kRkk2,C2 " kR0k2g, (9)

for safety factors C1 6 1 and C2 6 1. Analogous criteria are used for the iterates Pk
and Wk . In our experiments, we have observed that choosing C1 D 0, C2 D 0.1 for Rk ,
C1 D C2 D 0.25 for Pk , and C1 D 0, C2 D 1 for Wk gives good performance.

Summarizing the discussion, all iterates Xk , Pk , Rk , Wk , Zk of Algorithm 1 are represented in the
factored form (7). We apply truncation with the parameters described earlier after every operation
that increases the rank of the iterates, that is, in lines 5, 11, 13, 14, 16, and 20.

Remark 2
In exact arithmetic, the matrix Rk corresponds to the residual of the approximation Xk produced in
the kth step of CG. In finite-precision arithmetic, kRkkF remains a faithful convergence indicator
(up to machine precision) [28]. To a certain extent, this remains valid when introducing low-rank
truncations. However, it is safer to use the explicitly recomputed residual for the stopping criterion
in line 21 of Algorithm 1.

2.3. Preconditioners for Lyapunov equations

The convergence of Algorithm 1 is governed by classical results for the CG method. To attain fast
convergence, the use of an effective preconditioner P�1 for NA defined in (5) is therefore mandatory.
In the context of low-rank truncation, there is another important reason for preconditioning. As illus-
trated in Figure 1, Algorithm 1 without any preconditioner not only suffers from slow convergence
but also from a significant growth of the numerical ranks in the initial phase. As we will see later,
this transient growth is diminished when using effective preconditioners.

Remark 3 (Test problem)
As an example in all the presented numerical experiments (except the last one), we consider a
discretized heat equation

�r.�.x/ru/D f in�D Œ�1, 1�2,

uD 0 on � D @�.

The heat conductivity coefficient �.x/ is assumed piecewise constant

�.x/D

�
1C ˛ for x 2D,
1 for x 62D,

where D � � is a disc of radius 0.5 and ˛ > 0 is the parameter. This system is discretized by
a finite element formulation with piecewise linear basis functions. This example is taken from
[27, Sec. 2.3.1].

In the following, we will discuss various possibilities for the preconditioner. On the one hand,
the preconditioner should preserve the symmetry and (approximately) low rank. The latter require-
ment is satisfied when P�1 can be written as a short sum of Kronecker products. This rules out, for
example, the use of classical preconditioners such as Jacobi and SSOR [16]. On the other hand, the
preconditioner should reduce the condition number of NA significantly. Fully structure-preserving
preconditioners, such as P�1 D .P ˝ P /�1, may not offer enough flexibility to achieve this goal,
see [29] for a related discussion. We consider two preconditioners inspired by the ADI iteration and
the sign function iteration.

2.3.1. Alternating direction implicit preconditioner. Preconditioning a Krylov subspace method
with a few iterates of ADI was already proposed in [16] for Lyapunov equations, see also [9, 30].
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Algorithm 2 describes one cycle of ADI with ` real negative shifts '1, : : : ,'`. The optimal choice
of shifts is discussed in [6, 31–33]. In each iteration of ADI, linear systems with the matrix
NA� 'j In D L

�1
M .A� 'jM/L�TM need to be solved. Typically, this is performed by a sparse direct

solver, computing the sparse Cholesky factorization of A�'jM only once in a preprocessing step.

Algorithm 2 ADI(`) applied to NA NZC NZ NAT D NR.

1: NZ.0/ 0

2: for j D 1, : : : , `

3: solve W
�
NA� 'j In

�
NZ.j�

1
2 / D NR� NZ.j�1/

�
NAC 'j In

�T
4: solve W NZ.j /

�
NA� 'j In

�T
D NR�

�
NAC 'j In

�
NZ.j�

1
2 /

5: end

If the right-hand side NR has low rank, then Algorithm 2 can be implemented efficiently in low-
rank arithmetic. As each iteration of Algorithm 2 increases the rank, it is necessary to truncate after
each iteration. While using ` > 1 yields more effective preconditioners, our numerical experiments
revealed that the computational time spent on low-rank repeated truncation offsets this benefit. We
have therefore restricted ourselves to `D 1. In this case, Algorithm 2 reduces to

NZ �2'1
�
NA� '1In

��1 NR � NA� '1In��T , (10)

which preserves the rank of NR. The optimal value of the parameter '1 in ADI(1) is given by

'1 D�

q
�max

�
NA
�
�min

�
NA
�
, (11)

where �max, �min denote the largest/smallest eigenvalues of NA and can be easily estimated by
applying a few steps of the Lanczos method [33].

Figure 3 and Table I show the performance of Algorithm 1 with the preconditioner (10). Com-
pared to Figure 1 (no preconditioner), the convergence is dramatically improved. The numerical
ranks of the iterates do not grow larger than twice the numerical rank of the solution. Both improve-
ments result into a dramatically reduced execution time: 16 s instead of 4 h. Figure 4 shows addi-
tional experiments for symmetric positive definite problems from the Oberwolfach Model Reduction
Benchmark Collection [34].

2.3.2. Sign function preconditioner. Instead of ADI, one can also use a few iterations of the sign
function method for solving Lyapunov equations as a preconditioner. A similar idea has been
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Figure 3. Algorithm 1 applied to the example from Figure 1 with the alternating direction implicit precon-
ditioner (10) for three different mesh sizes n. Left: Convergence of the residual norms. Right: Numerical

ranks for Xk and Rk for "D 10�8 and nD 11, 036.
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Table I. Breakdown of the total execution time. The preprocessing step for constructing the
preconditioners is not included in the table and takes 0.248, 0.443, and 1.934 s, respectively.

Problem size Plain CG (s) Low-rank truncation (s) Application of preconditioner (s) Total time (s)

nD 11, 036 1.888 10.951 3.186 16.025
nD 17, 419 3.192 31.219 6.457 40.868
nD 45, 072 9.835 154.122 26.533 190.491
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Figure 4. Algorithm 1 applied to three problems from [34]. Left column: Spiral Inductor PEEC Model,
n D 1434, " D 10�12, the final norm of the true residual is kBBT � A.Xk/kF D 3.1 � 10�11. Middle
column: 2D Tunable Optical Filter, nD 1668, "D 10�12, the final norm of the true residual is 1.8 � 10�18.
Right column: Boundary Condition Independent Thermal Model, n D 4257, " D 10�6; the system matrix
consists of four parts AD�A0C˛.AtopCAbottomCAside/, the final norm of the true residual is 1.8 � 10�6,

3.5 � 10�6, 2.4 � 10�7, and 2.3 � 10�7, respectively.

successfully used for iterative refinement in the context of a hybrid CPU–GPU implementation
[35].

Algorithm 3 performs the first ` iterations of the sign function method. A discussion on the choice
of appropriate scaling parameters !j > 0 can be found, for example, in [36]. These parameters
can be estimated during the computation of the matrices A.j /. In particular, for ` D 1, the choice

!1 D
q
�max

�
NA
�
�min

�
NA
�

is recommended, which coincides with (11).

Algorithm 3 Sign(`) applied to NA NZC NZ NAT D NR.

1: NZ.0/ NR, A.0/ NA
2: for j D 1, : : : , `� 1

3: NZ.j / 1
2!j

�
NZ.j�1/C!2j .A

.j�1//�1 NZ.j�1/.A.j�1//�T
�

4: A.j / 1
2!j

�
A.j�1/C!2j .A

.j�1//�1
�

5: end
6: NZ 1

2!`

�
NZ.`�1/C!2

`
.A.`�1//�1 NZ.`�1/.A.`�1//�T

�
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Figure 5. Algorithm 1 applied to the example from Figure 1 with the sign function preconditioner (12) for
three different mesh sizes n. Left: Convergence of the residual norms. Right: Numerical ranks for Xk and

Rk for "D 10�8 and nD 11, 036.

Table II. Breakdown of the total execution time. The preprocessing step for constructing the
preconditioners is not included in the table and takes 0.059, 0.101, and 0.332 s, respectively.

Problem size Plain CG (s) Low-rank truncation (s) Application of preconditioner (s) Total time (s)

nD 11, 036 9.227 40.648 8.037 57.913
nD 17, 419 17.446 101.295 18.448 137.189
nD 45, 072 70.258 485.153 88.473 643.883

Because the iterates A.j /, j D 0, : : : , ` � 1, in Algorithm 3 are independent of the right-hand
side NR, they can be precomputed once in a preprocessing step. A major obstacle is that the matrices
A.j / for j > 1 cannot be represented in terms of sparse matrices and must be stored as dense matri-
ces. This can be avoided when using a data-sparse matrix format that allows for storage-efficient
(approximate) inversion and addition. Examples for such formats include hierarchical matrices [37]
and hierarchically semiseparable matrices [38–40]. Implementations of the sign function method in
these formats are discussed in [14, 41, 42]. For ` D 1, this is not needed. In this case, Algorithm 3
reduces to

NZ 
1

2!1

�
NRC!21

NA�1 NR NA�T
�

, (12)

which can be performed efficiently via Cholesky factorizations of M and A.
Figure 5 and Table II summarize a numerical experiment with the sign function preconditioner

for ` D 1. For the example under consideration, the performance is worse than for the ADI-based
preconditioner, see Figure 5, because of slower convergence of the preconditioned CG method. To
test whether we could gain advantage from using ` > 1, we have implemented Algorithm 3 in the
hierarchical matrix format using the HLib library [43]. The iterates NZ.j / are stored in the low-
rank format (7) and repeatedly truncated, see [14]. For the sake of simplicity, we have only tested
nD 11, 036 and setM D In. Algorithm 1 with this preconditioner for `D 2 takes 375 s and another
318 s are needed for setting up the matrix A.1/. This compares poorly with `D 1, which leads to a
total execution time of 58 s.

3. ONE PARAMETER

In this section, we extend the preconditioned CG method discussed earlier to a Lyapunov equation
depending on a single parameter ˛:

A.˛/X.˛/M.˛/T CM.˛/X.˛/A.˛/T D B.˛/B.˛/T , ˛ 2R. (13)
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More specifically, we consider the solution of (13) for m parameter samples ˛1, : : : ,˛m with
˛min � ˛1 < : : : < ˛m � ˛max.

For each sample ˛l , we consider the corresponding linear system

.M.˛l /˝A.˛l /CA.˛l/˝M.˛l//vec.X.˛l//D vec
�
B.˛l/B.˛l /

T
�

. (14)

Similar to the approach in [27], we collect these m linear systems into one huge mn2 �mn2 block
diagonal system

Ax D b (15)

with

AD diag..M.˛1/˝A.˛1/CA.˛1/˝M.˛1//, : : : ,

.M.˛m/˝A.˛m/CA.˛m/˝M.˛m///.

and

x D

2
64

vec.X.˛1//
...

vec.X.˛m//

3
75 , b D

2
64

vec
�
B.˛1/B.˛1/

T
�

...
vec

�
B.˛m/B.˛m/

T
�
3
75 .

We now rewrite (15) in terms of tensors in the sense of multidimensional arrays. For this purpose,
we collect the entries of the solution and the right-hand side into two tensors X , B 2 Rn�n�m with
the entries

Xi ,j ,l D .X.˛l//i ,j , Bi ,j ,l D
�
B.˛l/B.˛l /

T
�
i ,j .

Then, the matrix A can be reinterpreted as a linear operator on Rn�n�m and (15) becomes

A.X /D B. (16)

3.1. The Tucker format

To develop an efficient algorithm for solving (16), the low-rank matrix format (7) needs to be
replaced by a low-rank format for third-order tensors. For our purposes, a suitable low-rank format
is given by the Tucker format [44], which we will briefly introduce.

The Tucker format of a third-order tensor S 2Rn1�n2�n3 takes the form

vec.S/D .U3˝U2˝U1/vec.C/, (17)

where Ui 2 Rni�ri for i D 1, 2, 3 are the basis matrices and C 2 Rr1�r2�r3 is the core tensor. If all
Uk have full column rank, then the triple .r1, r2, r3/ corresponds to the multilinear rank of S .

The Tucker format (17) is closely linked to the three different matricizations of S . The mode-
1 matricization S .1/ 2 Rn1�n2n3 is obtained by arranging the 1-mode fibers S.W, i2, i3/ 2 Rn1

for i2 D 1, : : : ,n2, i3 D 1, : : : ,n3 into the columns of S .1/. Similarly, S .2/ 2 Rn2�n1n3 and
S .3/ 2 Rn3�n1n2 are obtained from the 2-mode fibers S.i1, W, i3/ and the 3-mode fibers S.i1, i2, W/,
respectively. Then, the multilinear rank satisfies

r D .r1, r2, r3/D
�

rank.S .1//, rank.S .2//, rank.S .3//
�

.

Moreover, the truncation of an explicitly given tensor to a given lower multilinear rank Nr D
. Nr1, Nr2, Nr3/ can be performed by means of singular value decompositions of S .1/,S .2/,S .3/, the
so called higher order singular value decomposition (HOSVD) [20]. The obtained quasibest
approximation NS satisfies the error bound

		S � NS		2 WD 		vec.S/� vec
�
NS
�		2
2
6

3X
iD1

niX
jDNriC1

�2j .S
.i//. (18)
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This shows that the neglected singular values determine the error, just as in the matrix case.
The right-hand side and solution tensors for the parameter-dependent Lyapunov equation (13) are

symmetric in the first two indices. This property,

Si1,i2,i3 D Si2,i1,i3 for all i1, i2, i3,

is equivalent to S .1/ D S .2/. It can be easily seen that the HOSVD can be modified to preserve this
symmetry in the sense that U1 D U2 holds for the basis matrices and C .1/ D C .2/ holds for the core
tensor. The corresponding symmetric variant of the Tucker format takes the form

vec.S/D .U3˝U1˝U1/vec.C/, with C .1/ D C .2/. (19)

3.2. Approximability of X in the Tucker format

In this section, we show that the solution tensor X of (13) can be well approximated in the Tucker
format, provided that t � n and the parameter dependence is sufficiently smooth. According to the
error bound (18), this can be shown by bounding the singular values of the matricizations

X .1/ DX .2/ D ŒX.˛1/, : : : ,X.˛m/�, X .3/ D Œvec.X.˛1//, : : : , vec.X.˛m//�
T .

For theoretical purposes, we may assume M.˛/� In without loss of generality, by a suitable trans-
formation of the Lyapunov equation. Moreover, by a suitable parameter transformation, we may
also assume that ˛ 2 Œ�1, 1�.

The error bound for X .3/ can be immediately obtained by applying an existing result
[27, Thm 2.4] on parameter-dependent linear systems, as the columns of X .3/ are solutions to the
linear system (14) with the system matrix A.˛/D A.˛/˝ I C I ˝A.˛/.

Lemma 1
Let B.˛/ W Œ�1, 1� ! Rn�t and A.˛/ W Œ�1, 1� ! Rn�n both have analytic extensions to the
Bernstein ellipse E�0 for some �0 > 1, and assume that A.˛/ is invertible for all ˛ 2 E�0 . Then,

�k.X
.3//6 2�

p
m

1� ��1
max
�2@E�

kA.�/�1k2 CB ��k , (20)

for any 1 < � < �0, where CB WDmax�2@E� kB.�/k
2
F .

In the case that A.˛/ is symmetric positive definite for all ˛ 2 Œ�1, 1�, the bound (20) can be
simplified. In particular, if A.˛/D A0C ˛A1, a perturbation argument can be used to show that

max
�2@E�

kA.�/�1k2 .
1

	min � .�� 1/2kA1k2

for �� 1 sufficiently small, where 	min is the minimal value of �min.A0C ˛A1/ for ˛ 2 Œ�1, 1�.
The following theorem gives bounds for the singular values of X .1/ D X .2/. The result is only

shown for t D 1; bounds for general t can be obtained by superposition.

Theorem 1
Let B.˛/ W Œ�1, 1� ! Rn�1, A.˛/ W Œ�1, 1� ! Rn�n have analytic extensions to E�0 for some
�0 > 1. Moreover, we assume that A.˛/ is symmetric positive definite on Œ�1, 1� and remains
positive definite‡ on E�0 . Then, there exists a constant C > 0 not depending on k and B such that

�kC1.X
.1//6 C CB exp

 
�


s
log.�/

log.8�/

p
k

!
,

‡A general matrix B 2Cn�n is called positive definite if its Hermitian part .B�CB/=2 is positive definite.
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for any 1 < � < �0, where CB WDmax�2@E� kB.�/k
2
2 and

	min D
1

2
inf
˛2E�

�min.A.˛/CA.˛/
�/, 	max D max

˛2Œ�1,1�
�max.A.˛//, � D

	max

	min
.

Proof
We start by recalling existing results [4, 6, 45] on the singular value decay of X.˛/ for fixed
˛ 2 Œ�1, 1�. On the basis of the approximation of 1=x on the interval x 2 Œ2	min, 2	max� by sums of
exponentials, one obtains a low-rank approximation

X.˛/� QX.˛/D

QkX
jD1

gj .˛/gj .˛/
T , gj .˛/ WD

p
�j exp.�!jA.˛//B.˛/,

for certain parameters �j > 0 and !j > 0 independent of ˛. The approximation error satisfies

		X.˛/� QX.˛/		
F
6 8 kB.˛/k

2
2

	min
exp



�


2

log.8�/
Qk

�
.

For the 1-mode matricization of the corresponding tensor QX , this directly implies the error bound

			X .1/ � QX .1/			
F
6 8
p
m

	min
CB exp



�


2

log.8�/
Qk

�
. (21)

By rearranging the terms contributing to each QX.˛l/, we can write

QX .1/ D QU1 QV
T
1 C � � � C

QU Qk
QV TQk

with

QUj D Œkgj .˛1/k2 � gj .˛1/, : : : , kgj .˛m/k2 � gj .˛m/� 2R
n�m

QVj D diag



1

kgj .˛1/k2
gj .˛1/, : : : ,

1

kgj .˛m/k2
gj .˛m/

�
2Rnm�m

for j D 1, : : : , Qk.
Note that the columns of QUj are evaluations of the vector-valued function

kgj .˛/k2 � gj .˛/,

which has an analytic extension to E�0 . By [27, Corollary 2.3], there is, for every Ok 6 minfm,ng, a
matrix OUj 2Rn�m of rank Ok such that

			 QUj � OUj			
F
6 2�

p
m

1� ��1
max
�2@E�

kgj .�/k
2
2 �
� Ok .

A classical result by Dahlquist [46] implies

kgj .�/k2 6
p
�j k exp.�!jA.�//k2kB.�/k2 6

p
�j exp.�!j	min/CB

for all � 2 E�. Then, the approximation OX .1/ D
P Ok
jD1
OUj QV

T
j has rank Qk � Ok and satisfies

			 QX .1/ � OX .1/			
F
6

QkX
jD1

			 QUj � OUj			
F
6 2�

p
m

1� ��1
CB

0
@ QkX
jD1

�j exp.�2!j	min/

1
A �� Ok .
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The remaining exponential sum turns out to be the approximation of 1=x at x D 2	min from [47]
and can be bounded by

QkX
jD1

�j exp.�2!j	min/6
1

2	min
C

8

	min
exp



�


2

log.8�/
Qk

�
6 8.5

	min
.

Hence, with OC D 17�
p
m

�min.1���1/
, we obtain

			 QX .1/ � OX .1/			
F
6 OCCB��

Ok . (22)

Combining (21) with (22) yields			X .1/ � OX .1/			
F
6
			X .1/ � QX .1/			

F
C
			 QX .1/ � OX .1/			

F

6 C1 CB

 
exp

 
�


2 Qk

log.8�/

!
C ��

Ok

!

D C1 CB

�
exp

�
�1 Qk

�
C exp

�
�2 Ok

��
,

(23)

where C1 D max
n
8
p
m=	min, OC

o
and 1 D 
2=.log.8�//, 2 D log.�/. Recall that OX .1/ has rank

Nk WD Qk � Ok.
For a given integer k, we now balance the influence of the two terms in (23) by choosing

Qk WD

�r
k
2

1


, Ok WD

�r
k
1

2


.

Then,

�kC1.X
.1//6 � NkC1.X

.1//6
			X .1/ � OX .1/			

F

6 C1 CB
�

exp
�
�1 Qk

�
C exp

�
�2 Ok

��
6 C1 CB

�
exp

�
�1

�p
k2=1 � 1

��
C exp

�
�2

�p
k1=2 � 1

���
D C1 CB.exp.1/C exp.2// exp

�
�
p
12k

�
,

which completes the proof by setting C WD C1.exp.1/C exp.2//. �

The bounds of Lemma 1 and Theorem 1 predict a pronounced difference between the singular
value decays of X .3/ and of X .1/, X .2/. Such a significantly slower decay for X .1/, X .2/ does not
appear to be an artifact of the proof but it also shows up numerically, see Figure 6.

3.3. The CG method with low-rank truncation in Tucker format

The basic idea from Section 2 carries over in a relatively straightforward manner to the solution
of the parameter-dependent Lyapunov equation (13). Formally, we apply the CG method to the
mn2�mn2 linear system (15) and apply repeated low-rank truncation to keep the computational cost
low. For this purpose, we view all iterates as tensors Xk , Rk , Pk , Wk , Zk 2Rn�n�m and store them
in the Tucker format (19). Although the formal algorithmic description of this CG method is virtu-
ally identical with Algorithm 1, the efficient implementation of the required operations demands a
more detailed discussion.
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10−10

10−5
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j

Singular value decay of different matricizations of X

Figure 6. Solution of parameter-dependent Lyapunov equation .A0C˛A1/X.˛/MTCMX.A0C˛A1/
T D

BBT with nD 371. Singular values for matricizations of X when using samples ˛j D j , j D 1, 2, : : : , 100.

3.3.1. Matrix multiplication. Lines 4, 6, 15, and 17 of the tensorized variant of Algorithm 1 require
the multiplication of a tensor S 2 Rn�n�m with L�1M in modes 1 and 2. In the Tucker format (19),
this can be easily performed; the resulting tensor NS takes the form

vec
�
NS
�
D
�
U3˝L

�1
M U1˝L

�1
M U1

�
vec.C/.

The ADI(1) preconditioner (10) from Section 2.3.1 can be applied in a similar fashion, by multi-
plying modes 1 and 2 with the matrix .A . N̨ /� '1In/

�1, and the core tensor with the scalar �2'1.
Here, N̨ corresponds to an average of the parameter samples and '1 D�

p
�max .A . N̨ // �min .A . N̨ //.

3.3.2. Addition of tensors. Given two tensors in the Tucker format,

vec.S/D .U3˝U1˝U1/vec.CS/, vec.T /D .V3˝ V1˝ V1/vec.CT /, (24)

the sum NS D S C T can be represented by concatenating the factors:

vec
�
NS
�
D .ŒU3,V3�˝ ŒU1,V1�˝ ŒU1,V1�/vec

�
C NS
�

,

with

(25)

3.3.3. Application of the linear operator A. To discuss the efficient application of A, we first
assume that A.˛/ D A0 C ˛A1 is affine linear in ˛ and M.˛/ � M is constant. In this case,
the matrix representation of A takes the form

AD I ˝M ˝A0C I ˝A0˝M CD˝M ˝A1CD˝A1˝M ,

where D D diag.˛1, : : : ,˛m/ 2 Rm�m. Applied to a tensor S , the operator A is a combination of
matrix multiplication and addition. For S given in the Tucker format (19), the tensor NS D A.S/
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takes the form

vec
�
NS
�
D .I ˝M ˝A0C I ˝A0˝M CD˝M ˝A1CD˝A1˝M/ � � �

.U3˝U1˝U1/vec.CS/

D .ŒU3,DU3�˝ ŒA0U1,A1U1,MU1�˝ ŒA0U1,A1U1,MU1�/vec
�
C NS
�

,

with

(26)

For general A.˛/,M.˛/ depending nonlinearly on ˛, it is often also possible to apply A
efficiently, in particular when A.˛/, M.˛/ are low-degree matrix polynomials in ˛ or can be
reparametrized to take this form. A more detailed discussion can be found in [27].

3.3.4. Inner product. The inner product between two tensors S and T in the Tucker format (24)
can be written as

hS , T i WD hvec.S/, vec.T /i
D h.U3˝U1˝U1/vec.CS/, .V3˝ V1˝ V1/vec.CT /i

D
˝
vec.CS/,

�
U T3 V3˝U

T
1 V1˝U

T
1 V1

�
vec.CT /

˛
.

In other words, we only need to form the two small matrices U T1 V1 and U T3 V3, apply them to one
of the Tucker cores, and then compute the inner product between the Tucker cores.

The computation simplifies for S D T . In particular, when the columns of U1 and U3 are
orthonormal, we have kSk2 D hS , Si D hCS , CSi D kCSk2.

3.3.5. Low-rank truncation. Repeated addition and application of A lets the multilinear ranks of
the iterates of the CG method quickly grow. As in Section 2, this rank growth can be limited by
repeatedly truncating the iterates to lower multilinear ranks.

Given vec.S/D .U3˝U1˝U1/vec.C/ with C 2Rr1�r1�r3 , the first step of low-rank truncation
consists of computing QR decompositions U1 DQ1R1 and U3 DQ3R3, where Qj 2 Rnj�rj has
orthonormal columns and Rj 2Rrj�rj is upper triangular. Then,

vec.S/D .Q3˝Q1˝Q1/vec.CQ/, with vec.CQ/ WD .R3˝R1˝R1/vec.C/.
Forming CQ becomes expensive for larger .r1, r1, r3/. This cost can be reduced by exploiting the
block structures (25) and (26) of the core tensor C.

Upon completion of the orthogonalization step, we compress the Tucker core CQ by computing

SVDs of its matricizations C .1/Q and C .3/Q . More specifically, for Nr D . Nr1, Nr1, Nr3/ with Nr1 6 r1 and

Nr3 6 r3, we compute the dominant left singular vectors W1 2 Rr1�Nr1 and W3 2 Rr3�Nr3 of C .1/Q and

C
.3/
Q , respectively. The truncated tensor NS is then obtained by projection

vec
�
NS
�
D
�
NU3˝ NU1˝ NU1

�
vec

�
NC
�

,

where

NU1 WDQ1W1, NU3 WDQ3W3, vec
�
NC
�
WD
�
W T
3 ˝W

T
1 ˝W

T
1

�
vec.CQ/.

Using (18), the truncation error can be bounded by

		S � NS		2 6 3X
iD1

riX
jDNriC1

�2j .S
.i//.
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Table III. Computational cost of individual operations in low-rank tensor variant of the CG
method applied to the n � n parameter-dependent Lyapunov equation (13) with m parameter

samples. It is assumed that n	 r1 and m	 r3.

Operation Computational cost

Addition O
�
nr21 Cmr

2
3 C r

3
1 r3C r

2
1 r
2
3

�
Application of A.�/ O

�
nnz.A0CA1CM/r1 C nr

2
1 Cmr

2
3 C r

3
1 r3C r

2
1 r
2
3

�
Truncation O

�
r31 r3 C r

2
1 r
2
3 C r

3
3

�
Inner product O

�
nr21 Cmr

2
3 C r

3
1 r3C r

2
1 r
2
3

�
ADI(1) preconditioner O.nnz.L/r1/
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Multilinear rank of Xk

Figure 7. Solution of parameter-dependent Lyapunov equation .A0C˛A1/X.˛/MTCMX.A0C˛A1/
T D

BBT with n D 371. Left: Convergence of low-rank tensor CG measured by decay of computed (and true)
residuals, and its dependence on number of samples of ˛, and on interval Œ˛min,˛max�. Right: Multilinear

ranks .r1, r2, r3/ of Xk . The upper graphs correspond to r1 D r2; the lower graphs correspond to r3.

The choice of Nri is based on the singular values of S .i/. For truncating the iterates Xk of the CG
method, we use a relative criterion of the form (8). For truncating Rk , Pk , Wk , we use a mixed
relative/absolute criterion of the form (9).

3.3.6. Summary of computational cost. Table III summarizes the complexity of the operations dis-
cussed earlier. Note that the cost for the orthogonalization step needed for low-rank truncation
(Section 3.3.5) is included in the cost for addition and application of A. Moreover, it is assumed
that A.˛/ D A0 C ˛A1 and M.˛/ � M . The cost for computing the Cholesky factorization
A . N̨ /D LLT needed for the ADI(1) preconditioner depends on the sparsity pattern of A . N̨ / and is
not included.

3.4. Numerical experiments

The described CG method with low-rank truncation in Tucker format has been applied to the exam-
ple from [27, Sec. 2.3.1], see also Figure 1. Here, the parameter dependence of the stiffness matrix
A.˛/ D A0 C ˛A1 arises from a parametrization of the material coefficient in parts of the domain.
The right-hand side is a random rank-1 matrix independent of ˛.

We use the ADI(1) preconditioner with the optimal shift '1 with respect to N̨ D
p
˛min˛max.

The initial guess X0 is set to .X0/i ,j ,l D .X . N̨ //i ,j , where X . N̨ / is the low-rank solution of (13)
computed by Algorithm 1.

Figure 7 and Table IV display the obtained results. Compared to the corresponding results with-
out parameter dependence (Figure 3), it becomes evident that the convergence is somewhat slower
and the ranks grow significantly larger. These effects become more pronounced as the parameter
variation increases. This is certainly because the average-based ADI(1) preconditioner becomes
less effective. Finally, Figure 8 shows the obtained results for an example from the Oberwolfach
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Table IV. Detailed results for low-rank tensor CG applied to parameter-dependent Lyapunov equation.
The individual columns contain the following: (1) parameter interval; (2) number of samples m; (3)
number of CG iterations kmax; (4) multilinear rank of approximate solution after kmax iterations; (5)

residual norm res WD 1p
m
kB �A.Xkmax/kF ; and (6) total computational time.

Œ˛min,˛max� m kmax rank
�
Xkmax

�
res Computational time

Œ1, 10� 10 60 .24, 24, 10/ 8.14 � 10�9 21 s (0.35 s=it)
Œ1, 10� 30 60 .22, 22, 9/ 6.27 � 10�9 1min, 07 s (1.12 s=it)
Œ1, 10� 100 60 .22, 22, 7/ 5.52 � 10�9 1min, 58 s (1.97 s=it)
Œ1, 10� 1 000 60 .22, 22, 6/ 5.11 � 10�9 3min, 16 s (3.27 s=it)
Œ1, 10� 10 000 60 .22, 22, 6/ 5.05 � 10�9 5min, 32 s (5.54 s=it)
Œ1, 30� 30 90 .34, 34, 16/ 2.60 � 10�8 3min, 57 s (2.63 s=it)
Œ1, 100� 100 140 .44, 44, 27/ 1.39 � 10�7 35min, 35 s (15.2 s=it)
Œ1, 100� 300 140 .37, 37, 24/ 1.18 � 10�7 46min, 26 s (19.9 s=it)
Œ1, 100� 1 000 140 .34, 34, 20/ 7.16 � 10�7 63min, 31 s (27.2 s=it)
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Figure 8. Boundary Condition Independent Thermal Model from [34], see also Figure 4. We used "D 10�6

and 30 samples of ˛ in the interval Œ107, 108�. The final norm of the true residual is 9.30 �10�7. Note that the
large gap between the true residual norms (for the generalized Lyapunov equation (13)) and the computed

residual norms (for the transformed Lyapunov equation with M D I ) is primarily due to kMk2 � 10�5.

Benchmark Collection [34]. This example is known to be quite a challenge, with system matrices
having condition number 108 and larger.

4. CONCLUSIONS AND FUTURE WORK

We have presented methods for solving Lyapunov matrix equations, possibly depending on a param-
eter. Our methods consist of applying the preconditioned CG method combined with low-rank
matrix truncation to a (huge) linear system formulation. While this point of view was mainly taken
to have enough flexibility for dealing with the parameter-dependent case, the method appears to
be quite competitive even for standard Lyapunov matrix equations. A more detailed comparison to
existing methods based on an optimized implementation of our method remains to be performed. In
the parameter-dependent case, the results are promising but also indicate that the rank growth in the
transient phase of the method may pose a bottleneck for more complex problems, which can only
be overcome by the development of more effective preconditioners, see [48] for an example.

While this paper has focused on Lyapunov equations with symmetric coefficients, the algorith-
mic extension to the nonsymmetric case is relatively straightforward, by replacing the CG method
with BiCGstab or restarted GMRES, as proposed in [17, 19, 27, 49]. On the other hand, it is not
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clear how to extend the theoretical results, in particular the bounds on the singular value decay from
Theorem 1, to the nonsymmetric case.

As mentioned in Section 1, the solution of parameter-dependent Lyapunov equations plays an
important role in interpolatory approaches to model reduction of parametrized linear control sys-
tems. The methods developed in this paper represent a first step towards efficient algorithms for
such model reduction techniques.
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1. Introduction

Jacobi matrices

T =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

δ1 ξ1
ξ1 δ2 ξ2

ξ2
. . . . . .
. . . δn−1 ξn−1

ξn−1 δn

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

∈ Rn×n, ξ� > 0, � = 1, . . . , n − 1, (1)

i.e., symmetric tridiagonal matrices with positive sub-diagonal entries, represent thor-
oughly studied objects with the origin in the first half of the 19th century; see the 
historical note 3.4.3 in [14, Section 3.4]; see also [16, Chapter 7], [21, Section 5, §§ 36–48], 
and [7, Chapter 1.3]. Jacobi matrices have many interesting spectral properties such as: 
simple eigenvalues, strict interlacing of eigenvalues, eigenvectors with nonzero first and 
last entries, etc.; see, e.g., [16]. They are closely connected to the Lanczos tridiagonal-
ization (see [13]), the Golub–Kahan bidiagonalization (see [9]), Gauss-type quadrature 
rules, moment problems, etc.; see [14]. Different generalizations of Jacobi matrices were 
proposed in different contexts; see [3,11,19].

In [12], the spectral properties of Jacobi matrices were used to prove fundamental 
properties of the so-called core problem (see [15]) within linear approximation prob-
lems

AX ≈ B, where A ∈ Rn×m, B ∈ Rn×d, AT B �= 0, (2)

with d = 1. (Note that the core problem is a useful tool in the analysis of the total least 
squares solution of (2); see [15].) In [11], it was shown that the core problem within (2)
with d > 1 can be obtained by the band (or block) generalization of the Golub–Kahan bidi-
agonalization with exact deflations; see also [2]. (For further reading on finite precision 
computations we refer to [4,20,10,18,5,1], or [6, Chapter 5].) Starting with an orthonor-
mal basis s1, . . . , sρ of the range of B, ρ ≡ rank(B), the generalized bidiagonalization 
yields a block-bidiagonal matrix, e.g.,

ST
7 AW6 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

α1
β2,1 α2
β3,1 β3,2 α3
γ4 β4,2 β4,3 α4

γ5 β5,4 α5
γ6 β6,5

γ7 α6

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≡

⎡
⎢⎣

ΦT
1

Ψ2 ΦT
2

Ψ3 ΦT
3

⎤
⎥⎦ , ρ = 3,

where αk > 0, γk+ρ > 0, k = 1, 2, . . . ; Φ�, Ψ�+1 are full row rank blocks in upper 
triangular row echelon forms; Sk ≡ [s1, . . . , sk], Wk ≡ [w1, . . . , wk], ST

k Sk = WT
k Wk = Ik; 
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see [11]. The closely related band (or block) Lanczos algorithm (see [16, Chapter 13.10]) 
applied to AAT with starting vectors s1, . . . , sρ yields a symmetric block-tridiagonal
matrix

ST
7 (AAT )S7 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

♥ ♥ ♥ α1γ4
♥ ♥ ♥ ♥
♥ ♥ ♥ ♥ α3γ5

α1γ4 ♥ ♥ ♥ ♥ α4γ6
α3γ5 ♥ ♥ ♥

α4γ6 ♥ ♥ α5γ7
α5γ7 ♥

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≡

⎡
⎢⎢⎢⎣

Δ1 ΞT
1

Ξ1 Δ2 ΞT
2

Ξ2 Δ3 ΞT
3

Ξ3 Δ4

⎤
⎥⎥⎥⎦ ,

where ♥ are in general nonzero dot-products of rows of ST
7 AW6; blocks Δ� are symmetric, 

Δ1 ∈ Rρ×ρ; and Ξ� are full row rank blocks in upper triangular row echelon forms. It 
was shown in [11] that real matrices of this block-tridiagonal form, called wedge-shaped 
matrices, can be understood as a block generalization of Jacobi matrices. The property 
of positive sub-diagonal entries of a Jacobi matrix is generalized to the property of full 
row rank sub-diagonal blocks.

Basic spectral properties of Jacobi matrices follow only from their nonzero struc-
ture and thus can be generalized to wedge-shaped matrices, while reflecting their block 
structure. It was proven in [11] that multiplicities of eigenvalues of a ρ-wedge-shaped 
matrix are bounded by ρ, and that the eigenvectors have nonzero leading and so-called 
quasi-trailing subvectors (i.e., subvectors with nonzero norms) of length ρ.

Here we extend the concept of wedge-shaped matrices to the complex field by pre-
serving the block form required in the real case. Then we analyze properties of eigen-
values and eigenvectors following from the nonzero structure of wedge-shaped matrices. 
We give an illustrative schema for localization of nonzero subvectors of eigenvectors. 
We show how the results can be simplified when we consider proper band matri-
ces.

Section 2 gives the definition of a ρ-wedge-shaped matrix and discusses some of its ba-
sic properties. Section 3 summarizes already known spectral properties of wedge-shaped 
matrices and reformulates them to the complex case. Section 4 discusses the structure 
of eigenvectors by describing a set of their nonzero subvectors, so-called running com-
ponents. Section 5 comments on interlacing of eigenvalues, and Section 6 concludes the 
paper.

Throughout the text MT , MH ≡ M T , and N (M) denote the transposition, the 
conjugate transposition, and the null space of a matrix M , respectively; M ⊗N denotes 
the Kronecker product of matrices (i.e., mi,j, the (i, j)-th entry of M , is replaced by 
the block Nmi,j in the product); I denotes the square identity matrix, and ek denotes 
the k-th column of I. The following convention concerning the entries of matrices will 
simplify the exposition:
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• club (♣) stands for a nonzero entry, ♣ �= 0;
• heart (♥) stands for a general entry which can also be zero;
• empty spaces in matrices always represent zero entries.

2. Definition and basic properties

For a Hermitian (self-adjoint) matrix T ∈ Cn×n with entries tk,j , we consider the 
following notation

f(k, T ) = min{j : tk,j �= 0} and h(k, T ) = k − f(k, T ), k = 1, . . . , n, (3)

in analogy to, e.g., [8, Chapter 4]. For simplicity, we often omit the second parameter 
and write f(k) and h(k). The number f(k) is the column index of the first nonzero entry 
in the k-th row of T (provided it exists), and h(k) is the distance between this and 
the diagonal entry. The number h(k) is called the k-th bandwidth of T .3 The following 
definition introduces complex wedge-shaped matrices; see also [11, Definition 4.1].

Definition 1 (ρ-wedge-shaped matrix). Let T ∈ Cn×n be a Hermitian matrix, i.e., T = TH , 
and ρ, 1 ≤ ρ < n, an integer. If h(k) is positive and non-increasing for k = ρ + 1, . . . , n, 
then we call T a ρ-wedge-shaped matrix. We denote WSn×n

ρ the set of all ρ-wedge-shaped 
matrices of order n.

For clarity, we give an example of a 3-wedge-shaped matrix of order 9, and the corre-
sponding values of f(k) and h(k):

T =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

♥ ♥ ♥ ♣
♥ ♥ ♥ ♥ ♣
♥ ♥ ♥ ♥ ♥
♣ ♥ ♥ ♥ ♥ ♣

♣ ♥ ♥ ♥ ♥ ♣
♣ ♥ ♥ ♥

♣ ♥ ♥ ♣
♣ ♥ ♣

♣ ♥

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,
k 4 5 6 7 8 9
f(k) 1 2 4 5 7 8
h(k) 3 3 2 2 1 1

. (4)

The partitioning shows that a ρ-wedge-shaped matrix is a block-tridiagonal Hermitian 
matrix with full row rank sub-diagonal blocks (in upper triangular row echelon forms). 
Note that ρ-wedge shaped matrices satisfying

tk,k−ρ �= 0, for k = ρ + 1, . . . , n, (5)

3 Note that h ≡ maxk=1,...,n h(k) is called the bandwidth of a Hermitian matrix; see [8]. Other authors 
call h the half-bandwidth and define the bandwidth as 2h + 1.
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i.e., h(k) = ρ, for k = ρ + 1, . . . , n, are called matrices with a constant bandwidth (or 
proper band matrices; see [17]). They can be considered as basic building-blocks of general 
wedge-shaped matrices. The following examples illustrate that any wedge-shaped matrix 
contains overlapping principal blocks with constant bandwidth (highlighted by frames); 
in all three cases ρ = 3, n = 7:

,

k 4 5 6 7
f(k) 1 3 4 5
h(k) 3 2 2 2

,

k 4 5 6 7
f(k) 2 3 5 6
h(k) 2 2 1 1

.

k 4 5 6 7
f(k) 3 4 5 6
h(k) 1 1 1 1

(6)

The following lemma gives some basic properties of wedge-shaped matrices.

Lemma 2. Let T ∈ WSn×n
ρ .

(a) If ρ < n − 1, then T ∈ WSn×n
ρ+1 . Consequently,

WSn×n
ρ ⊂ WSn×n

ρ+1 ⊂ · · · ⊂ WSn×n
n−1 ⊂ Cn×n.

(b) If f(ρ + 1) = 1, then T is a (2ρ + 1)-diagonal matrix.
(c) If f(ρ + 1) > 1, then T is at most a (2ρ − 1)-diagonal matrix.

Proof. Property (a) follows directly from Definition 1. If f(ρ +1) = 1, then h(ρ +1) = ρ, 
i.e., h(k) ≤ ρ, for k = ρ + 1, . . . , n. If f(ρ + 1) > 1, then h(ρ + 1) < ρ, i.e., h(k) < ρ, 
for k = ρ + 1, . . . , n. Since the bandwidth of the leading principal block of order ρ is 
trivially smaller than ρ, then T satisfying the assumption of (b) or (c) is a (2ρ + 1)- or 
a (2ρ − 1)-diagonal matrix, respectively. �

Note that we are not necessarily interested in the smallest value of ρ for which a given 
T is a wedge-shaped matrix. For example, in [11, Section 4.2], the aim is to verify that 
T is wedge-shaped for one particularly prescribed value of ρ. The following lemma on 
submatrices of wedge-shaped matrices will be useful later.

Lemma 3. Let T ∈ WSn×n
ρ with the following (n1, n2)-partitioning,

T =

[
T1 L

LH T2

]
} n1
} n2

,

︸︷︷︸
n1

︸︷︷︸
n2

n1 + n2 = n, 0 ≤ n1, n2 ≤ n. (7)
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(a) If n1 > ρ, then T1 is a ρ-wedge-shaped matrix, T1 ∈ WSn1×n1
ρ .

(b) If n2 > h(n, T ), then T2 is a π-wedge-shaped matrix, T2 ∈ WSn2×n2
π . The smallest 

possible value of π is defined as

π ≡ π(n1, n2) ≡
(

arg min
ρ<k≤n

{f(k, T ) > n1}
)

− n1 − 1, π ≤ ρ. (8)

Proof. Assertion (a) follows directly from Definition 1. Let us focus on assertion (b). If 
n2 > h(n, T ), then

f(n, T ) = n − h(n, T ) > n1,

i.e., the first nonzero entry in the last row of T is placed in the block T2. Let kmin, 
ρ < kmin ≤ n, be the first row of T for which f(kmin, T ) > n1. Since h(k, T ) = k−f(k, T )
is positive, then

kmin = f(kmin, T ) + h(kmin, T ) > n1 + 1,

i.e., the entry tkmin,f(kmin,T ) is placed in the block T2. By employing

f(n1 + �, T ) = f(�, T2) + n1, h(n1 + �, T ) = h(�, T2), for � = kmin − n1, . . . , n2,

we obtain T2 ∈ WSn2×n2
π (and T2 /∈ WSn2×n2

π−1 ), where π ≡ kmin − n1 − 1.
Clearly, 1 ≤ π < n2. If n2 ≤ ρ, then π < ρ. If n2 > ρ, then h(n1 + ρ + 1, T ) ≤ ρ gives

f(n1 + ρ + 1, T ) ≥ n1 + 1, i.e. f(ρ + 1, T2) ≥ 1.

Consequently, T2 ∈ WSn2×n2
ρ and the minimality of π results in π ≤ ρ. �

The lemma directly implies that any sufficiently large principal block of a wedge-
shaped matrix is again a wedge-shaped matrix. Let us illustrate how to determine the 
value of π from assertion (b). Consider, e.g., the (5, 4)-partitioning of (4). One can see 
that

T2 =

⎡
⎢⎢⎢⎣

♥ ♥
♥ ♥ ♣

♣ ♥ ♣
♣ ♥

⎤
⎥⎥⎥⎦ ,

k 3 = 8 − n1 4 = 9 − n1
f(k, T2) 2 = 7 − n1 3 = 8 − n1
h(k, T2) 1 1

, (9)

is 2-wedge-shaped; i.e., n1 = 5, n2 = 4 yield π = 2.
Finally note that if n1 ≤ ρ or n2 ≤ h(n, T ), then T1 or T2 have no particular 

structure, respectively. Moreover, for the given wedge-shaped matrix and the given 
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(n1, n2)-partitioning it may happen that none of the conditions in assertions (a) and 
(b) of Lemma 3 is satisfied; see, e.g., the following 2-wedge-shaped matrix:

T =

⎡
⎢⎢⎢⎣

♥ ♥ ♣
♥ ♥ ♥ ♣
♣ ♥ ♥ ♥

♣ ♥ ♥

⎤
⎥⎥⎥⎦ , ρ = 2, h(n, T ) = 2, and n1 = n2 = 2.

3. Spectral properties of wedge-shaped matrices

Since ρ-wedge-shaped matrices are Hermitian block-tridiagonal with full row rank sub-
diagonal blocks, they can be seen as a block generalization of real symmetric tridiagonal 
matrices with nonzero sub-diagonal entries (including the special case of the Jacobi ma-
trices). It is well known that a symmetric tridiagonal matrix with nonzero sub-diagonal 
entries has distinct eigenvalues and its eigenvectors have nonzero first and last entries; 
see, e.g., [16, Lemma 7.7.1 and Theorem 7.9.3 (7.9.5 in the original Prentice-Hall edi-
tion)]. These properties fully follow from the nonzero pattern of the matrix, allowing 
their extension to wedge-shaped matrices.

The property of nonzero first entry can be generalized in two ways. We can either stay 
with a single eigenvector and study its leading subvectors, or we can look at the whole 
eigenspace corresponding to the given λ. We start with the first approach. The proofs 
are straightforward generalizations of proofs in [11] for real wedge-shaped matrices. Thus 
we give only ideas.

Theorem 4. Let T ∈ WSn×n
ρ and let λ ∈ R, v = [ν1, . . . , νn]T ∈ Cn be an eigenpair of T , 

i.e., Tv = λv, v �= 0. Then the subvector

v↓ ≡ [ν1, . . . , νρ]T ∈ Cρ, (10)

called the leading component of the eigenvector v, is nonzero.

Assuming [ν1, . . . , νρ]T = 0, the comparison of the left and right-hand sides of the first 
row of Tv = λv gives νρ+1 = 0. Repeating the argument gives νk = 0 for k = ρ +2, . . . , n
which contradicts v �= 0; see [11, Theorem 4.2] for details.

The following result for the whole eigenspace clearly reflects the block structure of 
the wedge-shaped matrix.

Corollary 5. Let T ∈ WSn×n
ρ and let λ ∈ R be an eigenvalue of T with multiplicity r. 

Let v� = [ν1,�, . . . , νn,�]T ∈ Cn, � = 1, . . . , r, be an arbitrary basis of the corresponding 
eigenspace, i.e., TV = λV , where V = [v1, . . . , vr] ∈ Cn×r. Then the leading ρ × r block 
of V ,
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V ↓ ≡

⎡
⎢⎣

ν1,1 · · · ν1,r

... . . . ...
νρ,1 · · · νρ,r

⎤
⎥⎦ ∈ Cρ×r, (11)

is of full column rank r.

Proof. Since V w ≡ [ω1, . . . , ωn]T represents an eigenvector of T for any w �= 0 ∈ Cr, 
then V ↓w = [ω1, . . . , ωρ]T is nonzero, by Theorem 4. Thus V ↓ has linearly independent 
columns, which gives the assertion; see also [11, Corollary 4.3]. �

Another corollary bounds the dimension of eigenspaces of a wedge-shaped matrix.

Corollary 6. An eigenvalue of T ∈ WSn×n
ρ has multiplicity at most ρ.

The proof follows directly from Corollary 5; see also [11, Corollary 4.4]. It can also be 
derived independently of Theorem 4 as follows: Consider S ∈ C(n−ρ)×(n−ρ) a submatrix 
of T − λI, λ ∈ R, formed by rows ρ + 1, . . . , n and columns f(ρ + 1), . . . , f(n). Since 
f(k) < k, for k = ρ + 1, . . . , n, S is upper triangular with nonzero entries tk,f(k) on the 
diagonal. Thus it is nonsingular for any λ, giving dim(N (T − λI)) ≤ ρ.

Generalization of the property of nonzero last entry is more complicated. The particu-
lar structure of the band of the given wedge-shaped matrix has to be taken into account. 
The following theorem states the result on trailing subvectors of eigenvectors.

Theorem 7. Let T ∈ WSn×n
ρ and let λ ∈ R, v = [ν1, . . . , νn]T ∈ Cn be an eigenpair of T , 

i.e., Tv = λv, v �= 0. Denote

I↑(T ) ≡ {s1, . . . , sρ} ≡ {1, . . . , n} \ {f(k, T ) : k = ρ + 1, . . . , n} , (12)

s1 < s2 < · · · < sρ,

where f(k, T ) is given by (3). Then the subvector

v↑ ≡ [νs1 , . . . , νsρ
]T ∈ Cρ, (13)

called the quasi-trailing component of the eigenvector v, is nonzero.

The proof is similar to the proof of Theorem 4. Assuming [νs1 , . . . , νsρ
] = 0, the 

comparison of the left and right-hand sides of the last row of Tv = λv gives νf(n) = 0. 
Repeating this argument gives νf(k) = 0 for k = n − 1, n − 2, . . . , ρ +1 which contradicts 
v �= 0; see [11, Theorem 4.5] for details.

Note that the vector (13) always contains the last entry of the eigenvector v, i.e., 
sρ = n, but in general it does not represent the trailing part of v. See the nonzero 
quasi-trailing components of the above given examples of wedge-shaped matrices:
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• [ν3, ν6, ν9]T ∈ C3 of an eigenvector v ∈ C9 of (4),
• [ν2, ν6, ν7]T ∈ C3 of an eigenvector v ∈ C7 of the first matrix in (6),
• [ν1, ν4, ν7]T ∈ C3 of an eigenvector v ∈ C7 of the second matrix in (6),
• [ν1, ν2, ν7]T ∈ C3 of an eigenvector v ∈ C7 of the third matrix in (6).

A simplified assertion can be obtained for ρ-wedge-shaped matrices with a constant 
bandwidth. Here f(k, T ) = k − h(k, T ) = k − ρ giving

I↑(T ) = {s1, . . . , sρ} = {n − ρ + 1, . . . , n}.

Thus v↑ = [νn−ρ+1, . . . , νn]T ∈ Cρ is the trailing part of v of length ρ.
Denote, similarly to (12),

I↓(T ) ≡ {1, . . . , ρ}. (14)

The sets I↓(T ) and I↑(T ) of indices describing components v↓ and v↑, respectively, can be 
observed from the pattern of T . See for example the matrix (4) for which I↓(T ) = {1, 2, 3}
and I↑(T ) = {3, 6, 9}:

T =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ν1 ν2 ν3 ν4 ν5 ν6 ν7 ν8 ν9
↓ ↓ ↓
♥ ♥ ♥ ♣
♥ ♥ ♥ ♥ ♣
♥ ♥ ♥ ♥ ♥
♣ ♥ ♥ ♥ ♥ ♣

♣ ♥ ♥ ♥ ♥ ♣
↑ ♣ ♥ ♥ ♥

♣ ♥ ♥ ♣
↑ ♣ ♥ ♣

♣ ♥
↑

ν1 ν2 ν3 ν4 ν5 ν6 ν7 ν8 ν9

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (15)

The numbers s1, . . . , sρ−1 ∈ I↑(T ) in Theorem 7 represent row (and column) indices 
where the effective bandwidth of T is reduced.

Theorem 7 has a corollary analogous to Corollary 5 dealing with the whole eigenspace, 
which reflects the block structure of the wedge-shaped matrix.

Corollary 8. Let T ∈ WSn×n
ρ and let λ ∈ R be an eigenvalue of T with multiplicity r. 

Let v� = [ν1,�, . . . , νn,�]T ∈ Cn, � = 1, . . . , r, be an arbitrary basis of the corresponding 
eigenspace, i.e., TV = λV , where V = [v1, . . . , vr] ∈ Cn×r. Let I↑(T ) = {s1, . . . , sρ}. 
Then the ρ × r submatrix of V ,
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V ↑ ≡

⎡
⎢⎣

νs1,1 · · · νs1,r

... . . . ...
νsρ,1 · · · νsρ,r

⎤
⎥⎦ ∈ Cρ×r, (16)

is of full column rank r.

Proof. Since V w ≡ [ω1, . . . , ωn]T represents an eigenvector of T for any w �= 0 ∈ Cr, 
then V ↑w = [ωs1 , . . . , ωsρ

]T is nonzero, by Theorem 7. Thus V ↑ has linearly independent 
columns, which gives the assertion. �
4. Running nonzero components of eigenvectors

In this section we focus on the characterization of a set of nonzero subvectors of 
eigenvectors of wedge-shaped matrices. We start with another well-known property of 
symmetric tridiagonal matrices with nonzero sub-diagonal entries, that will be demon-
strated on the Jacobi matrix T in (1). We include the derivation in order to motivate 
further steps. Let λ ∈ R, v = [ν1, . . . , νn]T ∈ Cn be an eigenpair of T , i.e., Tv = λv, 
v �= 0. Then

(δ1 − λ)ν1 + ξ1ν2 = 0, (17)

ξ�−1ν�−1 + (δ� − λ)ν� + ξ�ν�+1 = 0, � = 2, . . . , n − 1, (18)

ξn−1νn−1 + (δn − λ)νn = 0. (19)

Assume that ν� = ν�+1 = 0 for some 1 ≤ � < n. Then from (18) it successively follows 
that ν1 = · · · = νn = 0 contradicting v �= 0. Thus two subsequent entries of an eigenvector 
of a symmetric tridiagonal matrix with nonzero sub-diagonal entries cannot be zero. 
In other words, violating this property would imply that either the leading principal 
submatrix of T of order � has an eigenvector with zero last component, or the trailing 
principal submatrix of T of order (n − �) has an eigenvector with zero first component. 
However, none of these situations can occur.

Now we use similar ideas to generalize this property to a wedge-shaped matrix T . 
Consider the nontrivial (n1, n2)-partitioning (7), i.e. satisfying 0 < n1, n2 < n. Define 
two corresponding independent eigenvalue problems

T1ṽ1 = λ1ṽ1, ṽ1 �= 0, and T2ṽ2 = λ2ṽ2, ṽ2 �= 0, (20)

where, T1 ∈ Cn1×n1 , T2 ∈ Cn2×n2 . If n1 > ρ, then T1 represents a ρ-wedge-shaped 
matrix and indices I↑(T1) form the nonzero quasi-trailing component ṽ↑

1 ∈ Cρ of ṽ1; 
see Lemma 3 (a) and Theorem 7. Analogously, if n2 > h(n, T ), then T2 represents a 
π-wedge-shaped matrix for π ≡ π(n1, n2) ≤ ρ defined in (8) and indices I↓(T2) =
{1, . . . , π} form the nonzero leading component ṽ↓

2 ∈ Cπ of ṽ2; see Lemma 3 (b) and 
Theorem 4. Otherwise, if n1 ≤ ρ or n2 ≤ h(n, T ), then T1 or T2 are general square 

Kapitola A: Publikace, jejich citace a reprinty

192



I. Hnětynková, M. Plešinger / Linear Algebra and its Applications 487 (2015) 203–219 213

Hermitian matrices, respectively. For a general square Hermitian matrix H ∈ Ck×k and 
its eigenvector w �= 0 we formally define

I↑(H) ≡ I↓(H) ≡ {1, . . . , k} and w↑ ≡ w↓ ≡ w. (21)

The following schema shows all possible nontrivial (n1, n2)-partitionings of (4); the up-
and down-arrows denote positions of entries belonging to components ṽ↑

1 and ṽ↓
2 , respec-

tively, similarly to (15):

, (22)

Note that n1 ≤ ρ holds in the first three partitionings, and n2 ≤ h(n, T ) in the last one. 
Denote

I(n1,n2)(T ) ≡ I↑(T1) ∪
(
I↓(T2) + n1

)
, (23)

where the set (I↓(T2) + n1) contains indices from I↓(T2) increased by n1. Let v =
[ν1, . . . , νn]T ∈ Cn be an eigenvector of T . Denote by v(n1,n2) a subvector (component) 
of v containing entries with the indices I(n1,n2). The following set lists all v(n1,n2) com-
ponents of v for the matrix (4):
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⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎣

ν1

ν2
ν3
ν4

⎤
⎥⎥⎥⎦,

⎡
⎢⎢⎢⎢⎢⎣

ν1
ν2

ν3
ν4
ν5

⎤
⎥⎥⎥⎥⎥⎦
,

⎡
⎢⎢⎢⎢⎢⎣

ν1
ν2
ν3

ν4
ν5

⎤
⎥⎥⎥⎥⎥⎦
,

⎡
⎢⎢⎢⎢⎢⎣

ν2
ν3
ν4

ν5
ν6

⎤
⎥⎥⎥⎥⎥⎦
,

⎡
⎢⎢⎢⎢⎢⎣

ν3
ν4
ν5

ν6
ν7

⎤
⎥⎥⎥⎥⎥⎦
,

⎡
⎢⎢⎢⎣

ν3
ν5
ν6

ν7

⎤
⎥⎥⎥⎦,

⎡
⎢⎢⎢⎣

ν3
ν6
ν7

ν8

⎤
⎥⎥⎥⎦,

⎡
⎢⎢⎢⎣

ν3
ν6
ν8

ν9

⎤
⎥⎥⎥⎦

⎫
⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

.
≡ ≡ ≡ ≡ ≡ ≡ ≡ ≡

v(1,8) v(2,7) v(3,6) v(4,5) v(5,4) v(6,3) v(7,2) v(8,1)

The horizontal lines separate the entries determined by the indices of the quasi-trailing 
and leading components ṽ↑

1 and ṽ↓
2 of ṽ1 and ṽ2, respectively. We prove that v(n1,n2) are 

nonzero components of v, i.e. indices of nonzero subvectors of eigenvectors of submatrices 
T1 and T2 define indices of nonzero subvectors of eigenvectors of the matrix T .

Theorem 9. Let T ∈ WSn×n
ρ and let λ ∈ R, v = [ν1, . . . , νn]T ∈ Cn be an eigenpair 

of T , i.e., Tv = λv, v �= 0. Consider the nontrivial (n1, n2)-partitioning (7) of T , 
0 < n1, n2 < n, and the conformal partitioning of v,

T =
[

T1 L

LH T2

]
, v =

[
v1
v2

]
, T� ∈ Cn�×n� , v� ∈ Cn� , � = 1, 2, n1 + n2 = n.

Denote

I(n1,n2)(T ) ≡ {t1, . . . , tμ} ≡ I↑(T1) ∪ (I↓(T2) + n1),
t1 < t2 < · · · < tμ,

(see (23)),

where

I↑(T1) =
{ {s1, . . . , sρ}, when n1 > ρ (see (12)),

{1, . . . , n1}, when n1 ≤ ρ (see (21)),

I↓(T2) =
{ {1, . . . , π(n1, n2)}, when n2 > h(n, T ) (see (14)),

{1, . . . , n2}, when n2 ≤ h(n, T ) (see (21)),

and where π(n1, n2) is given in (8), and h(n, T ) in (3). Then subvectors

v(n1,n2) ≡ [νt1 , . . . , νtμ
]T , (24)

called running components of the eigenvector v, are nonzero.

Proof. The eigenvalue problem

Tv =
[

T1 L

LH T2

][
v1
v2

]
= λ

[
v1
v2

]
= λv, v �= 0 (25)
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yields

T1v1 = λv1 − Lv2 and T2v2 = λv2 − LHv1. (26)

Assume that v(n1,n2) = 0. The following situations may occur:

• If n1 > ρ, then I↑(T1) = {1, . . . , n1} \ {f(k, T1) : k = ρ + 1, . . . , n1}, and, in 
particular, entries of v1 with indices f(n1, T1) + 1, . . . , n1 are zero. Since h(k, T ) is 
positive and non-increasing for k = ρ + 1, . . . , n, we get

h(n1, T ) ≥ h(n1 + 1, T ) and

f(n1, T1) = f(n1, T ) < f(n1 + 1, T ),

i.e., the first f(n1, T1) columns of LH are zero. Consequently LHv1 = 0.
• If n1 ≤ ρ, then I↑(T1) = {1, . . . , n1} giving v1 = 0, and LHv1 = 0 independently of 

the structure of L.
• If n2 > h(n, T ), then I↓(T2) = {1, . . . , π(n1, n2)} giving the first π(n1, n2) entries of 

v2 zero. Because T2 is a π(n1, n2)-wedge-shaped matrix, we get

f(k, T2) = f(k + n1, T ) − n1, for k = π(n1, n2) + 1, . . . , n2,

i.e., the first nonzero entry of the (k + n1)-th row of T is localized in the block T2
while the k-th row of LH is zero. Consequently Lv2 = 0.

• If n2 ≤ h(n, T ), then I↓(T2) = {1, . . . , n2} giving v2 = 0, and Lv2 = 0 independently 
of the structure of L.

Summarizing, in any case all nonzero entries of L are multiplied in (26) by the leading 
zeros in v2, and all nonzero entries of LH are multiplied by the trailing zeros in v1 giving

Lv2 = 0 and LHv1 = 0; (27)

see also (22) for an example. Thus (26) becomes

T1v1 = λv1 and T2v2 = λv2.

Since v �= 0, then at least one of the vectors v1, v2 is nonzero and thus represents an 
eigenvector of T1 giving v1 = ṽ1 or of T2 giving v2 = ṽ2, respectively; see (20). Using 
(23) the assumption v(n1,n2) = 0 contradicts the property that ṽ↑

1 �= 0 and ṽ↓
2 �= 0. �

Note that the theorem can be extended to the trivial partitionings with n1 = 0, n2 = n

(i.e., T1 ≡ [ ] is an empty matrix and T2 ≡ T ) and with n1 = n, n2 = 0 (i.e., T1 ≡ T and 
T2 ≡ [ ]). Here the running components are identical to the leading and quasi-trailing 
components, respectively, i.e.,
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v(0,n) ≡ v↓ and v(n,0) ≡ v↑.

Although the statement of the theorem is complicated, schemata (15) and (22) give a 
simple and illustrative approach to localize nonzero components of eigenvectors based 
on the structure of the matrix. Finally note that Theorem 9 has a corollary analogous 
to Corollaries 5 and 8 that we do not formulate explicitly.

In the special case of a ρ-wedge shaped matrix T ∈ Cn×n satisfying (5), i.e., with a 
constant bandwidth, and n > 2ρ, we get

v(�,n−�) ∈

⎧
⎪⎨
⎪⎩

Cρ+�, for � = 0, . . . , ρ − 1,
C2ρ, for � = ρ, . . . , n − ρ,

Cρ+n−�, for � = n − ρ + 1, . . . , n.

The running components have the constant length 2ρ (except for several leading and 
trailing components). Consequently, Theorems 4, 7, and 9 have the following corollary.

Corollary 10. Let T ∈ WSn×n
ρ and let λ ∈ R, v = [ν1, . . . , νn]T ∈ Cn be an eigenpair 

of T , i.e., Tv = λv, v �= 0. If

tk,k−ρ �=, 0 for k = ρ + 1, . . . , n,

then:

(a) The leading component v(0,n) = v↓ = [ν1, . . . , νρ]T ∈ Cρ of v is nonzero.
(b) The trailing component v(n,0) = v↑ = [νn−ρ+1, . . . , νn]T ∈ Cρ of v is nonzero.
(c) Provided n ≥ 2ρ, any running component v(�,n−�) = [ν�−ρ+1, . . . , ν�+ρ]T ∈ C2ρ for 

� = ρ, . . . , n − ρ of v is nonzero.

5. Note on the interlacing property

It is well-known that eigenvalues of Jacobi (and all 1-wedge-shaped) matrices have 
the so-called strict interlacing property. Let Tn be a 1-wedge-shaped matrix of order n, 
and Tj its leading principal submatrices of orders j, j = 1, . . . , n − 1, i.e.,

T1 = [δ1] ∈ C1×1, δ1 = δ1,

Tj =
[

Tj−1 ej−1ξj−1
ξj−1e

T
j−1 δj

]
∈ Cj×j , δj = δj , ξj−1 �= 0, j = 2, . . . , n,

Tn =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

δ1 ξ1
ξ1 δ2 ξ2

ξ2
. . . . . .
. . . δn−1 ξn−1

ξn−1 δn

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

∈ Cn×n. (28)
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Table 1
Interlacing of eigenvalues of leading principal submatrices of T 3 = T3 ⊗ Iσ of order k. 
Eigenvalues λ� of T3 ∈ C3×3 are strictly interlaced by eigenvalues λ′

s of its leading principal 
submatrix T2 ∈ C2×2, i.e., λ1 < λ′

1 < λ2 < λ′
2 < λ3.

Submatrix of order k Characteristic polynomial
T 3 ∈ Ck×k, k = 3σ (λ − λ1)σ (λ − λ2)σ (λ − λ3)σ

k = 3σ − 1 (λ − λ1)σ−1 (λ − λ′
1)

1 (λ − λ2)σ−1 (λ − λ′
2)

1 (λ − λ3)σ−1

k = 3σ − 2 (λ − λ1)σ−2 (λ − λ′
1)

2 (λ − λ2)σ−2 (λ − λ′
2)

2 (λ − λ3)σ−2

k = 3σ − 3 (λ − λ1)σ−3 (λ − λ′
1)

3 (λ − λ2)σ−3 (λ − λ′
2)

3 (λ − λ3)σ−3

...
...

...
...

...
...

k = 2σ + 3 (λ − λ1)3 (λ − λ′
1)

σ−3 (λ − λ2)3 (λ − λ′
2)

σ−3 (λ − λ3)3
k = 2σ + 2 (λ − λ1)2 (λ − λ′

1)
σ−2 (λ − λ2)2 (λ − λ′

2)
σ−2 (λ − λ3)2

k = 2σ + 1 (λ − λ1)1 (λ − λ′
1)

σ−1 (λ − λ2)1 (λ − λ′
2)

σ−1 (λ − λ3)1
T 2 ∈ Ck×k, k = 2σ (λ − λ′

1)
σ (λ − λ′

2)
σ

The eigenvalues λ�, � = 1, . . . , j, of Tj are strictly interlaced by the eigenvalues λ′
s, 

s = 1, . . . , j − 1, of Tj−1,

λ1 < λ′
1 < λ2 < λ′

2 < · · · < λj−1 < λ′
j−1 < λj ;

see, e.g., [16, section 7.10].
The ρ-wedge-shaped matrices have multiplicities of eigenvalues bounded by ρ, by 

Corollary 6. Employing the 1-wedge-shaped matrix (28) yields

T n ≡ Tn ⊗ Iσ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Iσδ1 Iσξ1
Iσξ1 Iσδ2 Iσξ2

Iσξ2
. . . . . .
. . . Iσδn−1 Iσξn−1

Iσξn−1 Iσδn

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

∈ Cnσ×nσ,

a σ-wedge shaped matrix satisfying (5), i.e., with a constant bandwidth. Matrices Tn

and T n have the same spectra; since all eigenvalues of (28) are simple, all eigenvalues of 
T n have multiplicities σ, i.e., multiplicities of all eigenvalues reach the maximal bound 
given by Corollary 6. The multiple eigenvalues of T j are strictly interlaced by multiple
eigenvalues of its leading principal submatrix T j−1. Spectra of all σ − 1 interjacent 
leading principal submatrices of T j , having T j−1 as the leading principal submatrix, are 
fully given by the standard (not the strict) interlacing, as illustrated on the example in 
Table 1. The strong interlacing property therefore cannot hold for general wedge-shaped 
matrices. Note that the wedge-shaped matrix T n is for σ > 1 reducible, whereas Jacobi 
matrices are always irreducible.

6. Conclusion

We have extended some of the well-known spectral properties of symmetric tridiago-
nal matrices with nonzero sub-diagonal entries (including Jacobi matrices) to the class 
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of complex matrices called wedge-shaped. In particular, we have characterized a set of 
nonzero subvectors (running components) of eigenvectors of wedge-shaped matrices and 
described an illustrative schema for their localization based on the structure of the ma-
trix. We have shown how the presented properties can be reformulated when we consider 
a wedge-shaped matrix with a constant bandwidth (a proper band matrix). The concept 
of (real) wedge-shaped matrices has been already used in [11] in the analysis of the band 
(or block) generalization of the Golub–Kahan bidiagonalization closely connected to the 
band (or block) Lanczos algorithm, and also in the analysis of core problems within 
linear approximation problems (2) with multiple right hand sides, i.e., with d > 1. Thus, 
we believe that the presented results will be useful, e.g., in further study of band and 
block Krylov subspace methods for complex data and related topics.
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Článek:WoK LAA 2015

199


